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OSTROWSKI’S TYPE INEQUALITIES FOR FUNCTIONS WHOSE

FIRST DERIVATIVES IN ABSOLUTE VALUE ARE MN-CONVEX

M.W. ALOMARI1 AND M.M. ALMAHAMEED1

Abstract. For absolutely continuous functions whose first derivatives in absolute value
are MN-convex several inequalities of Ostrowski’s type are introduced. Other related
results by applying Hölder integral inequality are also provided.

1. Introduction

1.1. MN-Convexity. Let I be a real interval. A function f : I → R is called convex iff

f (tα + (1 − t) β) ≤ tf (α) + (1 − t) f (β) , (1.1)

for all points α, β ∈ I and all t ∈ [0, 1]. If -f is convex then we say that f is concave.
Moreover, if f is both convex and concave, then f is said to be affine.

In general, it is not easy to check whether a given function is convex or not. Because
of that, there are several criteria were known in literature. The celebrated known criterion
is that of mid-convex (or Jensen convex) functions, which deal with the arithmetic mean.
They are precisely the functions f : I → R such that

f

(
a + b

2

)
≤

f (a) + f (b)
2

.

This fact was discussed by Jensen in ([21], p. 10). Namely, he proved his famous criterion:

Theorem 1.1. Let f : I → R be a continuous function. Then f is convex iff f is mid-

convex.

Definition 1.1. A function M : (0, ∞) → (0, ∞) is called a Mean function if

(a) Symmetry: M (x, y) = M (y, x).
(b) Reflexivity: M (x, x) = x.
(c) Monotonicity: min{x, y} ≤ M (x, y) ≤ max{x, y}.
(d) Homogeneity: M (λx, λy) = λM (x, y), for any positive scalar λ.
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The most famous and old known mathematical means are listed as follows:

(a) The arithmetic mean :

A := A (α, β) =
α + β

2
, α, β ∈ R+.

(b) The geometric mean :

G := G (α, β) =
√

αβ, α, β ∈ R+.

(c) The harmonic mean :

H := H (α, β) =
2

1
α + 1

β

, α, β ∈ R+ − {0} .

(d) The power mean :

Mr (α, β) =
(

αr + βr

2

)1
r

, r ≥ 1, α, β ∈ R+.

(e) The identric mean:

I (α, β) =





1
e

(
ββ

αα

) 1
β−α , α 6= β

α, α = β
, α, β > 0

(f) The logarithmic mean :

L := L (α, β) =
α − β

ln |α| − ln |β|
, |α| 6= |β| , α, β 6= 0, α, β ∈ R+.

(g) The generalized log-mean:

Lp := Lp (α, β) =

[
βp+1 − αp+1

(p + 1) (β − α)

] 1
p

, p ∈ R\ {−1, 0} , α, β > 0.

It is well known that Lp is monotonic nondecreasing over p ∈ R, with L−1 := L and L0 := I.
In particular, we have the following inequality

H ≤ G ≤ L ≤ I ≤ A.

1.2. Ostrowski’s Inequality. In 1938, Ostrowski established his celebrated inequality for
differentiable mappings with bounded derivatives, which reads [18]:

Theorem 1.2. Let f : I ⊂ R → R be a differentiable mapping on I◦, the interior of the

interval I, such that f ′ ∈ L[a, b], where a, b ∈ I with a < b. If |f ′ (x)| ≤ M , then the

following inequality,

∣∣∣∣∣f (x) −
1

b − a

∫ b

a
f (u) du

∣∣∣∣∣ ≤ M (b − a)




1
4

+

(
x − a+b

2

)2

(b − a)2


 (1.2)

holds for all x ∈ [a, b]. The constant 1
4 is the best possible in the sense that it cannot be

replaced by a smaller constant.
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The proof of (1.2) can be done using Montgomery identity, which known as:

f (x) =
1

b − a

∫ b

a
f (t) dt +

∫ b

a
K (x, t) f ′ (t) dt (1.3)

where K (x, t) is the Peano kernel,

K (x, t) =

{
t−a
b−a , a ≤ t ≤ x,
t−b
b−a , x < t ≤ b,

for any x ∈ [a, b].
An Ostrowski type inequality for convex functions was pointed out by Barnett et al. in

[8], as follows:

Theorem 1.3. Let f : [a, b] → R be an absolutely continuous function on [a, b] such that

|f ′| is convex on [a, b]. Then for any x ∈ [a, b] we have
∣∣∣∣∣f (x) −

1
b − a

∫ b

a
f (u) du

∣∣∣∣∣

≤





1
2


1

4 +

(
x−

a+b
2

b−a

)2

 (b − a) [f ′ (x) + ‖f ′‖∞] , f ′ ∈ L∞ [a, b] ;

1
2 · 1

(q+1)1/q

[(
b−x
b−a

)q+1
+
(

x−a
b−a

)q+1
]1/q

(b − a)1/q ‖|f ′ (x)| + |f ′|‖∞

f ′ ∈ Lp [a, b] , p > 1, 1
p + 1

q = 1

1
2

[
1
2 +

∣∣∣∣∣
x−

a+b
2

b−a

∣∣∣∣∣

]
[(b − a) f ′ (x) + ‖f ′‖1] .

(1.4)

The constant 1
2 in the first and second inequalities is sharp as is the first 1

2 in the final.

Another result concerning convexity was proved by Alomari in ([1], p. 79)

Theorem 1.4. Let f : I ⊆ R → R be a differentiable mapping on I◦ such that f ′ ∈ L[a, b],
where a, b ∈ I with a < b. If |f ′| is convex on [a, b], then the following inequality holds:
∣∣∣∣∣f (x) −

1
b − a

∫ b

a
f (u) du

∣∣∣∣∣

≤
b − a

6

[(
4
(

b − x

b − a

)3

− 3
(

b − x

b − a

)2

+ 1

)
∣∣f ′ (a)

∣∣

+

(
9
(

b − x

b − a

)2

− 4
(

b − x

b − a

)3

− 6
(

b − x

b − a

)
+ 2

)
∣∣f ′ (b)

∣∣
]

, (1.5)

for each x ∈ [a, b]. The constant 1
6 is best possible in the sense that it cannot be replaced by

a smaller value.

For more result concerning Ostrowski’s inequality, see [2], [3]–[4], [7]– [16].
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For two given means M and N, Anderson et al. [5] studied MN−convexity of Maclaurin
series in terms of the coefficients. In fact, the authors investigated the mid-MN-convexity
of a continuous function according to a given mean between the endpoints of a definite
interval.

Definition 1.2. Let f : IÂĄ →
(
0, ÂĄ∞

)
be continuous, where I is a subinterval of

(0, ÂĄ∞). Let M and N be any two Mean functions as understood above. We say f is
MN-convex (concave) if

f (M (x, y)) ≤ (≥) N (f(x), f(y)) ,

for all x, y ∈ I and t ∈ [0, 1].

Recently, some authors studied inequalities of Ostrowski’s inequality under various MN-
convexity assumption, a sample of these works can be found in [6],[15],[17],[19]–[23].

One of the most important applications of Ostrowski’s inequality is to provide several
bounds for mathematical means. So that, in this work, several inequalities of Ostrowski’s
type for absolutely continuous functions whose first derivatives in absolute value are MN -
convex are introduced. Other related results by applying Hölder integral inequality are also
provided.

2. Preliminaries

Let 0 < a < b. Define the function M̂ : [0, 1] → [a, b] given by M̂ (t) = M̂ (t; a, b); where
by M̂ (t; a, b) we mean one of the following functions:

(a) At (a, b) := (1 − t) a + tb; The generalized Arithmetic Mean.

(b) Gt (a, b) = a1−tbt; The generalized Geometric Mean.

(c) Ht (t; a, b) := ab
ta+(1−t)b ; The generalized Harmonic Mean.

Note that M̂ (0; a, b) = a and M (1; a, b) = b.
It is well-know that the above means are related with celebrated inequality

Ht (a, b) ≤ Gt (a, b) ≤ At (a, b) , ∀ t ∈ [0, 1].

