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COEFFICIENT ESTIMATES FOR NEW SUBCLASS OF BI-UNIVALENT

FUNCTIONS INVOLVING SǍLǍGEAN DIFFERENTIAL OPERATOR

XIAO-YUAN WANG1, ZHI-REN WANG1, AND LI YIN2

Abstract. In the paper, the authors introduce a new subclass M
n, α

τ (ϕ, φ) of the class
M consisting of normalized analytic and bi-univalent functions associated with Sǎlǎgean
differential operator in U. Initial Taylor series coefficients estimates are obtained. The
results presented here extended some of the earlier results.

1. Introduction

Let A denote the class of all function of the form

f(z) = z +
∞
∑

n=2

anzn, (1.1)

which are analytic in the open unit disk

U = {z : z ∈ C and |z| < 1}.

For two functions f(z) and g(z), analytic functions in U. the function f(z) is said to be
subordinate to g(z) and written by

f(z) ≺ g(z) (z ∈ U),

if there exists a Schwarz function ω(z), analytic in U, with

ω(0) = 0 and |ω(z)| < 1,

such that

f(z) = g(ω(z)) (z ∈ U).

It is well known that

f(z) ≺ g(z) (z ∈ U) =⇒ f(0) = g(0) and f(U) ⊂ g(U).
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If g(z) is univalent, then

f(z) ≺ g(z) (z ∈ U) ⇐⇒ f(0) = g(0) and f(U) ⊂ g(U).

Further, let P be the class of functions

p(z) = 1 +
∞
∑

n=1

cnzn, (1.2)

which are analytic and convex in U. If p(z) ∈ P satisfies the condition

ℜ(p(z)) > 0 (z ∈ U),

then, |cn| ≤ 2, we call the functions as the Carathéodory Lemma (e.g., see[8]).
The Koebe one-quarter theorem [8] states that the image of U under every function f

from S contains a disk of radius 1
4
. Thus, every univalent function has an inverse f−1 which

satisfies

f−1(f(z)) = z (z ∈ U)

and

f−1(f(ω)) = ω

(

|ω| < r0(f); r0(f) ≥ 1
4

)

,

where

g(ω) = f−1(ω) = ω − a2ω2 + (2a2
2 − a3)ω3 − (5a3

2 − 5a2a3 + a4)ω4 + · · · . (1.3)

A function f ∈ A is said to be bi-univalent in U if both f and f−1 are univalent in U.
Denote by M the class of bi-univalent functions in U.

Let the functions ϕ, φ : U → C be analytic and univalent with positive real part in
U, ϕ(0) = φ(0) = 1, ϕ′(0) > 0, φ′(0) > 0 and ϕ, φ maps the unit disk U onto a region
starlike with respect to 1 and symmetric with respect to the real axis. The TaylorâĂŹs
series expansion of such functions are

ϕ(z) = 1 +
∞
∑

k=1

Ψkzk (Ψ1 > 0) and φ(z) = 1 +
∞
∑

k=1

Φkzk (Φ1 > 0). (1.4)

Ma and Minda [11] unified various subclasses of starlike and convex functions. The class
of Ma-Minda starlike functions consists of functions f ∈ A satisfying

zf ′(z)
f(z)

≺ ϕ(z).

Similarly, the class of Ma-Minda convex functions consists of functions f ∈ A satisfying

1 +
zf ′′(z)
f ′(z)

≺ ϕ(z).

A function f is bi-starlike or bi-convex of Ma-Minda type if both f and f−1 are respectively
Ma-Minda starlike or convex. These classes are denoted by STM(ϕ) and CVM(ϕ).
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For a function f ∈ A, Sǎlǎgean differential operator [14] defined the following differential
operator

D0f(z) = f(z), (1.5)

D1f(z) = zf ′(z), (1.6)

Dnf(z) = D(Dn−1f(z)) (n ∈ N). (1.7)

If f is given by (1.1), then from (1.5) and (1.7), we get

Dnf(z) = z +
∞
∑

k=2

knakzk (n ∈ N), (1.8)

In 1967, Lewin [10] investigated the class M and showed that a2 < 1.51. Subsequently,
Brannan and Clunie [2] conjectured that a2 ≤

√
2 for f ∈ M. Later, Netanyahu [12] derived

that maxf∈M |a2| = 3/4. In 1981, Styer and Wright [21] showed that there exist functions
for which |a2| > 4/3. The best result for functions in M was obtained by Tan [22] in 1984,
that was, |a2| ≤ 1.485. However, the coefficient estimate problem of |an| (n ∈ N\{1, 2}) is
still an open problem.

In recent years, a huge amount of papers related to the class M due mainly to the pioneer-
ing work of Srivastava [19] in 2010, then follows [1,4,6,19,20,24]. In 2014, Sivasubramanian
[17] answered some questions of covering theorem, distortion theorem, growth theorem and
the radius of convexity for the functions of the class M which raised by Goodman [9].

Motivated by Çağlar and Deniz[6], Selvaraj and Thirupathi [15], Srivastava et al. [18]
and, Xiong et al. [25] with the operator Dnf , we investigate the estimates for initial |a2| and
|a3| of bi-univalent functions of Ma-Minda type belonging to the new subclass of analytic
function M

n, α
τ (ϕ, φ) following. The presented results here extended some of the earlier

results.

