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FRACTIONAL HERMITE-HADAMARD-FEJER TYPE INEQUALITIES
FOR GA-CONVEX FUNCTIONS

MEHMET KUNT! AND iIMDAT ISCAN?

ABSTRACT. In this paper, a fractional Hermite-Hadamard type inequality and two dif-
ferent fractional Hermite-Hadamard-Fejer type inequalities for G A-convex functions are
proved. Also, two identity for differentiable functions are obtained. By using this two
identity, some trapezoid and midpoint type errors estimations for G A-convex functions in
fractional integral forms are established.

1. INTRODUCTION

Definition 1.1. [6,7]. A function f : I C (0,00) — R is a GA-convex (geometric-
arithmetically convex), if

fla'y'™") < tf(@) + (1 =) f(y)
for all z,y € I and ¢ € [0, 1].

In recent decades, many authors have studied in errors estimations for Hermite-Hada-
mard’s inequalities for G A-convex functions, see [2,5] and references therein.

Definition 1.2. [1]. Let f € L[a,b]. The right-hand side and left-hand side Hadamard
fractional integrals J, f and Ji* f of order o > 0 with b > a > 0 are defined by

st = [ () s 2>

T f(z) = ﬁ/j (m é)a_l f(t)%, r<b

respectively, where I'(a) is the Gamma function defined by I'(a) = [5° e~ 't*dt.

and

Recently, some Hermite-Hadamard inequalities involving fractional integrals have been
obtained for different classes of functions; see [1-3,9, 10] and references therein.
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Lemma 1.1. [3,10]. For 0 <a <1 and 0 <a < b, we have |a® —b*| < (b—a)®.

In this paper, we will prove a fractional Hermite-Hadamard type inequalities and two dif-
ferent fractional Hermite-Hadamard-Fejer type inequalities for G A-convex functions. Also,
we will obtain two identity for differentiable functions. By using this two identity, we will
establish some trapezoid and midpoint type errors estimations for G A-convex functions in
fractional integral forms.

2. MAIN RESULTS

Throughout this section, let ||g||,, = sup |g(t)|, for the continuous function g : [a, b] — R.
tela

)

Lemma 2.1. If g : [a,b] C (0,00)— R is integrable and geometrically symmetric with
respect to \ab (i.e. g (%b) = g (x) holds for all x € [a,b]) with a < b and o > 0, then

J20b) = Jgg(a) = 5 [, 0(6) + Ji_g(@)].

Proof. Using the geometrically symmetricity of g with respect to v/ab, we have g (ab/x) =
g(x), for all x € [a,b] . In the following integral, if we setting x = ab/t and dx = — (ab/t?) dt,

we have
-y () [ o2) o2

= [ (0D 0 =gt

Theorem 2.1. Let f : I C (0,00) = R be a GA-convex function such that f € L [a,b] where
a,b € I with a <b and a > 0. If g : [a,b] — R is nonnegative, integrable and geometrically

O

symmetric with respect to \/ab, then the following inequalities for fractional integrals holds:
7 (Vab) [J2,90) + Jg(@)] < [J2, (f9) ) + Ji- (£9) (a)] (2.1)
_ fa@) + 1)
- 2
Proof. Using G A-convexity of the function f on [a, ], we have

f (\/%) = f (Matbl—t.al—tbt) < f (@) ;‘f (alitbt), (2.2)

[Jarg(b) + T g(a)] .

for all t € [0,1].
Multiplying both sides of (2.2) by 2t*~1g (alftbt), and integrating the resulting inequality
with respect to ¢ over [0, 1], we have

25 (Vab) [t (@) ar < [ 7 (a00) g (o) ] g (o)

= [Fer () g (@) de [t (@) g (o)
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Setting = a' b, and dz = o' 'b' In (b) dt, we have

G () [ () a0
i L ) (o [ () e )
)" s () [ 3]

i ﬁ {/b (lng)alfmg(w) e a" (lng)alf(w)g(w) d—””}

Using Lemma 2.1, we have

L)1 (Vab) 12, 9(0) + I g(a)] < 2

) )

which is the proof of the first inequality in (2.1).
For the proof of the second inequality in (2.1), we first note that if f is a GA-convex
function, then for all ¢ € [0,1], it yields

(') + £ (a¥71') < f(0) + (), (2.3)

Then multiplying both sides of (2.3) by t®~lg (al_tbt) and integrating the resulting inequal-
ity with respect to ¢ over [0, 1], we have

[ () g (e [ (0t g (a0

<17+ 1) [ (a0) .

