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REVERSES OF CALLEBAUT DISCRETE INEQUALITY VIA SOME
RESULTS DUE TO ZHUANG

S. S. DRAGOMIRY? AND A. MCANDREW!

ABSTRACT. In this paper, by the use of Zhuang’s inequalities, we establish some reverse
inequalities for the celebrated refinement of the Cauchy-Bunyakovsky-Schwarz inequality
that was obtained by Callebaut in 1965. A numerical comparison is also provided.

1. INTRODUCTION

The following inequality
Ty < (1—-v)z+vy (1.1)
is well known in literature as either weighted Arithmetic mean-Geometric mean inequality
or as Young’s inequality.
In 1991, Y.-D. Zhuang [14] established the following inequality for 0 < m < z < M,
0<k<y<K,and v € |[0,1]

vM+(1-v)k vm+(1-v)K\ , 1_,
ve+(1—v)y < max{ T R }CE y! (1.2)
o M+ k K
+ m+ v, 1-v
r+y< max{MVkl_V, mVKl—V} y . (1.3)
The sign of equality in (1.2) and (1.3) holds if and only if either (z,y) = (m, K) or (z,y) =
(M, k).
Moreover, if m > K, then
vm+ (1 —v)K vM+(1-v)k , 4
myK1—v MvEl—v x’/y v (14)

Yyl <ve+(1-v)y <
1

The sign of equality on the right-hand side of (1.4) holds if and only if (z,y) = (M, k)
and the sign of equality on the left-hand side of (1.4) holds if and only if (z,y) = (m, K).
The sign of inequality in (1.4) is reversed if k > M.
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Now, if we take y = 1, then we have from the above inequalities for = € [m, M] C (0, c0)
and v € [0,1] that

vM+1—-v vm+1—-v
1—-v< v 1.5
v+ V_max{ T , " }x (1.5)
and Mo .
+1 m+
z+1 §max{ R }x”. (1.6)
If m > 1, then we have
vm+1—v vM+1—-v
Tﬂ?” S ve + 1—v S TCE” (17)
for x € [m, M] and v € (0,1).
If M <1, then we have
vM+1—-v vm+1—v
— ¥ < 1l-v< —a” 1.8
e - <vx+ RS Yy T, (1.8)
for x € [m, M] and v € (0,1).
The inequalities (1.5), (1.7) and (1.8) can be put together as
vMilov 36 Ao q
MV J 1 —
lifm<1<M, <X 77 (1.9)
xl/

vm+1l—v :
vmtl—v i N <],
< <{ max "MMF}_” ”m+1_”} ifm<1<M,

Y mY
YMALv if 1 < m,
for x € [m, M] C (0,00) and v € [0,1].
The inequality
1< vr+1—v
xV

is the AG-inequality for y = 1,

We notice that the inequality (1.9) has been also obtained in [5] by a direct approach
in studying the margins of the function g (x) := %ﬁ” with € [m, M] C (0,00) and
ve[0,1].

For other similar results, see [1] and [3]-[13].

The following refinement of the Cauchy-Bunyakovsky-Schwarz inequality was obtained
by Callebaut [2] in 1965:

n

n 2 n n n
<Z piaibi> < Zpia?(l_y) b?” Zpia?”b?(l_y) < Zpia? Zpib?. (1.10)
i=1 i=1 i=1

i=1 i=1
In this paper, by the use of Zhuang’s inequalities (1.2) and (1.3) we establish some upper
bounds for the quotient

Soier Pib Yier piai
2(1— 2(1—
Zielpiai( V)bgy Ziefpiazzybz( g
under suitable conditions for the sequences ay, b, > 0 and p; > 0, k € N.
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These results can be applied for operator inequalities as in [1], [5]-[7] and [9].