In viewing of the above notions of Mean we may generalize Definition 1.2 of MN-convexity
(concavity) excluding the continuity assumption, as follows:

Definition 2.1. Let f : [a, b] ÂĄ →
(
0, ÂĄ∞

)
be any function. Let M̂ and N̂ be any two

Mean functions. We say f is M̂N̂-convex (concave) if

f
(
M̂ (t; x, y)

)
≤ (≥) N̂ (t; f(x), f(y)) ,

for all x, y ∈ I and t ∈ [0, 1].



OSTROWSKI’S INEQUALITY VIA VARIOUS TYPE OF CONVEXITIES 57

Clearly, if one chooses t = 1
2 in the Definition 2.1, then we reduces to mid-MN-convexity

which is intended in Definition 1.2. Accordingly, we can state that:

(a) f is AtAt-convex iff (1.1) holds or equivalently by setting s = tα+(1 − t) β, we write

f (s) ≤
s − β

α − β
f (α) +

α − s

α − β
f (β) , α ≤ s ≤ β. (2.1)

(b) f is AtGt-convex iff

f (tα + (1 − t) β) ≤ [f (α)]t [f (β)]t , 0 ≤ t ≤ 1,

or equivalently, we write

f (s) ≤ [f (α)]
β−s
β−α [f (β)]

s−α
β−α , α ≤ s ≤ β. (2.2)

(c) f is AtHt-convex iff

f ((1 − t) α + tβ) ≤
f (α) f (β)

tf (α) + (1 − t) f (β)
, 0 ≤ t ≤ 1,

or equivalently by setting s = (1 − t) α + tβ, we write

f (s) ≤
(β − α) f (α) f (β)

(β − s) f (α) + (s − α) f (β)
, α ≤ s ≤ β. (2.3)

(d) f is GtAt-convex iff

f
(
αtβ1−t

)
≤ tf (α) + (1 − t) f (β) , 0 ≤ t ≤ 1,

or equivalently by setting s = αtβ1−t, we write

f (s) ≤
ln (s) − ln (β)
ln (α) − ln (β)

· f (α) +
ln (α) − ln (s)
ln (α) − ln (β)

· f (β) , α ≤ s ≤ β. (2.4)

(e) f is GtGt-convex iff

f
(
αtβ1−t

)
≤ [f (α)]t [f (β)]1−t

, 0 ≤ t ≤ 1,

or equivalently, we write

f (s) ≤ [f (α)]
ln(s)−ln(β)
ln(α)−ln(β) [f (β)]

ln(α)−ln(s)
ln(α)−ln(β) , α ≤ s ≤ β. (2.5)

(f) f is GtHt-convex iff

f
(
α1−tβt

)
≤

f (α) f (β)
tf (α) + (1 − t) f (β)

, 0 ≤ t ≤ 1,

or equivalently by setting s = α1−tβt, we write

f (s) ≤
f (α) f (β) [ln (α) − ln (β)]

[ln (α) − ln (s)] f (α) + [ln (s) − ln (β)] f (β)
, α ≤ s ≤ β. (2.6)

(g) f is HtAt-convex iff

f

(
αβ

(1 − t) α + tβ

)
≤ tf (α) + (1 − t) f (β) , 0 ≤ t ≤ 1,
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or equivalently by setting s = αβ
(1−t)α+tβ , we write

f (s) ≤
β (s − α)
s (β − α)

f (α) +
α(β − s)
s (β − α)

f (β) , α ≤ s ≤ β. (2.7)

(h) f is HtGt-convex iff

f

(
αβ

(1 − t) α + tβ

)
≤ [f (α)]t [f (β)]1−t

, 0 ≤ t ≤ 1,

or equivalently, we write

f (s) ≤ [f (α)]
β(s−α)
s(β−α) [f (β)]

α(β−s)
s(β−α) , α ≤ s ≤ β. (2.8)

(i) f is HtHt-convex iff

f

(
αβ

(1 − t) α + tβ

)
≤

f (α) f (β)
(1 − t) f (α) + tf (β)

, 0 ≤ t ≤ 1,

or equivalently, we write

f (s) ≤
s (β − α) f (α) f (β)

β (s − α) f (α) + α (β − s) f (β)
, α ≤ s ≤ β. (2.9)

Remark 2.1. Theorem 2.4 and Corollary 2.5 in [5] are still hold for the previous M̂N̂-
convexities.

3. When |f ′| is AN̂-convex

In this section, inequalities of Ostrowski’s type for absolutely continuous functions whose
first derivatives in absolute value are AN̂-convex are proved, where A := At(a, b) and
N̂ := At(a, b), Gt(a, b), Ht(a, b).

3.1. When |f ′| is AG-convex.

Theorem 3.1. Let I be a real interval, a, b ∈ R (a < b) with a, b in I◦ (the interior of I).

Let f : I → R be an absolutely continuous function on I. If |f ′| is AG-convex, then
∣∣∣∣∣f (x) −

1
b − a

∫ b

a
f (s) ds

∣∣∣∣∣

≤
2 |f ′ (a)|

b−x
b−a |f ′ (b)|

x−a
b−a

(ln |f ′ (b)| − ln |f ′ (a)|)2 ·

[(
x −

a + b

2

)
ln
(

|f ′ (b)|
|f ′ (a)|

)
− (b − a)

]
(3.1)

+
(b − a) (|f ′ (a)| + |f ′ (b)|)

(ln |f ′ (b)| − ln |f ′ (a)|)2 ,

for all a ≤ x ≤ b. In particular, for x = a+b
2 we have

∣∣∣∣∣f
(

a + b

2

)
−

1
b − a

∫ b

a
f (s) ds

∣∣∣∣∣ ≤
(b − a)

4
· L2

(√
|f ′ (a)|,

√
|f ′ (b)|

)
,

where L (·, ·) is the Logarithmic mean.
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Proof. Rewrite (1.3) and then taking the absolute value in, by employing the triangle in-
equality, since |f ′| is AG-convex (i.e., (2.2) holds) we have

∣∣∣∣∣f (x) −
1

b − a

∫ b

a
f (u) du

∣∣∣∣∣ =

∣∣∣∣∣

∫ b

a
K (x, s) f ′ (s) ds

∣∣∣∣∣

≤

∫ b

a
|K (x, s)|

∣∣f ′ (s)
∣∣ ds

≤

∫ b

a
|K (x, s)|

[∣∣f ′ (a)
∣∣] b−s

b−a
[∣∣f ′ (b)

∣∣] s−a
b−a ds

=
1

b − a

∫ x

a
(s − a)

[∣∣f ′ (a)
∣∣] b−s

b−a
[∣∣f ′ (b)

∣∣] s−a
b−a ds

+
1

b − a

∫ b

x
(b − s)

[∣∣f ′ (a)
∣∣] b−s

b−a
[∣∣f ′ (b)

∣∣] s−a
b−a ds

=
2 |f ′ (a)|

b−x
b−a |f ′ (b)|

x−a
b−a

(ln |f ′ (b)| − ln |f ′ (a)|)2 ·

[(
x −

a + b

2

)
ln
(

|f ′ (b)|
|f ′ (a)|

)
− (b − a)

]

+
(b − a) (|f ′ (a)| + |f ′ (b)|)

(ln |f ′ (b)| − ln |f ′ (a)|)2 ,

the last equality follows from integration by parts and basic simplification, and this proves
the desired result in (3.1). �

Theorem 3.2. Let I be a real interval, a, b ∈ R (a < b) with a, b in I◦ (the interior of I).

