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SOME INTEGRAL INEQUALITIES VIA ¢\n-PREINVEX FUNCTIONS

MUHAMMAD UZAIR AWAN!', MUHAMMAD ASLAM NOOR?, AND KHALIDA INAYAT NOOR?

ABSTRACT. The paper presents Hermite-Hadamard type inequalities, which involve Rie-
mann-Liouville fractional integrals and contain an arbitrary parameter from the interval
of definition of twice differentiable convex and concave functions.

1. INTRODUCTION

A function f: € — R is said to be convex, if
f(A=tu+tv) < (1 —1t)f(u)+tf(v), Yu,veCtel0,1]. (1.1)

In recent decades theory of convexity has experienced rapid development resultantly at-
tracted many researchers. Several new generalizations of classical convexity have been
proposed in the literature, for example see [2]. A factor which makes theory of convexity
more fascinating is its close relationship with theory of inequalities. Many results obtained
in inequalities theory are direct consequences of convex functions. The result of Hermite
and Hadamard reads as follows:

Let f: I C R — R be a convex function, where a,b € I with a < b. Then

f(a+b) < bi@jf(m)dgggM’

2 2

played a significant role in the in theory of convexity and inequalities. For some more details
on Hermite-Hadamard’s type of inequalities, see [1,3-10,12,14].

Recently Gordji et al. [7] introduced the concept of n-convexity. Under some suitable
condition the class of n-convex functions reduces to the class of class of classical convex
functions. In [7] authors have also obtained a new extension of Hermite-Hadamard type
inequality via n-convex functions.

Inspired by the recent research of this field, we in this paper introduce a new class of 7-
convex functions which is called as ¢)n-preinvex functions. We derive some new inequalities
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of Hermite-Hadamard via ¢ n-preinvex functions. Some special cases are also discussed.
This is the main motivation of this paper.

2. PRELIMINARIES

In this section, we recall some previously known concepts and basic results for n-convex
functions.

Definition 2.1 ([7]). A function f: I = [a,b] — R is said to be n-convex function, if there
exists a bifunction 7(.,.), such that

F((QA=tu+tv) < flu)+tn(f), f(u), Yu,velte]l0,1]. (2.1)

Note that, if n(f(v), f(u)) = f(v) — f(u) in the above inequality, then, we have the
definition of classical convex functions.
Now we give some examples of n-convex functions which are not convex in the classical
sense.
Ezample 2.1 ([7]). Let f: Ry — R be defined as:

—x, ifx >0,

f(x):{ z, ifx <0,
and suppose n(z,y) = —x —y, for all z,y € (—o0,0].

Ezample 2.2 ([7]). Let f: R — R4 be defined as:
x, if0<z<I1,
T@=31 ifes1,

and suppose

r+y, ifr<y,
n(w,y) = 2z +vy), ifz >y,

for all z,y € [0, +00).

For some useful details on n-convex functions, see [7].

Definition 2.2 ([13]). A set K, is said to be ¢y -invex with respect to ¢(.) : R — R and
bifunction A(.,.) : Ky x Ky — R, if

u+ te' \(v, u) € Ky, Vu,ve Ky, te|0,1].

Note that if A(v,u) = v — u we have the class of ¢-convex set. And if along with
A(v,u) = v —u we have ¢ = 0 we have classical convex set.
We now define the class of ¢)n-preinvex functions.

Definition 2.3. A function f on ¢y-invex set is said to be ¢ n-preinvex function, if there
exists bifunctions A(.,.) : Ky x Ky = R", n(.,.) : R x R = R, such that

flu+teAv,u) < flu)+tn(f(v), f(u), Yu,v€ Kyt € 0,1]. (2.2)
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Note that if we take n(f(v), f(u)) = f(v) — f(u) we get the definition of ¢)-preinvex
functions defined by Noor [13]. If A(v,u) = v — u we get the definition of ¢n-convex
function. If M(v,u) = v —u and ¢ = 0 we get n-convex function [7]. If A(v,u) = v — u,
n(f(v), f(u)) = f(v) — f(u) and ¢ = 0 we get the classical convex functions. If we take
n(f(v), f(u)) = f(v) — f(u) and ¢ = 0 we get the definition of classical preinvex functions
[16].