2. DISCRETE INEQUALITIES
We start with the following result:
Theorem 2.1. Let a, by >0, k € N and I, J be finite sets of indices such that

b; b;
m<—=<Mandk<-L<K (2.1)
a; a;
for some constants 0 <m < M, 0< k< K, foranyi € I and j € J. If p; >0 fori e I,
q; >0 forjeJ and v €0,1], then we have the inequality

yZpib? Z qja? +(1-v) Zpia? Z qu? (2.2)

icl jed icl jed
vM? 4+ (1 —v)k? vm? + (1 —v) K?
< max
M2vE2(1-v) ’ m2v K2(1-v)
2(1-v); 20 v2(1—
X Zpial-( V)b? qua? bj( v)
el jeJ

and the inequality

Sopibl > qial + > pial Y qibs (2.3)

iel jeJ il jeJ

M? + k2 m? + K2 2(1 V)79 2072(1-v)
< max { M2 2(1—0) 2w j2(1—v) Z i b;" Z gja;bj
icl jed

2 N2
Proof. If we write the inequality (1.2) for z = (2—1) and y = (Z—;) , then we get

o(5Y w0y (%)2 2.4

) UM? 4 (1— ) k2 vm?+ (1 — ) K2\ b\ ()"
= max 22— T v () P aj

for any i € I and j € J.
By multiplying (2.4) with a?a? > 0 we get

Vb?a? +(1-v) a?b? (2.5)
vM? + (1 -v)k? vm? + (1 —v) K? 2(1-v) ;90 20,2(1—v)
< max { M=) 0 v 2(-v) % bi”a;"b;

for any i € [ and j € J.
Multiply the inequality (2.5) by ¢; > 0 and sum over j € J to get

vb? Z qja? + (1 —v)a? Z qu? (2.6)
jeJ JjeJ
vM?+ (1 —v)k? vm?+ (1 —v) K? 2(1 )20 22p20-v)
= maX{ M=) v 2(—v) bi ng;]q] bj
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for any i € I.
If we multiply (2.6) by p; > 0 and sum over i € I, we get the desired inequality (2.2).

. . b 2 b\ 2
By the inequality (1.3) for z = (a_i) and y = (—’) we have

a;

2 2 2 2 2 2 2w 2(1-v)
(bl > i b; < max M2 +k , m* + K <bl > b; 2.7)
a; a; M2 2(-v) " m2v 2(1-v) a; a;

for any ¢ € I and j € J. On making use of a similar argument as above, we deduce (2.3). O

Corollary 2.1. Let ag, b > 0, k € N and I be a finite set of indices such that

b
m< = <M (2.8)
a;
for some constants 0 < m < M and any i € I. If p; > 0 fori € I and v € [0,1], then we
have the inequality

Sier Pib} Yicr pia} (2.9)
2(1—v v v1.2(1—v ’
Dier piai( )b? Zielpiazz bi( )
- vM?+ (1 —v)m? vm?+ (1 —v) M?
= max M2rm2(—v) 2 p2(i—v)
and the inequality
Yicr Pib; Yieq pia;
2(1-v) 120 2v3,2(1-v) (210)
dier Pit; bi" > ier piai”b;

1 1
=TT max { M2m2(—) 2 p2(—v) } :

The inequalities (2.9) and (2.10) therefore provide multiplicative reverses of the second
Callebaut inequality (1.10).
The following result also holds:

Theorem 2.2. Let ag, by, > 0, k € N and I be a finite set of indices such that
a<a; <Aandb<b;<B (2.11)

for some constants 0 < a < A, 0<b< Bandanyi € I. Ifw; >0 forie I with) ,c;w; =1
and v € [0,1], then we have the inequality

(Sier wia?)” (Cierwib?)' ™" (2.12)
20 2(1—1) '
> jer wjaz”b;

2132 N a2h2 022 _ 2132
gmax{yAB + (1 =v)a"b® va®b® + (1 IJ)AB}

A2vg2(1-v) B2vp2(1-v)’ A2(1-v) q2v B2(1-v)p2v
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and the inequality
v 1—v
(Cierwiaf)” (e wib?) (2.13)

2(1—v)
2jer wja?”bj(
< A2322—i— a’b?

1 1
X max {Agya2(1—y)B2ubZ(1—u) ) A2(1—V)a2uBZ(1—V)bQV} )

a? 2

b*
Proof. Let £ = <3 and §y = ——3—
f. S P Yy = S o w;b?