Let f : I → R be an absolutely continuous function on I. If |f ′|p (p > 1) is AG-convex,

then

∣∣∣∣∣f (x) −
1

b − a

∫ b

a
f (s) ds

∣∣∣∣∣

≤ (b − a)− 1
q

[
(x − a)q+1 + (b − x)q+1

q + 1

] 1
q

· L
1
p
(∣∣f ′ (a)

∣∣p ,
∣∣f ′ (b)

∣∣p) , (3.2)

for all a ≤ x ≤ b and p > 1 with 1
p + 1

q = 1. In particular, for x = a+b
2 we have

∣∣∣∣∣f
(

a + b

2

)
−

1
b − a

∫ b

a
f (s) ds

∣∣∣∣∣ ≤
(b − a)

2 (q + 1)
1
q

· L
1
p
(∣∣f ′ (a)

∣∣p ,
∣∣f ′ (b)

∣∣p) ,

where L (·, ·) is the Logarithmic mean.
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Proof. since |f ′|p is AG-convex by employing the Hölder integral inequality on the right-
hand side of the second inequality in the proof of Theorem 3.1, we get

∣∣∣∣∣f (x) −
1

b − a

∫ b

a
f (u) du

∣∣∣∣∣

≤

(∫ b

a
|K (x, s)|q ds

) 1
q
(∫ b

a

∣∣f ′ (s)
∣∣p ds

) 1
p

≤
1

b − a

(∫ x

a
(s − a)q

ds +
∫ b

x
(b − s)q

ds

) 1
q
(∫ b

a

[∣∣f ′ (a)
∣∣]p· b−s

b−a
[∣∣f ′ (b)

∣∣]p· s−a
b−a ds

) 1
p

= (b − a)− 1
q

[
(x − a)q+1 + (b − x)q+1

q + 1

] 1
q

· L
1
p
(∣∣f ′ (a)

∣∣p ,
∣∣f ′ (b)

∣∣p) ,

which proves the desired result. �

Remark 3.1. As p → 1 and q → ∞ in (3.2), we have

lim
q→∞

[
(x − a)q+1 + (b − x)q+1

q + 1

] 1
q

≤ lim
q→∞

sup
a≤x≤b

[
(x − a)q+1 + (b − x)q+1

q + 1

] 1
q

= lim
q→∞

[
(b − a)q+1

q + 1

] 1
q

= (b − a) , (3.3)

and so that (3.2) becomes

∣∣∣∣∣f (x) −
1

b − a

∫ b

a
f (s) ds

∣∣∣∣∣ ≤ (b − a) · L
(∣∣f ′ (a)

∣∣ ,
∣∣f ′ (b)

∣∣) ,

for all a ≤ x ≤ b.

3.2. When |f ′| is AH-convex.

Theorem 3.3. Let I be a real interval, a, b ∈ R (a < b) with a, b in I◦ (the interior of I).

Let f : I → R be an absolutely continuous function on I. If |f ′| is AH-convex, then

∣∣∣∣∣f (x) −
1

b − a

∫ b

a
f (s) ds

∣∣∣∣∣

≤
|f ′ (a)| |f ′ (b)|

|f ′ (b)| − |f ′ (a)|
·
{
(a + b − 2x) + (b − a) ln

[
(x − a)

∣∣f ′ (a)
∣∣+ (b − x)

∣∣f ′ (b)
∣∣]

+
(b − a)

|f ′ (b)| − |f ′ (a)|
· ln

[
(b − a)(|f ′(a)|+|f ′(b)|) ·

∣∣f ′ (a)
∣∣|f ′(a)|

·
∣∣f ′ (b)

∣∣|f ′(b)|
]}

, (3.4)
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for all a ≤ x ≤ b. In particular, if x = a+b
2 then we have

∣∣∣∣∣f
(

a + b

2

)
−

1
b − a

∫ b

a
f (s) ds

∣∣∣∣∣

≤
(b − a) |f ′ (a)| |f ′ (b)|

|f ′ (b)| − |f ′ (a)|



ln

(
|f ′(a)|+|f ′(b)|

2

)
+

ln
[
(b − a)(|f ′(a)|+|f ′(b)|) · |f ′ (a)||f

′(a)| · |f ′ (b)||f
′(b)|
]

|f ′ (b)| − |f ′ (a)|



 .

Proof. As in the proof of Theorem 3.1, taking into account that |f ′| is AH-convex (i.e., (2.3)
holds), we have

∣∣∣∣∣f (x) −
1

b − a

∫ b

a
f (u) du

∣∣∣∣∣

≤

∫ b

a
|K (x, s)|

∣∣f ′ (s)
∣∣ ds

≤

∫ b

a
|K (x, s)| ·

(b − a) |f ′ (a)| |f ′ (b)|
(b − s) |f ′ (a)| + (s − a) |f ′ (b)|

ds

=
∣∣f ′ (a)

∣∣ ∣∣f ′ (b)
∣∣
∫ x

a

s − a

(b − s) |f ′ (a)| + (s − a) |f ′ (b)|
ds

+
∣∣f ′ (a)

∣∣ ∣∣f ′ (b)
∣∣
∫ b

x

b − s

(b − s) |f ′ (a)| + (s − a) |f ′ (b)|
ds

=
∣∣f ′ (a)

∣∣ ∣∣f ′ (b)
∣∣ ·
[

(a + b − 2x) + (b − a) ln [(x − a) |f ′ (a)| + (b − x) |f ′ (b)|]
|f ′ (b)| − |f ′ (a)|

+
(b − a) |f ′ (a)| ln [(b − a) |f ′ (a)|] + (b − a) |f ′ (b)| ln [(b − a) |f ′ (b)|]

(|f ′ (b)| − |f ′ (a)|)2

]
,

which proves the required result in (3.4). �

Theorem 3.4. Let I be a real interval, a, b ∈ R (a < b) with a, b in I◦ (the interior of I).

Let f : I → R be an absolutely continuous function on I. If |f ′|p (p > 1) is AH-convex,

then

∣∣∣∣∣f (x) −
1

b − a

∫ b

a
f (s) ds

∣∣∣∣∣

≤ (b − a)− 1
q
∣∣f ′ (a)

∣∣ ∣∣f ′ (b)
∣∣
[

(x − a)q+1 + (b − x)q+1

q + 1

] 1
q

· L
− 1

p
(∣∣f ′ (a)

∣∣p ,
∣∣f ′ (b)

∣∣p) , (3.5)

for all a ≤ x ≤ b and p > 1 with 1
p + 1

q = 1. In particular, if x = a+b
2 then we have

∣∣∣∣∣f
(

a + b

2

)
−

1
b − a

∫ b

a
f (s) ds

∣∣∣∣∣ ≤
(b − a)

2 (q + 1)
1
q

∣∣f ′ (a)
∣∣ ∣∣f ′ (b)

∣∣ · L
− 1

p
(∣∣f ′ (a)

∣∣p ,
∣∣f ′ (b)

∣∣p) .
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Proof. As in the proof of Theorem 3.2, and since |f ′| is AH-convex we have

∣∣∣∣∣f (x) −
1

b − a

∫ b

a
f (u) du

∣∣∣∣∣

≤

(∫ b

a
|K (x, s)|q ds

) 1
q
(∫ b

a

∣∣f ′ (s)
∣∣p ds

) 1
p

≤
1

b − a

(∫ x

a
(s − a)q

ds +
∫ b

x
(b − s)q

ds

) 1
q
(∫ b

a

(b − a) |f ′ (a)|p |f ′ (b)|p

(b − s) |f ′ (a)|p + (s − a) |f ′ (b)|p
ds

) 1
p

= (b − a)− 1
q
∣∣f ′ (a)

∣∣ ∣∣f ′ (b)
∣∣
[

(x − a)q+1 + (b − x)q+1

q + 1

] 1
q

·

[
ln |f ′ (b)|p − ln |f ′ (a)|p

|f ′ (b)|p − |f ′ (a)|p

] 1
p

= (b − a)− 1
q
∣∣f ′ (a)

∣∣ ∣∣f ′ (b)
∣∣
[

(x − a)q+1 + (b − x)q+1

q + 1

] 1
q

· L
− 1

p
(∣∣f ′ (a)

∣∣p ,
∣∣f ′ (b)

∣∣p) ,

and this ends the proof. �

Remark 3.2. As p → 1 and q → ∞ in (3.5), then by (3.3), we have

∣∣∣∣∣f (x) −
1

b − a

∫ b

a
f (s) ds

∣∣∣∣∣ ≤ (b − a)
∣∣f ′ (a)

∣∣ ∣∣f ′ (b)
∣∣ · L−1 (∣∣f ′ (a)

∣∣ ,
∣∣f ′ (b)

∣∣) ,

for all a ≤ x ≤ b.

4. When |f ′| is GN̂-convex

In this section, inequalities of Ostrowski’s type for absolutely continuous functions whose
first derivatives in absolute value are GN̂-convex are proved, where G := Gt(a, b) and
N̂ := At(a, b), Gt(a, b), Ht(a, b).

