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A NEW GENERALIZATION FOR n-TIME DIFFERENTIABLE
MAPPINGS WHICH ARE CONVEX

CETIN YILDIZ! AND M. EMIN OZDEMIR?

ABSTRACT. In this paper, we establish several new inequalities for n-time differentiable
mappings that are connected with the celebrated Hermite-Hadamard integral inequality.

1. INTRODUCTION

On November 22, 1881, Hermite (1822-1901) sent a letter to the Journal Mathesis. This
letter was published in Mathesis 3 (1883, p: 82) and in this letter an inequality presented
which is well-known in the literature as Hermite-Hadamard integral inequality:

f(a+b)§bia/abf(w)dxéw (L.1)

2

where f: I C R — R is a convex function on the interval I of a real numbers and a,b € I
with a < b. If the function f is concave, the inequality in (1.1) is reversed.

The inequalities (1.1) have become an important cornerstone in mathematical analysis
and optimization. Many uses of these inequalities have been discovered in a variety of
settings. Moreover , many inequalities of special means can be obtained for a particular
choice of the function f. Due to the rich geometrical significance of Hermite-Hadamard’s
inequality, there is growing literature providing its new proofs, extensions, refinements and
generalizations, see for example ([4,7-11,15-19]) and the references therein.

Definition 1.1. A function f : [a,b] C R — R is said to be convex if whenever z,y € [a, D]
and t € [0, 1], the following inequality holds:

flte+ (1 —t)y) <tf(x)+ (1 —1)f(y).

We say that f is concave if (—f) is convex. This definition has its origins in Jensen’s
results from [6] and has opened up the most extended, useful and multi-disciplinary domain
of mathematics, namely, convex analysis. Convex curves and convex bodies have appeared
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in mathematical literature since antiquity and there are many important results related to
them.

For other recent results concerning the n-time differentiable functions see [1-3,5,7,10,12,
18] where further references are given.

In [8], Kirmact proved the following result:

Theorem 1.1. Let f: I* C R — R be a differentiable mapping on I*, a,b € I'* with a < b.
If |f'| is convex on [a,b], then we have

i [ s g (a;b)\ < PS5 @)] + O] (1.2

In [16], Sarikaya and Aktan proved the following results for convex functions:

Theorem 1.2. Let I C R be an open interval, a,b € I with a < b and f : I — R be a
twice differentiable mapping such that f" is integrable. If | f”| is a convex on [a,b], then the

following inequalities hold:
Lot a+b (b—a) [1f"(@)] + /()]
b—a/a f(x)dx—f< 5 > < o { 5 } (1.3)

Theorem 1.3. Let I C R be an open interval, a,b € I with a < b and f: 1 — R be a twice
differentiable mapping such that f" is integrable. If |f"|? is a convex on [a,b], ¢ > 1, then
the following inequalities hold:

ﬁ/ﬂbﬂmdm—f (“‘2”’>‘ (1.4)

. b-af {<3|f’(a)lq+5|f’(b)lq>% . <5|f’(a)lq+3|f’(b)lq>%}.
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The main purpose of the present paper is to establish several new inequalities for n-time

differentiable mappings that are connected with the celebrated Hermite-Hadamard integral
inequality.
2. MAIN RESULTS

Lemma 2.1. ([I0])For n € N, let f : I C R — R be n-time differentiable function. If
a,b e I with a < b and f™ € Lla,b], then

b 14 (—)F a+b

[roa = & (i) oo (45) @y
+(b—a)H /0 "ML (0™ (ta + (1 — )byt

where

£, te {0, %}

D" 4 ¢ (l 1} .

n! 27

My(t) =

and n natural number, n > 1.



44 CETIN YILDIZ AND M. EMIN OZDEMIR

Proof. The proof is by mathematical induction.

The case n =1 is [[8], Lemma 2.1].