Using Lemma 2.1, we have

(Ef‘_,j‘;a 724 (19) () + JE- (f9) )] < (lffj;a (LEIOY e g0) + o]

which is the proof of the second inequality in (2.1).The proof is completed. O

[Jai (fg) (0) + J5- (fg) (a)]

Remark 2.1. In Theorem 2.1,
(1) if one takes o = 1, one recaptures the inequality [5, Theorem 6],
(2) if one takes g(x) = 1, one recaptures the inequality [2, Theorem 2.1].

Lemma 2.2. Let f : I C (0,00) — R be a differentiable mapping on I1° such that f € L [a,b]
where a,b € I with a < b and o > 0. If g : [a,b] = R is integrable and geometrically
symmetric with respect to \/ab then the following equality via fractional integrals holds:

(M) [Ta9(b) + Jg(a)] = [J3 (F9) (0) + 5~ (fg) (a)] (2.4)
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_ ﬁ/j Vt (m%)alg(s)d—; —/tb <ln §>alg(s)d—j £(t)dt.

Proof. Tt suffices to note that

= / V < >a 1 (s)@_/tb <ln2>alg(s)%] F(6)de (2.5)
:/ab (/at (lng)a ) dt—i—/ ( / ( )alg(s)%> f(t)dt = I + Is.

By integration by parts and using Lemma 2.1, we have

I - ( [ (i b)gmd—) ol - [ () g(t)f(t)% (26)

b a—1 s b a—1
([ 0% o [
= T(e) [f(b) IS g(b) — JE(fg)(b)]

IO (ggo®) + 5 gta)) — T2 F0) )]

G g)‘“g@%) o] - [ (w2) " st
R R
S [200) + Jgla)) = - (79) @)

Using (2.6) and (2.7) in (2 5), than multiplying the both sides of the resulting inequality
by (I'(e)) ™!, we have (2.4). This completes the proof. O

» | o

Theorem 2.2. Let f : I C (0,00) = R be a differentiable mapping on I° such that f €
L [a,b] where a,b € T with a <b and o > 0. If |f'| is GA-convex on [a,b] and g : [a,b] = R
is continuous and geometrically symmetric with respect to v/ab, then the following inequality
via fractional integrals holds:

(M) (78 g(b) + JE_g(a)] — [JE. (fg) (b) + J& (fg) (a))]

(2.8)

lglloo 0" (2
< P(QH)()[Cl(a)\f )+ Cale) £ ).

where

Ci(a) = /05 [(1—u)* —u%] {(1 —u)al T + ua”bk“} du,

N [—=

Cy(a) = /0 [(1—u)* —u”] [ua}*“b" + (1 —u) a“blfu} du.
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Proof. Using Lemma 2.2, we have

(H IO (@) + g3 gta)] - 124 (59 )+ 5 () @]
o L) ) ]
Setting t = a'~"b* and dt = a'~“b"In ( ) du, we have
(IO (e g + 5 gt - 2 G0 0+ T U9 @] 29)
L B (P R T P N
<1 —fflubu((ln §)>°“199<s>d—; st e (G

Using the geometrically symmetricity of g, we have
b s\t ds a'v' =t s p\eTh ab ds a'd' = s op\eTl s
/1 (ln —) g(s)— = / (ln —) g(—)— = / (ln—) g(s)—.
al—ubu a s a s s’s a s S

Using this equality, we have
al—upw b a—1 dS b S a—1 dS avpl—w b a—1 dS
A ) B N () B R VA O B
(2.10)

upl—u a—1
Sl ()" g(a)| & w
1—ubu

b a—1
Jap™ ()" lg(s)
- -1
T ()
1— a—1
S (ln g) Lo

<ln§)a (1—w)*—u* ue
gl =1

—(1—-u)* ue

I

< llglloe

1
29
On the other hand, using G A-convexity of |f’| on [a, b], we have
(@) < A=) |f (@) +ulf B, (2.11)
for all w € [0,1]. A combination of (2.9), (2.10) and (2.11), we have

(%ﬂ)) 72, g(b) + I8 g(a)] — [J2, (f9) (b) + J& (f9) (@)] ’ (2.12)