4.1. When |f ′| is GA-convex.

Theorem 4.1. Let I be a real interval, a, b ∈ R (a < b) with a, b in I◦ (the interior of I).

Let f : I → R be an absolutely continuous function on I. If |f ′| is GA-convex, then

∣∣∣∣∣f (x) −
1

b − a

∫ b

a
f (s) ds

∣∣∣∣∣

≤
1

2 (b − a) ln
(

b
a

)
{[

1
2

(
a2 + b2 − 2x2

)
− 2 (b − a) (a + b − x)

] (∣∣f ′ (b)
∣∣−

∣∣f ′ (a)
∣∣) (4.1)

+
[
a2
∣∣f ′ (a)

∣∣+ b2
∣∣f ′ (b)

∣∣
]

ln
(

b
a

)
+ 2x (a + b − x) ln

(
x|f ′(a)|a|f ′(b)|

b|f ′(a)|x|f ′(b)|

)}
,
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for all a ≤ x ≤ b. In particular, if we choose x = a+b
2 , then

∣∣∣∣∣f
(

a + b

2

)
−

1
b − a

∫ b

a
f (s) ds

∣∣∣∣∣

≤
1

2 (b − a) ln
(

b
a

)
{

1
4

[
(b − a)2 − 4

(
b2 − a2

)] (∣∣f ′ (b)
∣∣−

∣∣f ′ (a)
∣∣)

+a2
∣∣f ′ (a)

∣∣+ b2
∣∣f ′ (b)

∣∣ ln
(

b
a

)
+

(a + b)2

2
· ln




(
a+b

2

)|f ′(a)|
a|f ′(b)|

b|f ′(a)|
(

a+b
2

)|f ′(b)|








.

Proof. As in the proof of Theorem 3.1, taking into account that |f ′| is GA-convex (i.e., (2.4)
holds), we have

∣∣∣∣∣f (x) −
1

b − a

∫ b

a
f (u) du

∣∣∣∣∣

≤

∫ b

a
|K (x, s)|

∣∣f ′ (s)
∣∣ ds

≤

∫ b

a
|K (x, s)|

[
ln (b) − ln (s)
ln (b) − ln (a)

·
∣∣f ′ (a)

∣∣+ ln (s) − ln (a)
ln (b) − ln (a)

·
∣∣f ′ (b)

∣∣
]

ds

=
1

b − a

∫ x

a
(s − a)

[
ln (b) − ln (s)
ln (b) − ln (a)

·
∣∣f ′ (a)

∣∣+ ln (s) − ln (a)
ln (b) − ln (a)

·
∣∣f ′ (b)

∣∣
]

ds

+
1

b − a

∫ b

x
(b − s)

[
ln (b) − ln (s)
ln (b) − ln (a)

·
∣∣f ′ (a)

∣∣+ ln (s) − ln (a)
ln (b) − ln (a)

·
∣∣f ′ (b)

∣∣
]

ds

=
1

(b − a) ln
(

b
a

)
{[

1
4

(
a2 + b2 − 2x2

)
− (b − a) (a + b − x)

] (∣∣f ′ (b)
∣∣−

∣∣f ′ (a)
∣∣)

+
1
2

[
a2
∣∣f ′ (a)

∣∣+ b2
∣∣f ′ (b)

∣∣
]

ln
(

b
a

)
+ x (a + b − x) ln

(
x|f ′(a)|a|f ′(b)|

b|f ′(a)|x|f ′(b)|

)}
,

the last equality follows from integration by parts and basic simplification, and this proves
the desired result in (4.1). �

Theorem 4.2. Let I be a real interval, a, b ∈ R (a < b) with a, b in I◦ (the interior of I).

Let f : I → R be an absolutely continuous function on I. If |f ′|p (p > 1) is GA-convex,

then ∣∣∣∣∣f (x) −
1

b − a

∫ b

a
f (s) ds

∣∣∣∣∣

≤
1

b − a

[
(x − a)q+1 + (b − x)q+1

q + 1

] 1
q

(4.2)

×




(b |f ′ (b)|p − a |f ′ (a)|p) ln
(

b
a

)
− (b − a) (|f ′ (b)|p − |f ′ (a)|p)

ln b − ln a




1
p

,
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for all a ≤ x ≤ b and p > 1 with 1
p + 1

q = 1. In particular, if we choose x = a+b
2 , then

∣∣∣∣∣f
(

a + b

2

)
−

1
b − a

∫ b

a
f (s) ds

∣∣∣∣∣

≤
(b − a)

1
q

2 (q + 1)
1
q




(b |f ′ (b)|p − a |f ′ (a)|p) ln
(

b
a

)
− (b − a) (|f ′ (b)|p − |f ′ (a)|p)

ln b − ln a




1
p

.

Proof. As in the proof of Theorem 3.2 and since |f ′|p is (p > 1) is GA-convex, then we have

∣∣∣∣∣f (x) −
1

b − a

∫ b

a
f (u) du

∣∣∣∣∣

≤

(∫ b

a
|K (x, s)|q ds

) 1
q
(∫ b

a

∣∣f ′ (s)
∣∣p ds

) 1
p

≤
1

b − a

(∫ x

a
(s − a)q

ds +
∫ b

x
(b − s)q

ds

) 1
q

×

(∫ b

a

[
ln (b) − ln (s)
ln (b) − ln (a)

·
∣∣f ′ (a)

∣∣p +
ln (s) − ln (a)
ln (b) − ln (a)

·
∣∣f ′ (b)

∣∣p
]

ds

) 1
p

=
1

b − a

[
(x − a)q+1 + (b − x)q+1

q + 1

] 1
q

×




(b |f ′ (b)|p − a |f ′ (a)|p) ln
(

b
a

)
− (b − a) (|f ′ (b)|p − |f ′ (a)|p)

ln b − ln a




1
p

,

which proves the required result. �

Remark 4.1. As p → 1 and q → ∞ in (4.2), then by (3.3) we have

∣∣∣∣∣f (x) −
1

b − a

∫ b

a
f (s) ds

∣∣∣∣∣

≤




(b |f ′ (b)| − a |f ′ (a)|) ln
(

b
a

)
− (b − a) (|f ′ (b)| − |f ′ (a)|)

ln b − ln a


 ,

for all a ≤ x ≤ b.

4.2. When |f ′| is GG-convex.
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Theorem 4.3. Let I be a real interval, a, b ∈ R (a < b) with a, b in I◦ (the interior of I).

Let f : I → R be an absolutely continuous function on I. If |f ′| is GG-convex, then
∣∣∣∣∣f (x) −

1
b − a

∫ b

a
f (s) ds

∣∣∣∣∣

≤




2x2 ln
(

b
a

)

ln
(

b
a

)2
+ ln

(
|f ′(b)|
|f ′(a)|

) +
x (b − a) ln

(
b
a

)

ln
(

b
a

)
+ ln

(
|f ′(b)|
|f ′(a)|

)



[∣∣f ′ (a)

∣∣] ln(b)−ln(x)
ln(b)−ln(a)

[∣∣f ′ (b)
∣∣] ln(x)−ln(a)

ln(b)−ln(a) (4.3)

+




a2 ln
(

b
a

)

ln
(

b
a

)2
+ ln

(
|f ′(b)|
|f ′(a)|

) −
a2 ln

(
b
a

)

ln
(

b
a

)
+ ln

(
|f ′(b)|
|f ′(a)|

)



∣∣f ′ (a)

∣∣

+




b2 ln
(

b
a

)

ln
(

b
a

)2
+ ln

(
|f ′(b)|
|f ′(a)|

) −
b2 ln

(
b
a

)

ln
(

b
a

)
+ ln

(
|f ′(b)|
|f ′(a)|

)



∣∣f ′ (b)

∣∣ ,

for all a ≤ x ≤ b.