Assume that (2.1) holds for "n" and let us prove it for "n 4+ 1". That is, we have to prove
the equality

b [ 1+ (—1)k a+b
[ s = > (W) - @iy (432 (2.2)
a)"+? /01 M, g1 () FF ) (ta + (1 — £)b)dt

where, obviously,

(n+1)
Mn+1(t) - (1)1
t_ n
e te (1]
Then, we have
/ f<”+1 (ta + (1 —t)b)dt

n+2 n+1) 1—
{/ CEm] (ta+ (1 —t)b)dt

/1 t;il Fth (ta—i—(l—t)b)dt}

and integrating by parts gives

o)+ / Mot (6) fOH) (ta + (1 — t)b)dt

(b ay? { L F (ka4 (1 — )b
(

Qtn
™) (ta + (1 — t)b)dt
n+1)! a—1>b a—b/ (ta+ 2

0

(=1 fO(tat (1—0p)|" . i : /11 (t ;ll)nf(m(m +(1- t)b)dt}

(n+1)! a—1>b

1

2

—1)n a 1
— g™ () 0= -0 [ M0 e (- ot

That is
1
(b—a)™+! / My (£ (ta + (1 — t)b)dt
0

_ 1+(_1)n n a’+b n
- 2n+1(n+1)!f“( ) o-a

a)"*? /01 My (8) D (ba + (1 — t)b)dt.
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Now, using the mathematical induction hypothesis, we get

b 1 (- a+b
/a f(t)dt _ kzzo (m> (b— a)k-{-lf(k) (T)
1+ (=)™ n o (a+b
Jr2n+1((n +)1)!(b —a)yife (T)

1
+(b—a)"+? / My, g1 () FF ) (ta + (1 — £)b)dt
0
_ v 14+ (—=1)* k+1 (k) (a + b)
- §<2k+1(k+1)! (b=a)ys 2
1
+(b—a)t? / M1 (6)F) (ta + (1 — t)b)dt.
0
Thus, the identity (2.2) and the lemma is proved. O

Theorem 2.1. Forn > 1, let f: I CR — R be n-time differentiable function, a,b € I and
a<b. If f € Lla,b] and ’f(")’ is convex on |a,bl], then the following inequality holds:

" Y1 1)k a+b
B (@)oo
(b— ay™*! ]f(” (@)| + | )]
27(n+1)! 2 '

Proof. From Lemma 2.1 and using the properties of modulus, we write

”*1 14 (—1)k a+b
(m) (b—a)kttf® (T)|

n+1/ ()] 1™ (ta + (1~ t)b)| dt

IN

_ a)™+ { ’f(” (ta + (1 - t)b)| at

+/l 7(1;’5) | (ta+ (1 - )b)]dt}.

Since ‘ f (”)‘ is convex on [a, b], it follows that

" L[ 14 (—1)F a+b
(m) (b—a)ftf® <T>‘
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< oot { [P SRl 0ol o] @
Jr/l ( ;!t i [t‘f(")(a)‘ +(1—1) }ﬂ"’(b)” dt}
_ Boa (!f<"’<a>!+\f<"><b>!)
- 2n(p 4 1) 2 ‘
This completes the proof. ]

Remark 2.1. In the inequalities (2.3), if we choose n = 1, then we have the inequality (1.2).
Remark 2.2. In the inequalities (2.3), if we choose n = 2, then we have the inequality (1.3).

Theorem 2.2. Let f : I C R — R be n-time differentiable function and a < b. If f™) €
L[a,b] and }f(”)}q is conver on |a,b], then we have

b 14 (—1)F a+b
/a f(t)dt — kz:% (m) (b—a)kttf® (TM (2.4)
(b —a) ! 1 ?
- 2ntlnl (np + 1>

@[ 3w\ 3@ [ rmm["
4 + 4

Proof. From Lemma 2.1 and Hoélder integral inequality, we obtain

b 14 (—1)F a+b
/a f(t)dt — kz:% <2k+1(k + 1)!> (b— a)k+1f(k) (T)‘

1
b=yt [ @110+ (1= )| at

% { (/0 t”pdty (/0 | (ta+ (1 - t)b)‘th>a
+</ (1—t"pdt> (/ £ (ta + ( 1—t)b)’th>a}.

2

1,1 _
where;—i—a—l.

IN

IN
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Since ‘ f (”)‘q is convex on [a, b], then

. 1<%> (b— )+t f® (GTM)‘
%{(/Otc@(/ [t + <1—1ﬁ>\f("“udt>é

+ </;<1 - t)npdtf </1 [t @[ + =0 dt) }
()

@] 43w\ (3@ + [ row))
4 * 4

which completes the proof.