Definition 2.4. A function f on ¢y-invex set is said to be ¢ n-pre-quasiinvex function, if
there exists bifunctions A(.,.) : Ky x Ky — R™ and n(.,.) : R x R = R, such that

flu+te® (v, u)) < max{f(u), f(u) +n(f(), f(u)}, Yu,ve Ky,t €]0,1].

The following results will be used in obtaining our main results.

Lemma 2.1 ([14]). Let f : J5 = [a,a + €®X(b,a)] C R — R be a differentiable function,
where a < a+ €X(b,a) and 0 < ¢ < Z. If f' € Li[a,a + €"*A(b,a)], then

a+e®\(b,a)

fa)+ fla+eNba) 1 Fo)de

2 * e \(b, a)

Ry(a,b) = —

i 1
_ % 0/(1 —20)f'(a + €9A(b, a))dt.

Lemma 2.2 ([14]). Let f : Iy = [a,a + €®A(b,a)] C R — R be a twice differentiable
function, where a < a + e®A(b,a) and 0 < ¢ < Z. If f" € Ly[a,a + € A(b,a)], then

a+e®\(b,a)

f@)+ flate?Aba) 1 Fos

2 ~ e@\(b,a)

Rf// (a, b) =

a

O N(b.a)2 [ ,
_ w /t(l — ) f"(a+ e A(b, a))dt.
0

3. MAIN RESULTS
In this section, we establish our main results.
Theorem 3.1. Let f : Iy = [a,a + e®A(b,a)] C R — R be a differentiable function, where

a<a+eb,a), f' € Lila,a+ePA(b,a)] and 0 < ¢ < Z. If|f'| is pn-preinvex function,
then

ei(b a
Rpa0)] < 20D @) (I B 17 @)D}
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Proof. Using Lemma 2.1, the property of modulus and the fact that |f’| is ¢ \n-preinvex
function, we have

1
Ryo(a,b)| = “ b,a / (1—20)f"(a + teA(b, a))dt
0
1
< “Aba) M ba {/]1—2tHf (a+ te@ (b, a))\}
m b, )
< ) /!1—2’5\{\f ) +tn([f' @), (a }dt}
0
z¢)\ ,
= 2|f ) +n(f @)1 (@)}
This completes the proof. ]

Theorem 3.2. Let f : I, = [a,a + e®A(b,a)] C R — R be a differentiable function, where
a<a+e?\b,a), f' € Lila,a+e?A(b,a)] and 0 < ¢ < Z. If |f'|P is dan-convex function,
then

@\ (b,
’Rf/(a’b)ISM
2 a(p+ 1)

Proof. Using Lemma 2.1, the property of modulus, Holder’s inequality and the fact that
|f'|P where % + % = 1 is ¢ n-preinvex function, we have

{@1f/(@)|7 + (| ()%, £ (@) )) } .

. 1
|Ryi(a,b)| = M/u —2t)f'(a + te"®A(b, a))dt

0

ei(b)‘(b’ (Z) / / i

<o /]1—2tHf (a + tei®A(b, a))|dt

0

e \(b, a) ( h ’ !

]

11— ztypdt)

z¢ a L
< £ )(/ @[+ (7B 1 (@)|*)] & )
20p+1)r \p

l(b a 1
B ﬁ {@IF @ +n(f ®)I%1f (@))) }
p

This completes the proof. ]

1
( / 1F(a + t69 A (b, a))\th)
0

q

SA L

Theorem 3.3. Let f : J; = [a,a + e®A(b,a)] C R — R be a differentiable function, where

a < a+e?Xba), ' € Lila,a+ e?A(b,a)] and 0 < ¢ < Z. If [f'|7 where ¢ > 1 is
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o n-preinvex function, then
p—1

el a H_ P _r_ 2 Y5
Rpfa,t)] < S (D) ol @l 0l 07 P @} T

Proof. Using Lemma 2.1, the property of modulus, power means inequality and the fact
that | f/|7 is ¢ \n-convex function, we have