Proof. As in the proof of Theorem 4.2, and since |f ′| is GG-convex (i.e., (2.5) holds), we
have

∣∣∣∣∣f (x) −
1

b − a

∫ b

a
f (u) du

∣∣∣∣∣

≤

∫ b

a
|K (x, s)|

∣∣f ′ (s)
∣∣ ds

≤

∫ b

a
|K (x, s)| ·

[∣∣f ′ (a)
∣∣] ln(b)−ln(s)

ln(b)−ln(a)
[∣∣f ′ (b)

∣∣] ln(s)−ln(a)
ln(b)−ln(a) ds

=
1

b − a

∫ x

a
(s − a)

[∣∣f ′ (a)
∣∣] ln(b)−ln(s)

ln(b)−ln(a)
[∣∣f ′ (b)

∣∣] ln(s)−ln(a)
ln(b)−ln(a) ds

+
1

b − a

∫ b

x
(b − s)

[∣∣f ′ (a)
∣∣] ln(b)−ln(s)

ln(b)−ln(a)
[∣∣f ′ (b)

∣∣] ln(s)−ln(a)
ln(b)−ln(a) ds

=




2x2 ln
(

b
a

)

ln
(

b
a

)2
+ ln

(
|f ′(b)|
|f ′(a)|

) +
x (b − a) ln

(
b
a

)

ln
(

b
a

)
+ ln

(
|f ′(b)|
|f ′(a)|

)



[∣∣f ′ (a)

∣∣] ln(b)−ln(x)
ln(b)−ln(a)

[∣∣f ′ (b)
∣∣] ln(x)−ln(a)

ln(b)−ln(a)

+




a2 ln
(

b
a

)

ln
(

b
a

)2
+ ln

(
|f ′(b)|
|f ′(a)|

) −
a2 ln

(
b
a

)

ln
(

b
a

)
+ ln

(
|f ′(b)|
|f ′(a)|

)



∣∣f ′ (a)

∣∣

+




b2 ln
(

b
a

)

ln
(

b
a

)2
+ ln

(
|f ′(b)|
|f ′(a)|

) −
b2 ln

(
b
a

)

ln
(

b
a

)
+ ln

(
|f ′(b)|
|f ′(a)|

)



∣∣f ′ (b)

∣∣ ,

where the last equality holds using integration by parts, and this ends the proof. �

Theorem 4.4. Let I be a real interval, a, b ∈ R (a < b) with a, b in I◦ (the interior of I).

Let f : I → R be an absolutely continuous function on I. If |f ′|p (p > 1) is GG-convex,
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then

∣∣∣∣∣f (x) −
1

b − a

∫ b

a
f (s) ds

∣∣∣∣∣

≤
1

b − a

[
(x − a)q+1 + (b − x)q+1

q + 1

] 1
q

×




(b |f ′ (b)|p − a |f ′ (a)|p) ln
(

b
a

)

ln
(

b
a

)
+ p ln

(
|f ′(b)|
|f ′(a)|

)




1
p

, (4.4)

for all a ≤ x ≤ b and p > 1 with 1
p + 1

q = 1. In particular for x = a+b
2 we have

∣∣∣∣∣f
(

a + b

2

)
−

1
b − a

∫ b

a
f (s) ds

∣∣∣∣∣ ≤
(b − a)

1
q

2 (q + 1)
1
q

·




(b |f ′ (b)|p − a |f ′ (a)|p) ln
(

b
a

)

ln
(

b
a

)
+ p ln

(
|f ′(b)|
|f ′(a)|

)




1
p

.

Proof. As in the proof of Theorem 4.2 talking into account that |f ′|p (p > 1) is GG-convex,
then

∣∣∣∣∣f (x) −
1

b − a

∫ b

a
f (u) du

∣∣∣∣∣

≤

(∫ b

a
|K (x, s)|q ds

) 1
q
(∫ b

a

∣∣f ′ (s)
∣∣p ds

) 1
p

≤
1

b − a

(∫ x

a
(s − a)q

ds +
∫ b

x
(b − s)q

ds

) 1
q

×

(∫ b

a

[∣∣f ′ (a)
∣∣]p·

ln(b)−ln(s)
ln(b)−ln(a)

[∣∣f ′ (b)
∣∣]p·

ln(s)−ln(a)
ln(b)−ln(a) ds

) 1
p

=
1

b − a

[
(x − a)q+1 + (b − x)q+1

q + 1

] 1
q

×




(b |f ′ (b)|p − a |f ′ (a)|p) ln
(

b
a

)

ln
(

b
a

)
+ p ln

(
|f ′(b)|
|f ′(a)|

)




1
p

,

which proves the required result. �

Remark 4.2. As p → 1 and q → ∞ in (4.4), then by (3.3) we have

∣∣∣∣∣f (x) −
1

b − a

∫ b

a
f (s) ds

∣∣∣∣∣ ≤
(b |f ′ (b)| − a |f ′ (a)|) ln

(
b
a

)

ln
(

b
a

)
+ ln

(
|f ′(b)|
|f ′(a)|

) ,

for all a ≤ x ≤ b.

4.3. When |f ′| is GH-convex.
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Theorem 4.5. Let I be a real interval, a, b ∈ R (a < b) with a, b in I◦ (the interior of I).

Let f : I → R be an absolutely continuous function on I. If |f ′| is GH-convex, then

∣∣∣∣∣f (x) −
1

b − a

∫ b

a
f (s) ds

∣∣∣∣∣

≤
|f ′ (a)| |f ′ (b)| ln

(
b
a

)

b − a
·

a
|f ′(b)|

|f ′(b)|−|f ′(a)| · b
|f ′(a)|

|f ′(a)|−|f ′(b)|

|f ′ (b)| − |f ′ (a)|
(4.5)

×

{
(x − a)

[
Ei

(
|f ′ (a)| ln

(
a
b

)

|f ′ (b)| − |f ′ (a)|

)
− Ei

(
|f ′ (b)| ln

(
a
x

)
+ |f ′ (a)| ln

(
x
b

)

|f ′ (b)| − |f ′ (a)|

)]

+ (b − x)

[
Ei

(
|f ′ (b)| ln

(a
b

)

|f ′ (b)| − |f ′ (a)|

)
− Ei

(
|f ′ (a)| ln

(x
b

)
+ |f ′ (b)| ln

(a
x

)

|f ′ (b)| − |f ′ (a)|

)]}
,

for all a ≤ x ≤ b, where

Ei (x) = V.P.

∞∫

−x

e−t

t
dt

is the Exponential Integral function.

Proof. Repeating the proof of Theorem 4.3 and using the fact the |f ′| is GH-convex (i.e.,
(2.6) holds), so that we have

∣∣∣∣∣f (x) −
1

b − a

∫ b

a
f (u) du

∣∣∣∣∣

≤

∫ b

a
|K (x, s)|

∣∣f ′ (s)
∣∣ ds

≤

∫ b

a
|K (x, s)| ·

[
|f ′ (a)| |f ′ (b)| [ln (b) − ln (a)]

[ln (b) − ln (s)] |f ′ (a)| + [ln (s) − ln (a)] |f ′ (b)|

]
ds

=
|f ′ (a)| |f ′ (b)| ln

(
b
a

)

b − a
·

∫ x

a

s − a

[ln (b) − ln (s)] |f ′ (a)| + [ln (s) − ln (a)] |f ′ (b)|
ds

+
|f ′ (a)| |f ′ (b)| ln

(
b
a

)

b − a
·

∫ b

x

b − s

[ln (b) − ln (s)] |f ′ (a)| + [ln (s) − ln (a)] |f ′ (b)|
ds.