U
Theorem 2.3. Let f : I C R — R be n-time differentiable function and a < b. If f
qa .
L[a,b] and ‘f(")‘ is conver on |a,b], then we get
n 1
1+ (=1) k+1 a+b
gy ) (- (52) 2.
<2k+1(k:+1) >( s 2 (25)
- (b—a)"Jrl < qg—1 )1% 1
- n! ng+q—p—1 2nt+1+1/q

" {(]ﬁ\ﬂ")wqu?’p—”ﬂﬂ" )

p+1)(p+2)

3p+5 . i
(Gt el s rol’) )

1,1 _
wher65+5—1.

Proof. From Lemma 2.1 and Hoélder inequality, we have
n 1
1+ (=1) k1 p(k) (0D

<2k+1(k:+1) ) (b=a)y/ ( 2 )

(b—ay+ / M (O] [ £ (ta+ (1~ 1)) d
0

 (b—at /% tnta
B n! 0 ta

N CESIRES)

L (1—t)

IN

F (ta + (1 - t)b)’ dt

SRS

F™(ta+ (1 - t)b)‘ dt}
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" e N7 s\
(b —7;1!) +1 {(/02 |:Z_§:| - dt) (/0 tp‘f(n)(ta—i-(l—t)b)’ dt)
TN é
+ (/1 [((i:gnl ' dt) (/;(1 e[+ (1 —t)b)‘th> }

2
Since ‘ f (”)‘q is convex on [a, b], then

b S 14 (—1)F a+b
/a f@t)dt — kz:% <2k+1(k T 1)_!> (b— a)kﬂf(k) (TM

1

(b _s!)nﬂ { (/0% t"qq_lpdt> ' (/0% o[t ‘f“”(a)‘q F(1-1) \f<”)(b)’q} dt)
1-1 1
+</1 (1— )t 1dt> </1 (@17 [t]1 )" (1—t)\f<">(b)\q}dt> }

2

- (b—at? qg—1 -3 1

Q|

IN

1

S (gl o)’

(prnerg @l m!f("’“)\q)g}

which completes the proof of the theorem.

Corollary 2.1. In Theorem 2.3, if we choose n =1, we have

[ rewer ()] < 52 0) (555

1

3p+5 1

AGlror s gy ror)’
_H5 e N
Hoinery V@l s lror) }

Corollary 2.2. In Theorem 2.3, if we choose n = 2, we obtain
1 b a+b (b—a)? [1\u g—1 \'q
- dr — < -
b—a/af(x)x f( 2 ) = 16 <2> <3q—p—1)
1
3p+5
% // " )
{(p+2’f W+ (p+1)(p+2) 7@

3p+5 // q L " qé
+((p+1)p—|—2 (@) +p+2’f (b)‘) }
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Theorem 2.4. Forn > 1,let f : I CR — R be n-time differentiable function and a < b. If
f™ e Lla,b] and ‘f(")’q is convex on |a,b], for ¢ > 1, then the following inequality holds:

b n—1 _1\k
/a F(t)dt — kz:% (%) (b— a)F+Lp®) (GTH) ’ (2.6)
b—a)*t! n n n n %
= 2£L+1(n)—|— 1)! {[2n114 ’f( ‘ 2n_|—_|—34 ‘f( )(b)’q]
* H;;J;i ’f ’ 22114 f(n)(b)’q] 1 }

Proof. From Lemma 2.1 and using the well known Power-mean integral inequality, we have

’“ 1+ (-1 a+b
= (s oo (45

(b—a)™t! /0 M) [ £t + (1~ )] e

n 1 -3 1 i

@—n# { </02 t"dt) </02 |10 a4 (1 - t)b)‘th>

+ (/:(1 - t)"dt)la </;(1 — )" ‘f(n)(m +(1 - t)b)‘th> 5} .
Since ‘f(")‘q is convex on |[a, b], for ¢ > 1, then we obtain

b 14 (—)F a+b
/a f(t)dt — kz:;] <2k+1(k + 1)!> (b— a)k+1f(k) (T)‘
n 1 1-4 1 . . :

< (b_n#“ {(/02 t"dt) </02 " [t ‘f(")(a)‘ +(1—1) ‘f(m(b)‘ ] dt)
+</;(1—t)"dt>la </ 1—t)" [ ’f (m)( ‘ (1—t)’f(n)(b)‘q} dt)a}

2

IN

(b—a)"*! +1 | +3 |
- S [ ]+ 2 o]
22 ol 225 o]}

Hence, the proof of the theorem is completed. O
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Corollary 2.3. In Theorem 2.4, if we choose n =1, then

b a
ﬁ/af(:v)dfv—f< ‘2”’>
_ (- {(If’(a)lq+2|f’(b)lq>% . <2|f’(a)lq+ If’(b)qu}.
- 8 3 3

Remark 2.3. In Theorem 2.4, if we choose n = 2, we obtain the inequality (1.4).