ST () gy

s 1- upu
— Jarup (0 5)" g(s) % e

b
= “b“ln( )du

[(1—u)” ) w) |f (a)| +ul|f (b)]) 1“b“ln(b)d
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1 n2)”
+ﬁ/ (”g”w( oj) [“a—“—m“]) (A=) |f (@)] +ulf B)]) ' 0" In (g) du

e+t () gl
INa+1)

([ === @]+ ol 0 -

s [ @ (- |7 @)+l ) alub“du} |

An easy calculation, we have

1 :
/l ® — (1 — ) (1 — u) a'~"“brdu = /O (1= w)® — u®] ua™b'*du, (2.13)
and
1 2
/1 ® — (1 — u)®] ual~“brdu = / (1 — w)® — u®] (1 — u) b du. (2.14)
1 0

2

Finally, if we use (2.13) and (2.14) in (2.12), we obtain

‘ ( M ) (24 g(0) + I g(a)] — [J2y (F9) (B) + T (f9) ()]

et (2) Jlg],
INa+1)

{/0 (1= ) = u?] [(1 = w) " + ua"b' =] du | f' (a)

1
+ /2 [(1—u)* —uY] {ual_“bu +(1—u) a“bl_u} du | f' (b)|} .
0
This completes the proof. ]

Corollary 2.1. In Theorem 2.2; if one takesa = 1, g (x) = 1 and o = 1 = g (x) respectively,
one has the following inequalities:

a bg(x bf(x)g(x
/( );f(b)/a g;%_/a wd’ (2.15)

(1)

2

[C1(0) | ()| + C2(1) | £ (D],

(1)

2

< gl

[C1(e) |f' ()] + Ca(e) | £ (B)]]

(2.16)

<

- )oz [Ja [ (0) + - f(a)]

a T In 3
‘f( );f(b) ‘h%g/abf; Jar < ( ) [C1(1) [f' (a)] + Ca(1) | F/ (D)]] - (2.17)

2
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Theorem 2.3. Let f : I C (0,00) = R be a differentiable mapping on I° such that f €
L[a,b] where a,b € I with a < b and o > 0. If |f'|7,q > 1, is GA-convex on |a,]
and g : [a,b] = R is continuous and geometrically symmetric with respect to Vab, then the

following inequalities via fractional integrals holds:

(IO (e g + g5 gt@)] - 2, G0 0+ 5 o) @] (219)
lna—l—l b _1 1
= HgH;‘o(a + 1)(a) [(1 N 2%) (aiﬂ)} a [Ca(e) | (a)[" + Cula) | £ (B)["] # ,

where

Cs(o) = [7 10— ] [(1 =) ()" (a0 =) ]
Cato) = [ 100w — ] fu (=) (1= ) (a5) ]

0
Proof. Similarly the proof of Theorem 2.2, using Lemma 2.2, (2.9), (2.10), power mean

inequality and G A-convexity of |f/|?, we have

(LY L g0) + 0] = 2 (7)) + 5 (1) @

< ﬁ /01 /C:jilbuu (ln g)al g(s)d—ss al~"p% In (%) du
SR L[L0 () ]]

X l/ol /a(iilbuu (ln g)al g(s)d—sS ! (alubu)qdu]

A O N N w1
< [/0 (1 - w) —u]du+/% [ —(1—u)]du]

al_éf(a)
<[

f/(al—ubu)

Qe

fl(aliubu)

1
q

ISEIS

1
q

(L —w)|f (@) +ul|f (b)|] (ak“b”)q du]

[ (@) e
gl w02 (1) (-2)(=2 ﬂl%

alfif(a) 22/ \a+1
1
)

avpl—u b a—1 dS

In = -

/al*Ubu (HS) 9(s) s
1
“(f
0

X

(1= ) ) 17 @

1
attl b ot ds 1—uzu)? ! q ‘
/aliubu (ln;) g(s): u(a b) du | |f"(b)]
b

e [ ()
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X f%l [uo‘ _ (1 _ u)o‘] (1 _ u) (al—ubu)q du

( foé [(1—w)* —u) (1 —u) (a'~b")" du+ ) |/ (a)]?