The last two integrations cannot be evaluated directly by using usual methods. So that, we
use estimation; since

∫ x

a

s − a

[ln (b) − ln (s)] |f ′ (a)| + [ln (s) − ln (α)] |f ′ (b)|
ds

≤ (x − a)
∫ x

a

ds

[ln (b) − ln (s)] |f ′ (a)| + [ln (s) − ln (a)] |f ′ (b)|
, (4.6)
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and
∫ b

x

b − s

[ln (b) − ln (s)] |f ′ (a)| + [ln (s) − ln (α)] |f ′ (b)|
ds

≤ (b − x)
∫ b

x

ds

[ln (b) − ln (s)] |f ′ (a)| + [ln (s) − ln (a)] |f ′ (b)|
. (4.7)

Now, using Maple Software in evaluating the right hand sides of (4.6) and (4.7), we get that
∫ x

a

ds

[ln (b) − ln (s)] |f ′ (a)| + [ln (s) − ln (a)] |f ′ (b)|

=
a

|f ′(b)|
|f ′(b)|−|f ′(a)| · b

|f ′(a)|
|f ′(a)|−|f ′(b)|

|f ′ (b)| − |f ′ (a)|

×

[
Ei

(
|f ′ (a)| ln

(
a
b

)

|f ′ (b)| − |f ′ (a)|

)
− Ei

(
|f ′ (b)| ln

(
a
x

)
+ |f ′ (a)| ln

(
x
b

)

|f ′ (b)| − |f ′ (a)|

)]
,

and
∫ b

x

ds

[ln (b) − ln (s)] |f ′ (a)| + [ln (s) − ln (a)] |f ′ (b)|

=
a

|f ′(b)|
|f ′(b)|−|f ′(a)| · b

|f ′(a)|
|f ′(a)|−|f ′(b)|

|f ′ (b)| − |f ′ (a)|

×

[
Ei

(
|f ′ (b)| ln

(a
b

)

|f ′ (b)| − |f ′ (a)|

)
− Ei

(
|f ′ (a)| ln

(x
b

)
+ |f ′ (b)| ln

(a
x

)

|f ′ (b)| − |f ′ (a)|

)]
.

Substituting the above two integrals in (4.6) and (4.7) and combining the result with the
main inequality we get the desired result in (4.5). �

The bound in (4.5) is complicated and not applicable, so that let us give the following
refinement of the inequality (4.5).

Corollary 4.1. Let I be a real interval, a, b ∈ R (a < b) with a, b in I◦ (the interior of I).

Let f : I → R be an absolutely continuous function on I. If |f ′| is GH-convex, then
∣∣∣∣∣f (x) −

1
b − a

∫ b

a
f (s) ds

∣∣∣∣∣

≤
|f ′ (a)| |f ′ (b)| ln

(
b
a

)

b − a
·

[
b − a

4
+
(

x −
a + b

2

)2
]

· max {K1, K2} , (4.8)

for all a ≤ x ≤ b. In particular if x = a+b
2 , then we have

∣∣∣∣∣f
(

a + b

2

)
−

1
b − a

∫ b

a
f (s) ds

∣∣∣∣∣ ≤
|f ′ (a)| |f ′ (b)| ln

(
b
a

)

4
· max {K1, K2} ,

where

K1 = sup
a≤s≤x

{
1

[ln (b) − ln (s)] |f ′ (a)| + [ln (s) − ln (a)] |f ′ (b)|

}
,
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and

K2 = sup
x≤s≤b

{
1

[ln (b) − ln (s)] |f ′ (a)| + [ln (s) − ln (a)] |f ′ (b)|

}
.

Proof. From the proof of Theorem 4.5, we have
∫ x

a

s − a

[ln (b) − ln (s)] |f ′ (a)| + [ln (s) − ln (a)] |f ′ (b)|
ds

= sup
a≤s≤x

{
1

[ln (b) − ln (s)] |f ′ (a)| + [ln (s) − ln (a)] |f ′ (b)|

}∫ x

a
(s − a)ds

=
(x − a)2

2
sup

a≤s≤x

{
1

[ln (b) − ln (s)] |f ′ (a)| + [ln (s) − ln (a)] |f ′ (b)|

}
,

and
∫ b

x

b − s

[ln (b) − ln (s)] |f ′ (a)| + [ln (s) − ln (a)] |f ′ (b)|
ds

= sup
a≤s≤x

{
1

[ln (b) − ln (s)] |f ′ (a)| + [ln (s) − ln (a)] |f ′ (b)|

}∫ x

a
(b − s)ds

=
(b − x)2

2
sup

x≤s≤b

{
1

[ln (b) − ln (s)] |f ′ (a)| + [ln (s) − ln (a)] |f ′ (b)|

}
.

Therefore, we have
∣∣∣∣∣f (x) −

1
b − a

∫ b

a
f (u) du

∣∣∣∣∣

≤

∫ b

a
|K (x, s)|

∣∣f ′ (s)
∣∣ ds

≤

∫ b

a
|K (x, s)| ·

[
|f ′ (a)| |f ′ (b)| [ln (b) − ln (a)]

[ln (b) − ln (s)] |f ′ (a)| + [ln (s) − ln (a)] |f ′ (b)|

]
ds

≤
|f ′ (a)| |f ′ (b)| ln

(
b
a

)

b − a
·

[
b − a

4
+
(

x −
a + b

2

)2
]

· max {K1, K2} ,

where K1 and K2 are defined above. �

A refinement of Theorem 4.4 is given as:

Theorem 4.6. Let I be a real interval, a, b ∈ R (a < b) with a, b in I◦ (the interior of I).

Let f : I → R be an absolutely continuous function on I. If |f ′|p (p > 1) is GH-convex,

then
∣∣∣∣∣f (x) −

1
b − a

∫ b

a
f (s) ds

∣∣∣∣∣

≤

(
ln b − ln a

b − a

) 1
q

max
{∣∣f ′ (a)

∣∣ ,
∣∣f ′ (b)

∣∣} ·

[
(x − a)q+1 + (b − x)q+1

q + 1

] 1
q

, (4.9)

for all a ≤ x ≤ b and p > 1 with 1
p + 1

q = 1.
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Proof. As in the proof of Theorem 4.4 (and as in Theorem 4.5), we have
∣∣∣∣∣f (x) −

1
b − a

∫ b

a
f (u) du

∣∣∣∣∣

≤

(∫ b

a
|K (x, s)|q ds

) 1
q
(∫ b

a

∣∣f ′ (s)
∣∣p ds

) 1
p

≤
|f ′ (a)| |f ′ (b)| ln

(
b
a

)

b − a

(∫ x

a
(s − a)q

ds +
∫ b

x
(b − s)q

ds

) 1
q

×

(∫ b

a

ds

[ln (b) − ln (s)] |f ′ (a)|p + [ln (s) − ln (a)] |f ′ (b)|p

) 1
p

≤
|f ′ (a)| |f ′ (b)| ln

(
b
a

)

b − a

(∫ x

a
(s − a)q

ds +
∫ b

x
(b − s)q

ds

) 1
q

× sup
a≤s≤b

{
1

[ln (b) − ln (s)] |f ′ (a)|p + [ln (s) − ln (a)] |f ′ (b)|p

} 1
p

≤ (b − a)− 1
q
∣∣f ′ (a)

∣∣ ∣∣f ′ (b)
∣∣ ln

(
b
a

) [(x − a)q+1 + (b − x)q+1

q + 1

] 1
q

× [ln (b) − ln (a)]−
1
p max

{
1

|f ′ (a)|
,

1
|f ′ (b)|

}

= (b − a)− 1
q [ln (b) − ln (a)]

1
q max

{∣∣f ′ (a)
∣∣ ,
∣∣f ′ (b)

∣∣} ·

[
(x − a)q+1 + (b − x)q+1

q + 1

] 1
q

,

which proves the required result. �

5. When |f ′| is HN̂-convex

In this section, inequalities of Ostrowski’s type for absolutely continuous functions whose
first derivatives in absolute value are HN̂-convex are proved, where H := Ht(a, b) and
N̂ := At(a, b), Gt(a, b), Ht(a, b).

5.1. When |f ′| is HA-convex.

Theorem 5.1. Let I be a real interval, a, b ∈ R (a < b) with a, b in I◦ (the interior of I).

Let f : I → R be an absolutely continuous function on I. If |f ′| is HA-convex, then
∣∣∣∣∣f (x) −

1
b − a

∫ b

a
f (s) ds

∣∣∣∣∣

≤
b · |f ′ (a)| − a · |f ′ (b)|

(b − a)2

[
b − a

4
+
(

x −
a + b

2

)2
]

(5.1)

+
ab

(b − a)2

[
ln

(
aabb

xa+b

)
− (a + b − 2x)

]
[∣∣f ′ (b)

∣∣−
∣∣f ′ (a)

∣∣] ,
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for all a ≤ x ≤ b. In particular if x = a+b
2 , then we have

∣∣∣∣∣f (x) −
1

b − a

∫ b

a
f (s) ds

∣∣∣∣∣

≤
b · |f ′ (a)| − a · |f ′ (b)|

4 (b − a)
+

ab

(b − a)2 ln

(
2a+baabb

(a + b)a+b

)
[∣∣f ′ (b)

∣∣−
∣∣f ′ (a)

∣∣] .