Zelw,a

for j € I, then we get

a2< <A2 cr
S o<
A? »J

and
b2 B2
52 <y< 7 Jjel.
If we write the inequality (1.2) for z and y as above, then we get
Vaf? +(1-v) L
Dier w;a; Diel w;b}
VAR (-0 S v (-0 B

> X 1 j__i—
2\ V v “
(&) (&) (&) (& )
?l/ bj(l v)

(Zie[ wiazz)y (Zie[ wib?)l_y

(2.14)

for any j € I.
Since

v+ (1-v) s vA’B? 4 (1 1) d’h?
(AQ v ( b2 )1—V A2V q2(1—v) B2vp2(1-v)

and ,
S+ (1-v) B_2 _va?b?+ (1—v) A’B?
1-v

(B;) T A20-v) g2v B2(1-v) p2v
b

a? b2
—L —+(1-v)=—L— 2.15
VZz'eI w;a; * V) Sier wib} ( )

vA2B? + (1 —v)a®b? va®b® + (1 —v) A?B?
< max
A2vg2(1-v) B2vp2(1-v)’ A2(1-v) q2v B2(1-v)p2v
2v 2(1-v)
aj bj

(Zie] wia?)y (Zie] wibzz)l_y

then by (2.14) we have

X

for any j € I.
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If we multiply (2.15) by w; and sum, then we get

a2 2
szel w;a ] T (1—v) Zje[ wjbg‘
Die1 Wi Yier wib;
VA2B2 + (1 —v)a®t? va?b® + (1 —v) A2B?
< max
A2vg2(1-v) B2vp2(1-v)’ A2(1-v)q2v B2(1-v)p2v

22U 2(1-v)
2 jer wja;"bj

X —V
(Zz‘el wia?)” (Zz’el wibzz)l

that is equivalent to (2.12).
By the inequality (1.3) we also have

a? b?
i wia; * Sier wib? (2.16)
440 @ | B
< max 202 321 _ Ai 02
(&) (&) (&) ()
a2 bi(l V)

X

(Zie] wia?)y (Zie[ wib?)l_y
for any j € I and since

A2 b2 2
aZ +32 ot

=) )

_ (A2B2 +a2b2)

1 1
X max {A2ya2(1u)B2ub2(1u) ’ A2(11/)a21/32(11/)b21’} ’

then by (2.16) we get

2 b2
] J (2.17)

+
diel wia? Dier wib?
< (4252 + a20?)

1 1
X max { A2vq2(0—v) B2vp2(1—v)’ A2(1-v)42v B2(1—v)p2v }

2 2(1*’/)
aj bj

(Zie] wiazz)y (Zie] wibzz)l_y

X

for any j € I.
If we multiply (2.17) by w; and sum, then we get the desired result (2.13).
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Remark 2.1. With the assumptions of Theorem 2.2 we have the Callebaut reverse inequali-
ties

2 2
Dicl Wity D icr wib;

(2.18)
v12(1—v 2(1-v) ;9
Sierwiad b Syepwyal 03
- (vA’B%+ (1 —v) azbz)2 (va®v® + (1 —v) AQBz)2
= MAX " A=) Blvpa(i—v) * A4(1—v) gdv BA(l—v) pav
and
Ziel 'LUZ'CL? Z’iEI ’U)Zb% (2 19)
v12(1—v 2(1-v) ;94 :
Sjerwiad by e wial 03
- A2B? 4 a?ph? ?
- 2
1 1
X max Adv gd(l—v) Bavpa(1—v)’ A4(1—v) qdv B4(1—v)pdv | °
Indeed, by the inequality (2.12) for 1 — v instead of v we have
1-v v
2(1_V)b2u )
2jerwia; b

- (1—v)A2B? + va?h?® (1 -v)a?? + vA2B?
= MAX "~ (=) g2v g2—v)p2v ’* A2vg2(1—v) g2ope(i—v) (

If we multiply (2.12) with (2.20) we obtain (2.18).
The inequality (2.19) follows in a similar way by (2.13) and the details are omitted.

The inequalities from (2.19) and (2.20) can be however improved as follows:

Theorem 2.3. Let ax, by > 0, k € N and I a finite set of indices such that the inequality
(2.11) is valid for some constants 0 < a < A, 0 <b < B foranyi € I. Ifw; >0 forie I
with Y ,crw; =1 and v € [0,1], then we have the inequalities

Zie[ wia? Zie[ wib?