Theorem 2.5. Let f : I C R — R be n-time differentiable function and a < b. If f™) e

Lla,b] and ‘f(")‘q is concave on |a,b], then we obtain

n 1 L+ (=D)F (b — a)k+15®) (a_+b) (2.7)
2k +1(k 1 1)! 2 '
b— ”“ n [+ 3b a (3a+b

; fu P b ()b ()

2" (np + 1)n!

Proof. From Lemma 2.1 and Hoélder integral inequality, we obtain

n —1)k a+b
[ st - (W((k 5 ) (b~ a)t+1 £ (T)‘ (2.9

(b—a)"+1/0 M) [ £t + (1~ )] e

_q)nt! L - L
% { (/0 t"pdt> (/0
+ (/;(1 —t)"”dt>; (/; ’f(n)(ta—i- (1 —t)b)‘th>5},

q
Since } f (”)} is concave on [a, b], we obtain the following inequalities via Jensen inequality:

1 1 _
where;—i—a—l.

IN

1

£ (ta + (1 — t)b)‘th> '

IN

(2.9)
/0% F™(ta + (1 —t)b)‘th = /fto £ (ta+ (1 —t)b)‘th
_ (/%todt> £ (foé(mjL (1 —t)b)dt) ‘q
a 0 fO% t0dt
_ %‘f(n) <a—z3b> a
and similarly
/; £ (ta+ (1 —1)b)["dr < % ‘f(") (36‘T+b) ! (2.10)
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Thus, if we use (2.9)—(2.10) in (2.8), we obtain the inequality of (2.7). This completes the
proof. O

Corollary 2.4. Under conditions of Theorem 2.5, if we choose n =1, then we have

e () gt (b () o))

Corollary 2.5. Under conditions of Theorem 2.5, if we choose n = 2, then we have

%a/:f<x>dx—f(“‘§b)|£4pfi<;pa)jl> )l () )l

Theorem 2.6. Forn > 1,let f : I CR — R be n-time differentiable function and a < b. If
f™ e La,b] and ‘f(")’q is concave on [a,b], for ¢ > 1, then the following inequality holds:

Q=

(2.11)

b n—1 _1\k a
[ stte - > (%) (b—a)+i 0 (%b)’

o ST (o (1 a0 o (290 s )

Proof. From Lemma 2.1 and using the well known Power-mean inequality, we have

n—1 _1\k a
[ rwa-y (72;*1(2 +1)1>!> oy (50 ‘

k=0

IN

1
b=yt [ M1 |10+ (1= 0)p)|at

)

+ (/:(1 - t)"dt>1_a (/:(1 — )" ‘f(n)(ta-i- (1- t)b)’th>a} .

IN
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Using the Jensen inequality, we have

b n—1 _1\k a
/ f(t)dt_z<%> (5 — 0 (%b)‘

k=0
- (b —a) !
- n!
2 1= 2 f% t"(ta + (1 — t)b)dt v
x (/2 t"dt) (/2 t”dt) pom [
0 0 f02 tndt
1 -3 1 [T =t (ta+ (1 —t)b)dt\ |"]°
- (/ (1-— t)”dt) (/ (1— t)"dt) PSRN -
: ; SR
_ < (b —a)"t! ﬂf(") ((n—i— Da+ (n +3)b)‘ n ‘f(”) ((n—i— 3)a+ (n+ 1)b) ‘} .
2nt+l(n 4+ 1)! 2(n+2) 2(n+2)
Hence, the proof of the theorem is completed. O

Corollary 2.6. In the inequality (2.11), if we choose n = 1, then we obtain

[ v (5] < S (52 b (5

Corollary 2.7. In the inequality (2.11), if we choose n = 2, then we obtain

[ v (5] < S () ()1
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