Proof. As in the proof of Theorem 3.1, taking into account that |f ′| is HA-convex (i.e., (2.7)
holds), we have

∣∣∣∣∣f (x) −
1

b − a

∫ b

a
f (u) du

∣∣∣∣∣

≤

∫ b

a
|K (x, s)|

∣∣f ′ (s)
∣∣ ds

≤

∫ b

a
|K (x, s)| ·

[
b (s − a)
s (b − a)

∣∣f ′ (a)
∣∣+ a(b − s)

s (b − a)

∣∣f ′ (b)
∣∣
]

ds

=
1

b − a

∫ x

a
(s − a)

[
b (s − a)
s (b − a)

∣∣f ′ (a)
∣∣+ a(b − s)

s (b − a)

∣∣f ′ (b)
∣∣
]

ds

+
1

b − a

∫ b

x
(b − s)

[
b (s − a)
s (b − a)

∣∣f ′ (a)
∣∣+ a(b − s)

s (b − a)

∣∣f ′ (b)
∣∣
]

ds

=
b · |f ′ (a)| − a · |f ′ (b)|

(b − a)2

[
b − a

4
+
(

x −
a + b

2

)2
]

−
ab

(b − a)2

[
ln

(
xa+b

aabb

)
+ (a + b − 2x)

]
[∣∣f ′ (b)

∣∣−
∣∣f ′ (a)

∣∣] ,

which proves the required result. �

Theorem 5.2. Let I be a real interval, a, b ∈ R (a < b) with a, b in I◦ (the interior of I).

Let f : I → R be an absolutely continuous function on I. If |f ′|p (p > 1) is HA-convex,

then

∣∣∣∣∣f (x) −
1

b − a

∫ b

a
f (s) ds

∣∣∣∣∣

≤
1

(b − a)2

[
(x − a)q+1 + (b − x)q+1

q + 1

] 1
q

(5.2)

×

{
b

[
(x − a) + ln

(
aa

xa

)] ∣∣f ′ (a)
∣∣p + a

[
ln

(
bb

xb

)
− (b − x)

]
∣∣f ′ (b)

∣∣p
} 1

p

,

for all a ≤ x ≤ b and p > 1 with 1
p + 1

q = 1.
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Proof. As in the proof of Theorem 3.2, taking into account that |f ′|p is HA-convex, we have
∣∣∣∣∣f (x) −

1
b − a

∫ b

a
f (u) du

∣∣∣∣∣

≤

(∫ b

a
|K (x, s)|q ds

) 1
q
(∫ b

a

∣∣f ′ (s)
∣∣p ds

) 1
p

≤
1

b − a

(∫ x

a
(s − a)q

ds +
∫ b

x
(b − s)q

ds

) 1
q

×

(∫ b

a

[
b (s − a)
s (b − a)

∣∣f ′ (a)
∣∣p +

a(b − s)
s (b − a)

∣∣f ′ (b)
∣∣p
]

ds

) 1
p

=
1

(b − a)2

[
(x − a)q+1 + (b − x)q+1

q + 1

] 1
q

×

{
b

[
(x − a) + ln

(
aa

xa

)] ∣∣f ′ (a)
∣∣p + a

[
ln

(
bb

xb

)
− (b − x)

]
∣∣f ′ (b)

∣∣p
} 1

p

,

and this proves the required result in (5.2). �

Remark 5.1. As p → 1 and q → ∞ in (5.2), then by (3.3) we have

∣∣∣∣∣f (x) −
1

b − a

∫ b

a
f (s) ds

∣∣∣∣∣

≤
1

b − a

{
b

[
(x − a) + ln

(
aa

xa

)] ∣∣f ′ (a)
∣∣+ a

[
ln

(
bb

xb

)
− (b − x)

]
∣∣f ′ (b)

∣∣
}

,

for all a ≤ x ≤ b.

5.2. When |f ′| is HG-convex.

Theorem 5.3. Let I be a real interval, a, b ∈ R (a < b) with a, b in I◦ (the interior of I).

Let f : I → R be an absolutely continuous function on I. If |f ′| is HG-convex, then
∣∣∣∣∣f (x) −

1
b − a

∫ b

a
f (s) ds

∣∣∣∣∣ ≤
1

b − a
· max {K3, K4}

[
b − a

4
+
(

x −
a + b

2

)2
]

, (5.3)

where

K3 = max
{∣∣f ′ (b)

∣∣ ,
∣∣f ′ (a)

∣∣ b(x−a)
x(b−a)

∣∣f ′ (b)
∣∣a(b−x)

x(b−a)

}

and

K4 = max
{∣∣f ′ (a)

∣∣ ,
∣∣f ′ (a)

∣∣ b(x−a)
x(b−a)

∣∣f ′ (b)
∣∣ a(b−x)

x(b−a)

}
,

for all a ≤ x ≤ b.
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Proof. From (5.1), since |f ′| is HG-convex (i.e., (2.8) holds), we have
∣∣∣∣∣f (x) −

1
b − a

∫ b

a
f (u) du

∣∣∣∣∣ ≤

∫ b

a
|K (x, s)|

∣∣f ′ (s)
∣∣ ds

≤

∫ b

a
|K (x, s)| ·

∣∣f ′ (a)
∣∣ b(s−a)

s(b−a)
∣∣f ′ (b)

∣∣ a(b−s)
s(b−a) ds

=
1

b − a

∫ x

a
(s − a)

∣∣f ′ (a)
∣∣ b(s−a)

s(b−a)
∣∣f ′ (b)

∣∣ a(b−s)
s(b−a) ds

+
1

b − a

∫ b

x
(b − s)

∣∣f ′ (a)
∣∣ b(s−a)

s(b−a)
∣∣f ′ (b)

∣∣ a(b−s)
s(b−a) ds.

The above two integrals can be evaluated in terms of Integral Exponential function, but the
resulting bound is useless. Therefore, let us write

∫ x

a
(s − a)

∣∣f ′ (a)
∣∣ b(s−a)

s(b−a)
∣∣f ′ (b)

∣∣a(b−s)
s(b−a) ds

≤ sup
a≤s≤x

{∣∣f ′ (a)
∣∣ b(s−a)

s(b−a)
∣∣f ′ (b)

∣∣ a(b−s)
s(b−a)

}∫ x

a
(s − a) ds

=
(x − a)2

2
max

{∣∣f ′ (b)
∣∣ ,
∣∣f ′ (a)

∣∣ b(x−a)
x(b−a)

∣∣f ′ (b)
∣∣a(b−x)

x(b−a)

}

and
∫ b

x
(b − s)

∣∣f ′ (a)
∣∣ b(s−a)

s(b−a)
∣∣f ′ (b)

∣∣ a(b−s)
s(b−a) ds

≤ sup
a≤s≤x

{∣∣f ′ (a)
∣∣ b(s−a)

s(b−a)
∣∣f ′ (b)

∣∣ a(b−s)
s(b−a)

}∫ b

x
(b − s) ds

=
(b − x)2

2
max

{∣∣f ′ (a)
∣∣ ,
∣∣f ′ (a)

∣∣ b(x−a)
x(b−a)

∣∣f ′ (b)
∣∣ a(b−x)

x(b−a)

}
.

Hence,
∣∣∣∣∣f (x) −

1
b − a

∫ b

a
f (u) du

∣∣∣∣∣ ≤
1

b − a
· max {K3, K4}

[
b − a

4
+
(

x −
a + b

2

)2
]

,

and this ends the proof. �

Theorem 5.4. Let I be a real interval, a, b ∈ R (a < b) with a, b in I◦ (the interior of I).