Q=

J 10— ) = (@) dut )|y

e 0-3) )
x K/Ol (1= w)® — ] [(1 = u) (a7 0") "+ u (a"p' )] du> | (@)

(1w fu () o () ] )

This completes the proof. O

Corollary 2.2. In Theorem 2.3; if one takesa =1, g (x) = 1 and o« = 1 = g (x) respectively,
one has the following inequalities:

a bg(x bf(x)g(x
f( );f(b)/a gi)dx_/a wdx‘ (2.19)
21 1
<lli® (2) (3) 7 GO @F +am I o)
f@)+10) _ ?(ft ){1 T2, £(b) + i f(a)] (2:20)

<2 (1-5) (55 ) (Ca(@) [ ()| + Cife) |1 1))

) (%) IO |f (@)1 + Ca() | ()] 7
(2.21)

Theorem 2.4. Let f : I C (0,00) = R be a differentiable mapping on I° such that f €
L [a,b] where a,b € I with a <b. If |f'|7,q > 1, is GA-convex on [a,b] and g : [a,b] — R is
continuous and geometrically symmetric with respect to v/'ab, then the following inequalities
via fractional integrals holds:

(i) Ifa>0and1/p+1/g=1

‘<M> [T, g(b) + T g(a)] — [J, (fg) (b) + J& (fg) (a)]

(2.22)

SHgHooln‘”l% (3){ 2 (1 1 )]%

Flaty lapsi\' 72w

1
(b7~ qatm 2 —at) | (@) |
+(a? + g2 —b0) |f @) |
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(i) If0<a<1land1l/p+1/¢=1

(1D TOY e g0y 4 s @) ~ 22 () 0) + 5 () @]

1—-2
91l n** q(g)[ 1 }%

qgl“(a—i— 1) ap +1

(2.23)

1

X Kbq - qaqlng - aq) |f'(a)|" + (aq —i—qbqlng - bq) |/ (b)]q] "

Proof. (i) Using Lemma 2.2, (2.9), (2.10), Holder’s inequality and G A-convexity of | |4, we
have

‘ (M) [Teyg(b) + Jig(a)] = [J2y (f9) (0) + T~ (f9) (a)]

2
aipl—u b a—1 d b
/ (ln —) g(s)—S al7“p"1n ( ) du
alfubu S S

A
pdu] % { 1 ! (al_“b“)q du} ’

() /ajj:u“ <mg>“g<s>§ 0
_ gl InF (3) [/05 (=) — P du /: (1= )P du]

I(aliubu)

/(al—ubu)

B =

o) [/0
- T(a+1)

1

« UOI (= | @] +ulf )] ()" du} ‘

O i
X [(bq — qat lng - aq) If' (a)|" + (aq + qb? ln% - bq) |’ (b)\q} ' (2.24)

a+1,2 (Q

1 p
a) /2(1—u O‘pdu—i—/ — (1 —=u)*du
¢iT(a +1) 0

X Kbq — ga’ lng - aq) |f' (@)|* + (aq + gb? 1n§ - bq) Vi (b)\q]

||9H

SEl

1—2
) sy
gil(a+1) Llop+1 207

Q=

X Kbq - qaqlng - aq) |f' (a)|" + (aq —i—qbqlng - bq) \f’(b)\q} :

In here we use
(1= )" — 2 < (1= 1) — o7,
for t € [0,1/2] and
19— (1= 1) <499 — (1 — 1)
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for t € [1/2, 1], which follows from
(A-B)T < A7 - B,
for any A > B >0 and ¢ > 1. Hence the inequality (2.22) is proved.
(ii) The inequality (2.23) could be prove by using (2.24) and Lemma 1.1. O

Corollary 2.3. In Theorem 2.4;
(i) In (2.16); if one takes « = 1, g(z) =1 and o = 1 = g (x) respectively, one has the
following inequalities:

‘f(a)—;f(b) /bg Sc) . /bwm (2.25)
gl In®" (g) 9 1\17 (bq —qa?lnt — a") |f" (a)|* %
= 2 [p+1 ( _2_p>] +(aq+qbqln§—bq) | ()] } ’
‘f(a) rI0) ;((?nz ){{ 2, F() + T (@) (2.20)
W) e o [ (-t )@ ]
S Lypu (1-5)] +(a? + gp" I 2 — 1) | (B)]" ] |
‘f(a)-zkf(b) B 1nlg /ab fix)dx’ (2.27)

_2 i
O e ] pownt s or |
= 2q% p+1 2P _|_<aq—|—qbqln3 —bq) |f,(b)|q ‘

(ii) In (2.17); if one takes « = 1, g(z) = 1 and a = 1 = g(x) respectively, one has the

following inequalities:

