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ON THE SRIVASTAVA-SINGHAL POLYNOMIALS

NEJLA OZMEN! AND YAHYA CIN!

ABSTRACT. In this study, we give new properties of the Srivastava-Singhal polynomials
G (z,7,8, k). Various families of bilinear and bilateral generating functions, some special
cases and several recurrence relations for these polynomials are obtained.

1. INTRODUCTION

The Srivastava-Singhal polynomials G,(qa) (x,r, B, k) are defined by the generating relation

(see, [11], Eq. (3.2), p. 78])

i G (w,m, B, k) " = (1= kt) " Fexp {Ba” [1— (1= k)T | } (1.1)
n=0

where, o > —1, k is a positive integer.
It is from (1.1) that [11],
m
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where ()), denotes the Pochhammer symbol defined by

Dlatn) — f(a+1).(a+n—1 n=1273,..
<a>n:{ (a+ 1) ) 2,3

INE)

(a)o = 1.
These polynomials have the following generating relation (see, [1], pp.431):
s n+m (o) n
Z n Gm+n (maraﬁak)t (13)
n=0

= (1-kt) " F e {pe [1 - (1 k) T} G [ (1 - k)T 15K
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In addition, we give a theorem about the addition formula for Srivastava-Singhal polyno-

mials G,(la) (x,r, B, k):
Theorem 1.1. We have

Gt (z,7, By + fa, k) (1.4)

= 3G B k) G (e, 1K)
m=0
Proof. Replacing o by a1 + g and 8 by 1 + 82 in (1.1), we obtain

i G192 (2,1, By + Ba, k) "
n=0
= =k exp {5+ ) a7 [(1- (1 - k()]

T

= (1—kt) F exp (b’wr [1 - (1- kt)%})

= S GE) (2,7, B, k)" Y GO (w7, B, k) T
n=0 m=0

= Z Z Gsza—lr)n (z,r,B1, k) GL92) (7, By, k) ™.
n=0m=0

From the coefficients of ¢ on the both sides of the last equality, one can get the desired
result. O

Now we recall the relationship [[12], p. 315, Eq. (83)]:

Vi(ask) = kKGR (2,1,1,k) (1.5)
(>—-1; k=1,2,..)

where Y,%(z; k) denotes the Konhauser biorthogonal polynomials (cf. [13]-[17]). In particu-
lar,

Yii(e:1) = LiM(x) =GP (2,1,1,1) (1.6)
(a>-1; n=0,1,2,..)

and the polynomials Y,*(x;2) were encountered earlier by Spencer and Fano [18] in certain
analytical calculations involving the penetration of gamma rays through matter.

In Section 2, we prove several theorems involving various families of generating functions
for the polynomials Gﬁﬁ) (z,7,8,k) by applying the methot which was studied by Chen
and Srivastava [10]. Further, in Section 3, as an application of these teorems, we present
some generating relations for the Srivastava-Singhal polynomials G,(qa) (x,r, B, k) which are
given by (1.2). In the last section, we give some miscellaneous recurrence relations of the
Srivastava-Singhal polynomials obtained by (1.1).
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2. BILINEAR AND BILATERAL GENERATING FUNCTIONS

In this section, we derive several families of bilinear and bilateral generating functions for

the Srivastava-Singhal polynomials Gﬁﬁ) (z,7, B, k) which are generated by (1.1) and given

explicitly by (1.2) using the similar method considered in (see, [2]-[9]).
We begin by stating the following theorem.

Theorem 2.1. Corresponding to an identically non-vanishing function Q,(y1, ...

complex variables y1, ...,y (r € N) and of complex order u,, let

N, i Q) =Y a1, -y )C" (ar #0).
k=0

Suppose also that

@%f ('Iaca%u;yl,“-ayr;é)
[n/p]

= k
Z “an o (@56, q, 1) Quyn (Y1, -5 yr )€

Then the bilateral generating function for G,(la) (x,c,q,u) is defined by

[e.e]

Z @!nl::;fj (x7 C, q7 u; y17 "'7y7’; tﬁp) tn

n=0

= (1- ut)_Ta exp {qmc [1 - (1- ut)_ﬂ } A1y Yrsm).