. 1
|Rji(a,b)| = W/ 1—2t)f'(a + te \(b, a))dt

) 1
m /!1 — 2t| f'(a + e A(b, a))\dt}
0

0
_ €0Ab,a) “b)\ {(/112tdt) e (/1|1_2t||f’(a+t€i¢)\(b a))|th)
< J / ,

( )1 E{/\l—%\ F(@)|7T + (| ()77, | £ (@) 7T ))dt}

q

p—1
P

1+ p—1

A @17 (O @)

This completes the proof. ]

Theorem 3.4. Let f : Jy = [a,a + €A(b,a)] C R — R be a twice differentiable function,
where a < a+ €PA(b,a), " € Lila,a + €“A(b,a)] and 0 < ¢ < Z. If |f"] is ¢prn-convex
function, then

e \(b, a)]?

X o1 ) 4+ 017 L B

Proof. Using Lemma 2.2, the property of modulus and the fact that |f”| is ¢ n-preinvex
function, we have

|an(a, b)‘ <

Ry (a,b)] =

W%“)P t(1 —t)f"(a + €®X(b,a))dt

—_—

O\H S—_ _

< M t(1 = 0)|f"(a + A, a))\dt]

- [ \(b,a)]?
- 2

t(1 = 1" (@) + tn(1 £ ®)], !f”(b)\)}dt]

¢PA(b. a
= % 21" (a)| 4+ n(| " ®)], 1 " ®)])] -

This completes the proof. ]
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Theorem 3.5. Let f : Iy = [a,a + € ®A(b,a)] C R — R be a twice differentiable function,
where a < a+ ePA(b,a), f" € Lija,a+€e“\(b,a)] and 0 < ¢ < Z. If | f"|P where % + % =1
is ¢\n-preinvex function, then

|Ryn(a,b)l

SkMAgﬂﬂ2<V%>l

2

) cm%n wwnﬁwﬂww%v%i

2

i+
—
==
|
ol |
++
’U\_/
~

Proof. Using Lemma 2.2, the property of modulus, Holder’s inequality and the fact that
|f”|P is ¢pan-preinvex function, we have

|Rf” a, b)|

w’)\ba 2

1

/t " (a+ e Xb,a))dt
0
!

el
SLJ%LA-!E |ﬂa+awwamw]

AR ([ )é(ln y )5
< 2| [ (t—t*)Pdt If"(a+ te'®(b — a))|?dt
e
- o L :
< [6 (75)\(1), (I)]2 9—1-2 \/7_TF(1 +P)) (/{]f”(a)]q +t(‘f”(b)’q, ]f”(a)\q)}dt)
2 r(3+p) )
ZWWMWGQ%Numgcwwﬁ+mwwiww%v%
8 2 I‘ 3 +p) 2 '

This completes the proof. O

Theorem 3.6. Let f : Iy = [a,a + €®A(b,a)] C R — R be a twice differentiable function,
where a < a + €\(b,a), f" € Lila,a+ €®A(b,a)] and 0 < ¢ < 3. If | f"|? where ¢ > 1 is
o n-preinvex function, then

’Rf*“iﬁféléfigﬁﬁﬁ<mﬂf'(”f”aﬂﬁ%-+nﬂf%bnf%4f%an#%>>pp_

12 12
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Proof. Using Lemma 2.2, the property of modulus, power means inequality and the fact
that | f”]7 is ¢ n-convex function, we have

1
Ryt n)] =28 o0 ot eoxapar
(€?A(b.a))? !
<L O/t 81" (@ + e A(b, a))|dt
< [€2AQ, ) /1t—t2 dt . /1t )" (a + te \(b, a))|9dt
N 2 0 0
[ei¢A(b, a)]2 1 1_% i " " I !
<SSR (5) T - nus @+ £ @1 @l e
0
_ [ a)? e (2\f”<a>r% (O, \f”(a)\ﬁ>> B
12 12 '
This completes the proof. ]
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