@410 (9@, [ 19, (2.28)
_ HgHwi; () {pif |
(a2 —a) @+ (a0 17 ]
|f LRSI 5((?;’)1) [T 1) + T (@) (229)
S 11112;(3) L J% (07— qarw 2 ) 7 @+ (w4 a2 ) 177 0] "
|f<a>—;f<b) - 1nlg /: f i%x (2.30)
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< ' () { 1

9 Lo+ 1}% [(bq—qaqlng —aq) f" (a)|" + (aq+qbqln2 _bq> |f,(b)|q]

Theorem 2.5. Let f : [a,b] C Ry— R be a GA-convex function, « > 0 and f € L|a,b|,
then the following inequalities for fractional integrals hold:

£ (Vab) < =20 e )+ g s )] < LTI gy

Q=

21—« (ln 3)(1 2

Proof. Using G A-convexity of the function f on [a,b], we have
f@)+ [ )
< .

f(Vry) < 5
for all 2,y € [a,b]. Choosing z = a'!~tb!, y = a'b' !, we have
lftbt tblft
f (Vab) < /(o );rf(a ). (2.32)

Multiplying both sides of (2.32) by ¢ !, then integrating the resulting inequality with

respect to t over [0, %}, we have

f (\/%) < @ /0% oty (al—tbt) dt—i—/f ol g (atbl—t) dt]

— 92l-«
o /\/% hl% a_lf( ) dx +/b lng a_lf( ) dx
g x X
21— | J, Int xln% Vab lng xlng

1

_ m [Jf}%f fla)+ 5, f (b)] .

the first inequality in (2.31) is proved.

For the proof of the second inequality in (2.31), we first note that if f is a convex function,
then for ¢ € [0, 1], it yields

fa' ) < (=0 f (@) +tf (),
and
f(a'b ) <tf(@)+ (=1 (b).
By adding these inequalities, we have
£ (@) + £ (a'd' ) < @)+ £ (B). (2.33)

Multiplying both sides of (2.33) by ¢! and integrating the resulting inequality with
respect to ¢t over [0, %}, we have

1

/O%ta_lf (a1%) dH/O%ta_lf (atv ) e < [f (a)+f(b)]/0§t°‘_1dt-
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Using Lemma 2.1, we have

I'(a+1 N o fla)+ 1 (b
W [TV (@) + T, £ )] < %()

which is the proof of the second inequality in (2.31).The proof is completed. U

Theorem 2.6. Let f : [a,b] C Ry— R be a GA-convex function, « > 0 and f € L|a,b].
If g : [a,b] = R is nonnegative,integrable and geometrically symmetric with respect to v/ ab,
then the following inequalities for fractional integrals hold:

F(Vab) [19=_g (@) + TSz, 0 0)] < [J9=_ (f9) (a) + TSz, (f9) ()] (2.34)
@O
2

TS g(a) + % g (b)] .

Proof. Using G A-convexity of the function f on [a,b], we have

f (\/%) = f (‘/al_tbtatbl_t) < f (""" ;’f (atbl_t), (2.35)

for all ¢ € [0,1]. Multiplying both sides of (2.35) by 2t* g (a'!~'b’) then integrating the
resulting inequality with respect to ¢ over [O, %}, we have

2f (Vab) /O% g (') dt

S/O%ta—l (7 (at0) + 7 (a0)] g (a1

= [Pty () g (e [Tt (w) g ()
Setting = a' b, and dz = o'~ 'b' In (g) dt gives

iy () [0 s

< UL 08 e [P ) (o )
:ﬁ{/” (lng)a_lf(x)g(x)i—x%—/j% (0 2) rwo (2) %U}

: ﬁ{/ﬁ (m5) s e [ (m%)alf(u)g(u)%“}-

Therefore, using Lemma 2.1, we have
F (0% (63
ﬁ (Vab) [ 7529 (@) + T5,9 0)] < DR

and the first inequality is proved.
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For the proof of the second inequality in (2.34) we first note that if f is a G A-convex
function, then, for all t € [0, 1], it yields
f(a=8) + £ (a8 ) < Fla)+ £ (B). (2.36)
Then multiplying both sides of (2.36) by t* lg (al_tbt) and integrating the resulting in-
equality with respect to ¢ over {O, %}, we have

[t @) g (o) e [Py (@) g () a

1
2 — —
< [f@+ 1) [Tt () dt.
Using Lemma 2.1, we have

I'(a)

(ln 3) ¢
s (M) g 1+ 5,00

which is the proof of the second inequality in (2.34).The proof is completed. U

5 (f9) (@) + T%, (f9) ()]

Remark 2.2. In Theorem 2.6,
(1) if one takes o = 1, one recaptures the inequality [5, Theorem 6],
(2) if one take g(x) = 1, one recaptures (2.31) of Theorem 2.5.