Provided that each member of (2.1) exists.
Proof. Let S denotes the left hand side of (2.1). Then we find

[n/p]

S Z Z aan —pk I’ ¢ q,uU )Q,LH*ﬂ)k(yla"vyT)nktnipk'
n=0 k=0

Now, setting n — n + pk in (2.2), we obtain

S = Z Z ag nga) (1’, ¢4, 'LL) Qﬂ+wk(y17 ) yT’)nktn
n=0 k=0

Then by the generating relation (1.1), we find
S=(1- ut)_Ta exp {qxc {1 —(1- ut)_ﬂ}Aﬂ,w(yl, o Yri M)

In a smilar way, we can state the following theorem.

Theorem 2.2. Corresponding to an identically non-vanishing function Q,(y1, ...
(real or complex) variables y1,...,y, (r € N) and of complex order u,v,a, 3 let

Aa17a2

7pqu(w ¢ +q27u; yla-"7y7’;t)

[n/p]
+
- Z a G!no{lpl~<:0[2 z,cq1+ Q2?u) Q;H—wl(yl’ "'ayr)tka

Yr) of 7

(2.1)

(2.2)

Yr) of 7



4 NEJLA OZMEN AND YAHYA CIN

where ap # 0, n,p € N and the notation [n/p] means the greatest integer less than or equal

n/p.
Then, for p € N, we have
n [k/p] )
Z Z al .%' C,q1,U )Gl(;?pl (.%',C, q27u) Q/.hLi/Jl(yh "-7y7")zl
k=0 =0
- Az;?ﬁ’w(m,C, q1 + q2,u; yla"'7y7’;z) (23)

provided that each member of (2.3) exists.

Proof. For convenince, let T denote the first member of the assertion (2.3) of Theorem 2.2.

(a14a2) (

Then, upon subsituting for the polynomials Gy, x,¢,q1 + q2,u) from the (1.4) into the

left-hand side of (2.3), we obtain

n [k/p]

T = Z Z angla_l,lz; (1’, ¢, q1,u )G; ]);l (.%',C, q27u) Q/J+1/Jl(y17 "'7y7")zl
k=0 =0

= Z Z anglafllzfpl (m,c, (:h’u) G]E;OQ) (m,c, QQ,U) QM-le(yl""ayT)Zl
[n/p] n—pl o) (a2) l
- Z aj Z Gn—lk—pl (z,c,q1,u) Gy (z,¢,q2,u) | Qugyi (Y1 s Yr )2

- Z alGn_pl (1.707 q1 +QQ7U) Qﬂ+wl(y17"'7y7‘)zl
=0
- Ag;ﬁ¢(x7CaQ1+(J2,u§y17---ayr§z)-
O
Theorem 2.3. Corresponding to an identically non-vanishing function Qu(yl, e Yr) of T

complex variables yi, ...,y, (r € N) and of complex order u, suppose that
Am,p,q [x, c, ha UYLy ooy Yri 2 Z aZGgs_Fql 'I , G, h> u) QHeri(yla ceey yr)zi

where a; #0 and
[i/q]
m—+ ;
0 7P(I(yla- S Yriz) = Z ( _qj) jQ,qupj(yl""ayT)Z]
Then, for p,q € N; we have

Z Gz(i)m (.%', ¢ h, u) am,p,q(yh ces Urs Z)ti

1=0
+mu

= (1- ut)f(aT) exp {hxc {1 —(1- ut)_%”
xAm7p7q( (1 —ut) woe, hyu Yy, e Yps 2 (L)q) (2.4)

1—wut
provided that each member of (2.4) exists.
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Proof. For convenience, let H denote the first member of the assertion (2.4) of Theorem
2.3. Then,

[i/q] :
@ m—+1 -
H = E GZ(+)7n (x,c,h,u) E (Z,_qj)anM+pj(y1,...,yr)z]t.
J=0

Replacing i by i 4+ ¢j and then using (1.3), we may write that

m+Z+QJ @ ivai
" = ZZ( >G§+2n+q] (z, ¢ hou) aj Quip;(yr, s yr) 27t tay

=0 7=0

= m+i+qj\ (o i :
= Z (Z ( i >G1(+)7n+qj (,I, ¢, hau)t ) an;Lerj(yla --'>yr)(’2tq)]