Let f : I → R be an absolutely continuous function on I. If |f ′|p (p > 1) is HG-convex,

then
∣∣∣∣∣f (x) −

1
b − a

∫ b

a
f (s) ds

∣∣∣∣∣

≤ (b − a)−2+ 1
p

[
(x − a)q+1 + (b − x)q+1

q + 1

] 1
q

· max
{∣∣f ′ (a)

∣∣ ,
∣∣f ′ (b)

∣∣} , (5.4)

for all a ≤ x ≤ b and p > 1 with 1
p + 1

q = 1.
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Proof. As in the proof of Theorem 5.2, taking into account that |f ′|p is HG-convex, we have
∣∣∣∣∣f (x) −

1
b − a

∫ b

a
f (u) du

∣∣∣∣∣

≤

(∫ b

a
|K (x, s)|q ds

) 1
q
(∫ b

a

∣∣f ′ (s)
∣∣p ds

) 1
p

≤
1

b − a

(∫ x

a
(s − a)q

ds +
∫ b

x
(b − s)q

ds

) 1
q

×

(∫ b

a

∣∣f ′ (a)
∣∣p·

b(s−a)
s(b−a)

∣∣f ′ (b)
∣∣p·

a(b−s)
s(b−a) ds

) 1
p

≤
1

(b − a)2

[
(x − a)q+1 + (b − x)q+1

q + 1

] 1
q

· max
{∣∣f ′ (a)

∣∣ ,
∣∣f ′ (b)

∣∣} (b − a)
1
p ,

and this ends the proof. �

5.3. When |f ′| is HH-convex.

Theorem 5.5. Let I be a real interval, a, b ∈ R (a < b) with a, b in I◦ (the interior of I).

Let f : I → R be an absolutely continuous function on I. If |f ′| is HH-convex, then
∣∣∣∣∣f (x) −

1
b − a

∫ b

a
f (s) ds

∣∣∣∣∣ (5.5)

≤
∣∣f ′ (a)

∣∣ ∣∣f ′ (b)
∣∣
[

a2 + b2 − 2x2

2 [a |f ′ (b)| − b |f ′ (a)|]
+ (b − a)

a (a + x) |f ′ (b)| + b (b − x) |f ′ (a)|

[a |f ′ (b)| − b |f ′ (a)|]2

+ (b − a)
ab [|f ′ (b)| − |f ′ (a)|]

[a |f ′ (b)| − b |f ′ (a)|]3
×

{
ln

(
[b (b − a) |f ′ (a)|]b|f ′(a)|

[a |f ′ (b)| (b − x) + b |f ′ (a)| (x − a)]b|f ′(a)|

)

+ ln

(
[a (b − a) |f ′ (b)|]a|f ′(b)|

[b (x − a) |f ′ (a)| + a (b − x) |f ′ (b)|]a|f ′(b)|

)}]
,

for all a ≤ x ≤ b. In particular if x = a+b
2 , then we have

∣∣∣∣∣f
(

a + b

2

)
−

1
b − a

∫ b

a
f (s) ds

∣∣∣∣∣

≤
(b − a)2

4 [a |f ′ (b)| − b |f ′ (a)|]
+ (b − a)

a (3a + b) |f ′ (b)| + b (b − a) |f ′ (a)|

2 [a |f ′ (b)| − b |f ′ (a)|]2

+ (b − a)
ab [|f ′ (b)| − |f ′ (a)|]

[a |f ′ (b)| − b |f ′ (a)|]3
×

{
ln

(
[2b |f ′ (a)|]b|f ′(a)|

[a |f ′ (b)| + b |f ′ (a)|]b|f ′(a)|

)

+ ln

(
[2a |f ′ (b)|]a|f ′(b)|

[b |f ′ (a)| + a |f ′ (b)|]a|f ′(b)|

)}
.
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Proof. As in the proof of Theorem 3.1, taking into account that |f ′| is HH-convex (i.e.,
(2.9) holds), we have
∣∣∣∣∣f (x) −

1
b − a

∫ b

a
f (u) du

∣∣∣∣∣

≤

∫ b

a
|K (x, s)|

∣∣f ′ (s)
∣∣ ds

≤

∫ b

a
|K (x, s)|

s (b − a) |f ′ (a)| |f ′ (b)|
b (s − a) |f ′ (a)| + a (b − s) |f ′ (b)|

ds

=
1

b − a

∫ x

a
(s − a)

s (b − a) |f ′ (a)| |f ′ (b)|
b (s − a) |f ′ (a)| + a (b − s) |f ′ (b)|

ds

+
1

b − a

∫ b

x
(b − s)

s (b − a) |f ′ (a)| |f ′ (b)|
b (s − a) |f ′ (a)| + a (b − s) |f ′ (b)|

ds

=
∣∣f ′ (a)

∣∣ ∣∣f ′ (b)
∣∣
[

a2 + b2 − 2x2

2 [a |f ′ (b)| − b |f ′ (a)|]
+ (b − a)

a (a + x) |f ′ (b)| + b (b − x) |f ′ (a)|

[a |f ′ (b)| − b |f ′ (a)|]2

+ (b − a)
ab [|f ′ (b)| − |f ′ (a)|]

[a |f ′ (b)| − b |f ′ (a)|]3
×

{
ln

(
[b (b − a) |f ′ (a)|]b|f ′(a)|

[a |f ′ (b)| (b − x) + b |f ′ (a)| (x − a)]b|f ′(a)|

)

+ ln

(
[a (b − a) |f ′ (b)|]a|f ′(b)|

[b (x − a) |f ′ (a)| + a (b − x) |f ′ (b)|]a|f ′(b)|

)}]
,

which proves the required result. �

A simplified refinement of (5.5) is given as follows:

Corollary 5.1. Under the assumptions of Theorem 5.5, we have

∣∣∣∣∣f (x) −
1

b − a

∫ b

a
f (u) du

∣∣∣∣∣ ≤ max
{∣∣f ′ (a)

∣∣ ,
∣∣f ′ (b)

∣∣} ·

[
b − a

4
+
(

x −
a + b

2

)2
]

, (5.6)

for all a ≤ x ≤ b.

Proof. As in the proof of Theorem 5.5, we have
∣∣∣∣∣f (x) −

1
b − a

∫ b

a
f (u) du

∣∣∣∣∣

≤

∫ b

a
|K (x, s)|

∣∣f ′ (s)
∣∣ ds

≤ sup
a≤s≤b

{
s (b − a) |f ′ (a)| |f ′ (b)|

b (s − a) |f ′ (a)| + a (b − s) |f ′ (b)|

}∫ b

a
|K (x, s)| ds

= max
{∣∣f ′ (a)

∣∣ ,
∣∣f ′ (b)

∣∣} ·

[
b − a

4
+
(

x −
a + b

2

)2
]

,

which proves the required result. �
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Theorem 5.6. Let I be a real interval, a, b ∈ R (a < b) with a, b in I◦ (the interior of I).

Let f : I → R be an absolutely continuous function on I. If |f ′|p (p > 1) is HH-convex,

then
∣∣∣∣∣f (x) −

1
b − a

∫ b

a
f (s) ds

∣∣∣∣∣

≤ (b − a)− 1
q

[
(x − a)q+1 + (b − x)q+1

q + 1

] 1
q

· max
{∣∣f ′ (a)

∣∣ ,
∣∣f ′ (b)

∣∣} (5.7)

for all a ≤ x ≤ b and p > 1 with 1
p + 1

q = 1.

Proof. As in the proof of Theorem 5.4, and since |f ′|p is HH-convex, we have
∣∣∣∣∣f (x) −

1
b − a

∫ b

a
f (u) du

∣∣∣∣∣

≤

(∫ b

a
|K (x, s)|q ds

) 1
q
(∫ b

a

∣∣f ′ (s)
∣∣p ds

) 1
p

≤
1

b − a

(∫ x

a
(s − a)q

ds +
∫ b

x
(b − s)q

ds

) 1
q

×

(∫ b

a

s (b − a) |f ′ (a)|p |f ′ (b)|p

b (s − a) |f ′ (a)|p + a (b − s) |f ′ (b)|p
ds

) 1
p

≤ (b − a)− 1
q sup

a≤s≤b

{
s (b − a) |f ′ (a)| |f ′ (b)|

b (s − a) |f ′ (a)| + a (b − s) |f ′ (b)|

}
·

[
(x − a)q+1 + (b − x)q+1

q + 1

] 1
q

≤ (b − a)− 1
q

[
(x − a)q+1 + (b − x)q+1

q + 1

] 1
q

· max
{∣∣f ′ (a)

∣∣ ,
∣∣f ′ (b)

∣∣} ,

and this ends the proof. �
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