Lemma 2.3. Let f : [a,b] C Ry— R be a differentiable mapping on (a,b) with a < b and
f' € Lla,b). If g : [a,b] = R is integrable and geometrically symmetric with respect to v/ab
then the following equality for fractional integrals holds:

£ (Vab) [155_9 (@) + TSm0 0)] = [T5m_ (f9) (@) + TS, (F9) (B)] (2.37)
- ﬁ Vﬁb </t (m Z)a_lg(s)%> fr(t)dt + /\; </tb (m g)a_lg(s)%> f@) dt]
with o > 0.

Proof. Tt suffices to note that

. /am (/t <ln g)alg(s)d—;> ) dt+/jE (/tb (m%)alg(s)d—;) F () dt = 4T,

(2.38)

_ / vab <1n E>a1 g() f(t)% (2.39)

a

By integration by parts we get
Vab

L= ( J (m g)‘“g<s>d—;) 0

- ( [ ) g(s)d—j> sivan - [ ()" oy ®

t t
= D(a) [F(Vab) TSz _g(b) = I _(f)b)] ,
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and similarly

= ([ ()" o) s bﬁ

b s\t ds b t\* ! dt
In — — b) — In — t)—
[ (w2) g(s)s>f(\/a) [ (m8)" rows
Using (2.39) and (2.40) in (2.38), than multiplying the both sides of the resulting inequal-

=T(o) [£ (Vab) 5, 9 (0) =I5, (Fo) ()] .
ity by (I'(e)) ™!, we have (2.37). This completes the proof. O

_ /j@ <ln %)al () f(t)% (2.40)

Theorem 2.7. Let f : I C Ry— R be a differentiable mapping on I° and f' € La,b]
where a,b € I with a < b and o > 0. If |f’| is GA-convex on [a,b] and g : [a,b] — R is
continuous and geometrically symmetric with respect to \/ab, then the following inequality
for fractional integrals holds

|f (Vab) [755_g(a)+ 55, g (0)] = [J50_ (f9) (@) + TS0, (Fo) ]| (2.41)
Inetl (b
A=) ol @]+ T 1 ).

INa+1)
where

Ti(a) = : u® [(1 —u) (al_“b“) +u (a“bl_“)} du,
0

Th(a) = /0% u® [u (al_ubu) +(1—u) (aubl_u)} du,
Proof. Using Lemma 2.2, we have

£ (Vab) [755_9 (@) + T5m,9 0)] = [19m (f9) (@) + IS, (F9) )]

L[ () () £) 1 () dt

S—

T@) |+ (4 (0 2)" "ot %) 1r (0]

ol [ () 2 o) s
< 220 o1
RN GO Iy <ftb (n?) %> F(0)] di

Setting t = a'~“b* and dt = a'~“b"In (3) du gives

1 (Vab) [ -9 (@) + 9 O] = [Tz G9) @+ Ty, G O] 242)
] S (2 eyt ) | () (ah ) n (2) du
<

o) |+ 4} (o (2)" ) | @) (@) 1n () d
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oy jalTupy
fO <(1n§) ) ) ’f/ (alfubu)’ (alfubu) In (3) du

’ ) £ (@t u6)| (@'~ 6" In (2) du

N

gl

P(Oé) —|—f;1 (—(ln%)a

a

gl (1 2)"

Ma+1)

al—upu

|f/( 1— ubu)‘ (alfubu) du
—i—f1 1 —w)*|f (a7 | (a' 740" du

Using G A-convexity of |f’| on [a, b], we have
/(al—ubu) <

(1 =w)[f (@)] +ulf ()], (2.43)
for all u € [0,1]. If we use (2.43) in (2.42), we have

£ (Vab) [J9m_9(0) + I5, g )] = [J5m_ (£9) (@) + T, (F9) )]

_ ol (m2)""

F U (L= u) | (@)] + ulf )] (aB) du ]

Dla+1) | + /11 —w)[(1=w)|f (@] +ulf ®)]) (@) du
a+1 1
gl (1n2) (1= ) | (@) 7 D)) (@) do ]
PlatD) | 4 2w [ulf ()] + (1 —w) |f ()] (@b ™) du
gl (n by < 2 u [(1— ) (@=0bY) + u (abi—)] du> |/ (a)]
G (ff u [u (a'b") + (1 - u) (a"b' )] dU> £ ()]
This completes the proof. ]

Corollary 2.4. In Theorem 2.7; if one takesa = 1, g (x) = 1 and o = 1 = g (x) respectively,
one has the following inequalities:

g (vab) [ 40, - [ L9

dr| < gl (2) 1) 17 @] + ) | ).