7=0 \i=0
= Z a;(1 —ut) B exp {hxc [1 —(1- ut)fﬂ}

=0

a =1 »
XG1(7L‘)H]] |:.%' (1 - Ut) v, G h7u:| QM'FPj(yla "'7y7’)(th)j

u)

= (1—ut) " exp {hwc [1 - (1= “t)ﬂ}

" N 14 J
X Za]Gm+q] [ 1 - Ut) "G, haui| Qu+pj(y17 ---7%) '(1 — ut)d

—(at+mu)

= (1—wut)” v exp {hxc [1 —(1- ut)fﬂ}
_1 t a
XAm,p,q (CE (1 - Ut) vy G haua Yty -5 Yr; 2 ( ) ) 9

1 —wut

which completes the proof. ]

3. SPECIAL CASES

When the multivariable function €, yx(y1,...,4:), kK € Ng, r € N, is expressed in terms
of simpler functions of one and more variables, then we can give further applications of the
above theorems. We first set

h(al Y250, Y

Qu-f—wk(yl""ayr) -tk )(yla--'>y7“)

in Theorem 2.1 , where the multivariable extension of the Lagrange-Hermite polynomials
h(04170427---70¢r)

sk (1, ...,z) [2], generated by

H {1 —ath)y 4} = Z plotme )(xl,...,xr)t",

3.1
(ae(C \t\<mm{]w1] |za|” 1/2,...,\mr\—1/7"}). oy

We are thus led to the following result which provides a class of bilateral generating functions
for the multivariable extension of the Lagrange-Hermite polynomials h(o_fl’pf’ ’O”)(yl, ey Yr)

and the Srivastava-Singhal polynomials.
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Corollary 3.1. If

M@ty )0 = 3 a8 )P

(ak;07 MJ/JGC)a

then, we have

/7] (a1, o) Ck
1,82,...,Qp
Z Z aan —pk I’ ¢ q, )hM-Hpk; (y17-"7y7‘)tp7tn
n=0 k=0

= (1- ut)%a exp {qxc {1 —(1- ut)fﬂ}l\u,w(yh s Yr; )

Remark 3.1. Using the generating relation (3.1) for the multivariable polynomials
h(a170427 0r)

stk (1, ...,z,) and getting ar, = 1, p =0, v» = 1 in Corollary 3.1, we find that

oo [n/p]

Z Z foi)pk (x’ ¢,q, u) hlg:al,om,...,ar) (yl, . yr)thn—pk
n=0 k=0
= (1- ut)%a exp {qxc [1 —(1- ut)*ﬁ]} H {(1 _ ngj)—aj} ‘

J=1

(1t < min {Jnl ™"yl ™2 sl 77 1 < 1)

If weset r=1,y =y and

Quﬂpk@) GEﬁ-RM (y,¢,q3,w)

in Theorem 2.2, we have the following bilinear generating functions for the Srivastava-
Singhal polynomials.

Corollary 3.2. Let

Aa17a2

s, e qn + ga,usy, ¢, g3 wi )
[n/p] . -
« « o
= Z aan 1pk 2) (z,¢,q1 + q2, 1) Gufwk (y,c,q3,w) s

where ay # 0, p,1p € C. Then, we get

n [k/p]
Z Z angloillzi (.%'7 ¢ q1, u) G](ga IZl (.%' C,q2,u ) G;(/Lof,()ﬂl (y, c,qs, w) Zl
k=0 1=0
= Aa};ﬁo,éfzﬂ(%ca q1 + @2, w3y, ¢, q3,Ww; 2) (3.2)

provided that each member of (3.2) exists.
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Remark 3.2. If wetake aj =1, u=0,v=1,p=1,2=1, 2=y, u=w and then use the
relation (1.4) for Srivasatava-Singhal polynomials in Corollary 3.2, we have

k
Gna,llg (x, ¢, q1, u) Gg:‘fl) (x, ¢ q2, u) Gl(ag) (x, ¢, qs, u)

Eal
M-
o

o

Il
NE

k
Gnajlz: ('Ia ¢, q1, u) Z Gg:‘fl) (x, ¢ q2, u) Gl(ag) (x, ¢ qs, u)
=0

i
o

Gna,l]z; (,I, ¢ q1, u) G](CQQJFCVS) (

Il
M=

z,C,q2 + g3, u)

i
o

= Gna1+oz2+a3) (x, ¢ q1+ qo + g3, u) .