(2.21)
v1.2(1—v 2(1-v),9,
Sierwia b Serwia; 0
vA?B? + (1 —v)a?b? va?b® + (1 —v) A’ B?
< max
A2v B2v2(1-v)p2(1-v) 7 q2vp2v A2(1-v) B2(1-v)
and
. azS. b2
ZZEI w'la’z ZZGI wlbl (222)

v1.2(1—v 2(1-v);9,
S jerwiad )T S e pwia
S A232;a2b2

1 1
X max {AQVBQVGQ(l—V)bQ(l—y) ’ a2yb21/A2(1—y)B2(1_V) } .
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Proof. Let x = a?b? and y = a?b? for i, j € I. Then by the condition (2.11) we have
a’b? <z < A2B? and a®b? < y < A’B?.
By the inequalities (1.2) and (1.3) we have
Va?b? +(1-v) a?b? (2.23)
vA?B? + (1 —v)a?b? va?b?® + (1 — v) A’ B?
< max v 1—-v v 1—v
(A2B2)" (a2b?) (a2b2)" (A2B2)
2,2\Y ( 2,2\ 7V
B vA?B? + (1 —v)a?b? va?b?® + (1 — v) A’ B?
X e B 20— p2(—v) * g2vp2v A2(1—v) B2(1—v)

% a?”b?(lﬂj) a2(1*’/) b?l/

J

and
@RUR 4 2E < (4257 + ) (2.24)
1 1
X AX A o B 21— (1) g2v v A2(1—v) B2(1—v)
X a?”b?(l_y)ai(l_y)lﬁ”,
for i, j € I.
If we multiply (2.23) and (2.24) by w;w; and sum over i, j € I we get the desired
inequalities (2.21) and (2.22). O

3. A NUMERICAL COMPARISON

We consider the Kantorovich’s ratio defined by

(h+1)*
The function K is decreasing on (0,1) and increasing on [1,00), K (h) > 1 for any h > 0
and K (h) = K (%) for any h > 0.
The following multiplicative reverse of Young inequality in terms of Kantorovich’s ratio

holds
(1-v)a+vb< KE (%) a7y, (3.2)
where a,b > 0, v € [0,1] and R = max {1 — v,v}.

This inequality was obtained by Liao et al. [11].
In [8] the first author obtained the following reverse of Callebaut inequality

2231'16] pzbz2 Zie[ piazz 21 < Kmax{v,lfv} ((%) 2) (33)
Zielpiai( _V)bzzy Zielpiazzybi( - m
where ay, by, > 0, k € N and I a finite set of indices such that the condition (2.8) is valid for

some constants 0 < m < M and any ¢ € I, w; > 0 for i € I with >°,c;w; =1 and v € [0,1].
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From (2.9), (2.10) and (3.3) we have the following upper bounds for the quotient

Diel pib? dicl pia?
2

(3.4)

1-v);9, v1.2(1—v
Dier Piai( )b? Yier Pia} bi( )
< By (m,M,v), By (m,M,v), Bs(m,M,v)
where ) ) ) )
vM*+ (1 —v)m* vm*+(1—v)M
B (m’ M, V) = max { M2vm2(1-v) ’ m2v M2(1-v) ’
M? +m? 1 1
By (m, M,v) := ———— max { M2m2(—2) 2 p2(—v) } ’
and

m

2
Bt = st ( (1)),

Here 0 <m < M < ooand v € [0,1].
For m = 1, we consider the differences

DI(M?V) : :Bl(laM’V)_BQ(LM’V),
D2 (M,I/) . :Bg (1,M,I/) —B1 (1,M,I/),
D3(M?V) : :B3(15M’V)_B2(15M’V)

for M > 1 and v € [0,1].

The plots of the differences Dy (M,v), Dy (M,v) and D3 (M, v) in the box [1,3] x [0, 1]
are depicted in Figures 1, 2 and 3 below. They show that in (3.4) the bound Bj is better
than Bs that is better than Bs,

Problem 1. Is the following inequality
Bl (maM,V) < B3(maM’V) < B2(m,MaV)
valid for any 0 < m < M < oo and v € [0,1]7
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F1cure 1. Plot of Dy (M,v) in [1,3] x [0,1]

1.6

1.4
1.2
1
0.8+
0.6
0.4+
0.

0

002 04 06 o8
v

3 o252 15
M

F1GuRE 2. Plot of Dy (M,v) on [1,3] x [0, 1]

F1cure 3. Plot of D3 (M,v) on [1,3] x [0, 1]
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