(2.44)
7 (Vab) - % [Jos f @)+ T £ )]
In (g)
< oo [0 |f @)+ Tafe) | B)]. (2.5)
\f (vap) - 25 [Tl < (D) moy I @l s my 0. @)

Theorem 2.8. Let f: I C Ry— R be a differentiable mapping on I° and f' € L|a,b] where
a,b € I witha <band o > 0. If |f'|?,q > 1, is GA-convez on [a,b] and g : [a,b] — R is
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continuous and geometrically symmetric with respect to \/ab, then the following inequalities
for fractional integrals hold:

| (Vab) [ 755 9 (@) + T55,0 0)] = [T55 (F9) (@) + T3, (F9) ()]
gl " (2)

T 2@t(1-5) (o 4 1) i T(a + 1)
where

2 1
T3(a) = /02 u® (1 —u) (al—ubu)qdu’ Ty(a) = /02 uotl (al—ubu)qdu’

(2.47)

[ [Tg(a)If’(a)|q+T4(a)If’(b)l"ﬁl]
+[T5(@) | (@) + To() | £ ()]0

T5(Oc) _ /% uOH_l (aubl—u)q du7 TG(OC) = /% u® (1 — u) (aubl_u)q du.

0 0

Proof. Using Lemma 2.2, we have
|7 (Vab) [J5m_g(0) + 5, g )] = [J5_ (£9) (@) + TS, (F9) ()]
LY (S 2) g(s)| ) £ (1)
+ 1Y (ft” (n2)" Jg(s)] d—) ()] dt ]
I R S IV OI
+ Y (ff (mt)"" d—) £ (1)) dt ] '
Setting ¢ = a'~“b* and dt = a'~“b"In (g) du gives
|7 (Vab) [J9m_9(0) + I5, g )] = [J5m_ (£9) (a) + T, (F9) )|
o (2 m )oY [ (0l ) 0 In (2) du
+J1 (f;’l-ubu (mt)" d—) [ (@) (@ 7b) In (%) du ]
lallo i (2) [ (7 (n 2)™ ™ ) | (at=0)| (a'=0)
ST | g (S (02)TT ) 1 @) @) d ] |
Using power mean inequality, we have

|f (Vab) 155 g (@) + 57, g 0)] = [Tz (f9) () + TS, (F9) B)]|  (2.48)

< L
~ I(e)

llglloe
= T(a)

llglloe
= T(a)

(T T ]

al—ubu

ot (2) | < | (%

Q=

(1n 2 ) |7 (@) [ (a2 d

a—1 1-¢
1 (fha ()" ) ]

[ (e ()" ) | @) (@)

Qe
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gl " (2) { S e | (@)1 () du} é
=0 | (@) 7 @) ]

Using G A-convexity of || on [a, b], we have

(@) < (1= w) | @] +ulF O, (2.49)

2D (3) (4 +1)' 77 D(a + 1)

for all u € [0, 1]. Iif we use (2.49) in (2.48), we have
£ (Vab) [75_9 (@) + TS0 0)] = [T (f9) (@) + TS (F9) )]

gl ot (2)

T 2@ (3) (a4 1) I T(a+ 1)

Q=

e (= ) 1 @+l ) (@) dal ]
Q= (=) | @+ ulf )] (@) du]

lg]] oo In*! (b)

20t (1) (¢ + 1) D(a + 1)

1

Kfo% u® (1 —u) (ar~ub")? du> 1f (a)|? + (foa Cas! (al_“b“)qdu> f (b)|q] :
+ [(foé utt (gubl—) du) f ()2 + (fo% (1 — ) (a“bl‘“)qdu) r (b)lq} 1