If we set

r=1,y =y and Qpyr(y) = ¢ (\y)
(s)

in Theorem 2.3, where the generalized Cesaro polynomials g’ (A, ) is generated by [6],

i gD\ )t = (1 — )71 —at) ™ (3.3)
n=0

Thus, we get a family of the bilateral generating functions for the generalized Cesaro
polynomials and the Srivastava-Singhal polynomials as follows:

Corollary 3.3. If

Am,p,q [x’ Ca ha U3 )" y’ Z] : = Z aing{J)rqz’ (JT, C> ha u) gfizpz()\’ y)zl
=0

(ai#07 mGNO, ,UJ/JG(C)

and
[i/q] .
m—+1 .
Ompa( N y;2) = ( ) a;g; (A, y)z?

where p,q € N, then we have

Z Ggi)m (JT, ¢, ha u) 9m7P7Q()‘? Y; Z)tl
=0
= (1- ut)w exp {hxc [1 —(1- ut)fﬂ}

1 t q
XAm,p,q <£C (1 - Ut) “, G h,UEA,y;Z <1 — ut) ) (34)

provided that each member of (3.4) exists.

Notice that, for every suitable choice of the coefficients ay (k € Ny), if the multivariable
functions Q4 yk (Y1, ..., yr), 7 € N, are expressed as an appropriate product of several simpler
relatively functions, the assertions of Theorem 2.1, 2.2 , 2.3 can be applied to yield many
different families of multilinear and multilateral generating functions for the Srivastava-
Singhal polynomials.
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4. RECURRENCE RELATIONS

We now dlscuss some miscellaneous recurrence relations of the Srivastava-Singhal poly-
nomials G (3: r, B, k) given by (1.1). By differentiating each member of the generating
function relation (1.1) with respect to = and using

YD Alkin)=> > A(k,n—k

n=0k=0 n=0 k=0
we arrive at the following (differential) recurrence relation for the Srivastava-Singhal poly-

nomials G,(qa) (x,r, B, k) given explicitly by (1.1):

0

9 @ _ Bramlg@) N (7
08 o 5ok = rar 60 o o= 3 () 0

R G (aor B k). (41)

Using the relation (1.5) and getting « — a+1,r = f = k = 1 in (4.1), we have the following
(differential) recurrence relation for the Laguerre polynomials:

4@ @) = LO@) — Y L, (@).

dx o

Similarly, the special case « — a+ 1,7 = § =1 of (4.1), we have the following (differential)
recurrence relation for the biorthogonal Konhauser polynomials:

d ., "1 1.,
d—Y (z3k) =Y, (x; k) — Z(%)mmYn_m(x;k).

m=0

By differentiating each member of the generating function relation (1.1) with respect to ¢,
we have the following another recurrence relation for these polynomials:

(n+1)G£LJr)1 (x,r, B, k) —az ka(a) (z,r,B,k)—Pra” Z( —i—l) —G(a) (x,r, B, k).

(4.2)
Choosing & - a+ 1, 7 = =k =1 in (4.2), we have the following recurrence relation for
the Laguerre polynomials:

n
(n—|—1)L£LO:El) =(a+1) ZLna ) —xz p+1) L(aJrl( ).
m=0
Writing p instead of m; we may write that

n
1 1
(n+ 1)L,(10:5 ) (x) = Z(a +1—ap— x)LnaJ; ) (x).
p=0
Finally, setting a — a+1, 7 = § = 1 in (4.2), we can state the following recurrence relation
for the biorthogonal Konhauser polynomials:

- 1 kP
(n+ 1Y (2:k) = (a+ 1) > EmYt L (k) — x Z ( + 1) Fer‘_J;l (k).
m=0 p=0 p
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Writing p instead of m; we may write that

(n+ 1Y, (2:k) = ,,Zokp <(a +1) — ]% (%)p) Vet (zi k).
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