This completes the proof. O

Corollary 2.5. In Theorem 2.8; if one takesa = 1, g (x) = 1 and o = 1 = g (x) respectively,

one has the following inequalities:
b b
f(\/ab)/ @dx—/ Wd:% (2.50)

_ lglloo® (2) ] |

Q=

([T5(1) | £ (a)|? + Ta(1) | £ (B)|9)
]

— 205 LB @)+ Te() | (b))
|f(*/%) 21t§(ni))a Tt (@) + T f 0] (251)
l [T3(0) | (@) + Ti(a )\f’(b)!qﬁl]
‘2<a+1><1——)+<1 a> +[T5(e) £ (@) + Ts(e) £ @)1 ]
Lo, ) () | (@] + Tu(1) | () ﬁl]. (252)
"l 1,1) +[T51) | (@) + To(1) | (b))
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Theorem 2.9. Let f : I C Ry— R be a differentiable mapping on I° and [ € La,b]
where a,b € I with a < b and o > 0. If |f'|?,q > 1, is GA-convex on [a,b], 1/p+1/q =1
and g : [a,b] = R is continuous and geometrically symmetric with respect to Vab, then the
following inequalities for fractional integrals hold:

| (Vab

where

with o > 0 .

) 7509 (@) + TS50 )] = [190_ () (@) + TS0, PO @] (253)

gl ot (2)

T; = /02 (1—w) (ak“b“)qdu, T3 :/0

Ty = /; (1 —w) (al_“b“)qdu, Tio = /11 U (al_ubu)q du,

ap+1

2 (ap+ 1)7 D(a + 1)

(T | @) + T |7 O)I)7 ]
+ (B 11 @I+ Tio| £ (5)]%)7

N [—=

2

Proof. Using Lemma, 2.2, setting ¢t = a!~“b* and dt = a'~“b"In ( ) du, Holder’s inequality
and (2.49) we have

(Ve

gl

a |f
o) | 4 (fal (lnz)“‘l %) £ (@)] (a =) du

S
—
~—
N

Sl
—

Qg:

n
2
o
2
—
-—
’;5

Q|

\/

Q

H

>

El>

\_/

&.

N
\_/
'ﬁl»—‘/—\

Vab) [T5m_9 (@) + T55,9 0)] = [152_ (9) (@) + TS, (f9) )]

L[ () () £) 15 () dt

S—

(@) |+ Sl (4 (1 2) o)1 %) 17 0) e
ol | R () Iyl

Ta) |+ (4 (18)"" 2 ) 1r )1

S ) T ) | (@) (a7 In () du
f;l_ubu (ln %)a— %) I (a=ub¥)| (al=ubY) ln( )du |

5 al~upv s\ya—1 ds —Uupu —Upu
DY LS (T m ) ) | (@l | (ot b du
/

Q|

% ’f/ (al—ubu)’q (al—ubu)q du>

f;l_ubu (lng)ail %) ) (f ’f/ lfubu)’q (alfubu)q du)%

1
1 1
HgHoo lna—I—l (%) ( 02 ’f/ (alfubu)’q (alfubu)q du) q

aptl (ap + 1)% P(a + 1) + (f%l }f/ (al—ubu)}q (al—ubu)q du)%
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lollo ™ (8) | (10—l @+l @) () )’
27 o (ozp+1)5 MNa+1) (fl (1= w) [ (@) +ul|f b)) (al_“b“)qdu)g
gl n+ (2)

ap+1

27» (ap—i—l)%l“(a—i-l)

<[fo% (1 _ u) (al—ubu) du} |f/ {f2 ( 1—ubu)q du} |f/ (b)|Q) a
+ ([ (= w) (@) du) | (@) + [ [Lu (a'=0) " du] | £ (B)]7)°
This completes the proof. O

Corollary 2.6. In Theorem 2.9; if one takesa =1, g (x) = 1 and a« = 1 = g (x) respectively,
one has the following inequalities:

() [ 1) [0,

ol o () <T7|f'<a>|q+T8|f'<b>|qﬁ1 | 50

S T 1)F L+ DF @) + Tl ()7 ]
f(\/—)— io‘( % [5m [ (@) + TS ] ()] (2.55)

. @) [ (T7|f’(a)|q+T8|f’(b)|q)%1]

T o (ap  1y7 L+ (@IS @)+ Tao £ (0]

In 9) / q / ax

v - L i@l ) [ @@+ sl e) >] -
‘f( )~wzl ST T a0 L@ is @+ ol mmt ] 5
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