Definition 1.1. Let f given by (1.1), then f ∈ M
n, α
τ (ϕ, φ)(τ ∈ C\{0}, 0 ≤ α ≤ 1) if the

following conditions are satisfied

1 +
1
τ

[

(1 − α)
Dn+1f(z)
Dnf(z)

+ α
(Dn+1f(z))′

(Dnf(z))′
− 1

]

≺ ϕ(z) (z ∈ U) (1.9)

and

1 +
1
τ

[

(1 − α)
Dn+1g(ω)
Dng(ω)

+ α
(Dn+1g(ω))′

(Dng(ω))′
− 1

]

≺ φ(ω) (ω ∈ U), (1.10)

where g(ω) = f−1(ω) given by (1.3).

Remark 1.1. Noting that

D1
1f(z)

D0f(z)
=

zf ′(z)
f(z)

,
D2f(z)
D1f(z)

=
z(zf ′(z))′

zf ′(z)
= 1 +

zf ′′(z)
f ′(z)

,

we see that

M
0, 0
1 (ϕ, ϕ) = STM(ϕ), M

0, 1
1 (ϕ, ϕ) = CVM(ϕ).



COEFFICIENT ESTIMATES FOR NEW SUBCLASS OF BI-UNIVALENT FUNCTIONS 57

Remark 1.2. If we set

ϕ(z) = φ(z) =
1 + Az

1 + Bz
(−1 ≤ B < A ≤ 1),

then the class
M

n, α
τ (ϕ, φ) ≡ M

n, α
τ (A, B),

which is defined by demanding that f ∈ M,

1 +
1
τ

[

(1 − α)
Dn+1f(z)
Dnf(z)

+ α
(Dn+1f(z))′

(Dnf(z))′
− 1

]

≺ 1 + Az

1 + Bz
(1.11)

and

1 +
1
τ

[

(1 − α)
Dn+1g(ω)
Dng(ω)

+ α
(Dn+1g(ω))′

(Dng(ω))′
− 1

]

≺ 1 + Aω

1 + Bω
. (1.12)

where the function g is given by (1.3).

Remark 1.3. If we choose

ϕ(z) = φ(z) =
1 + (1 − 2β)z

1 − z
(0 ≤ β < 1),

then the class
M

n, α
τ (ϕ, φ) ≡ M

n, α
τ (β),

which is defined by demanding that f ∈ M,

ℜ
(

1 +
1
τ

[

(1 − α)
Dn+1f(z)
Dnf(z)

+ α
(Dn+1f(z))′

(Dnf(z))′
− 1

])

> β (1.13)

and

ℜ
(

1 +
1
τ

[

(1 − α)
Dn+1g(ω)
Dng(ω)

+ α
(Dn+1g(ω))′

(Dng(ω))′
− 1

])

> β, (1.14)

where the function g is given by (1.3).

Remark 1.4. By putting

ϕ(z) = φ(z) =
(

1 + z

1 − z

)γ

(0 < γ ≤ 1),

then the class
M

n, α
τ (ϕ, φ) ≡ M

n, α
τ (γ),

which is defined by demanding that f ∈ M,
∣

∣

∣

∣

∣

arg

(

1 +
1
τ

[

(1 − α)
Dn+1f(z)
Dnf(z)

+ α
(Dn+1f(z))′

(Dnf(z))′
− 1

])
∣

∣

∣

∣

∣

<
γπ

2
(1.15)

and
∣

∣

∣

∣

∣

arg

(

1 +
1
τ

[

(1 − α)
Dn+1g(ω)
Dng(ω)

+ α
(Dn+1g(ω))′

(Dng(ω))′
− 1

])
∣

∣

∣

∣

∣

<
γπ

2
, (1.16)

where the function g is given by (1.3).

A function in the class Mn, α
τ (ϕ, φ) is called both bi-(α) convex function and bi-(α) starlike

function of complex order τ of Ma-Minda type. The related research of the general class
associated with subclasses could be found in [7, 23].
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Remark 1.5. We note that, denote by σ, Σ,T the same class of bi-univalent functions as M

in U. For suitable choices n, α, τ , the class M
n, α
τ (ϕ, φ) reduces to several known classes

and bring about new classes.

(1) M
0, 0
τ (ϕ, ϕ) = SΣ(τ, 0, 1, 0; ϕ) and

M
1, 0
τ (ϕ, ϕ) = SΣ(τ, 1, 1, 0; ϕ) (see Srivastava et al. [18, Definition 1]);

(2) M
0, 0
1 (ϕ, ϕ) = STσ(0, ϕ), M

0, 0
1 (ϕ, ϕ) = Mσ(0, ϕ), M

1, 0
1 (ϕ, ϕ) = Mσ(1, ϕ),

M
0, 0
1 (ϕ, ϕ) = Lσ(1, ϕ) and M

1, 0
1 (ϕ, ϕ) = Lσ(0, ϕ) (see Ali et al. [1]);

(3) M
0, 0
τ (ϕ, ϕ) = SΣ(0, τ ; ϕ) andM

0, 1
τ (ϕ, ϕ) = SΣ(1, τ ; ϕ) (see Deniz [7]);

(4) M
n, α
τ (ϕ, ϕ) = S

a, 1, a
Σ (τ, 1, ϕ)(a ∈ C) (see Peng et al. [13, Example 4]);

(5) M
0, 0
1 (ϕ, φ) = M

a, 1, a
Σ (1, 1, ϕ, φ) (see Sharma [16, Definition 1]);

(6) M
n, 0
τ (ϕ, φ) = HT(ϕ, φ, n, τ) (see Xiong et al. [25]);

(7) M
n, 0
τ (ϕ, ϕ) = STΣ(τ, ϕ) (see Selvaraj et al. [15, Definition 1]),

M
n, 1
τ (ϕ, ϕ) = CVΣ(τ, ϕ) (see Selvaraj et al. [15, Definition 2]);

(8) M
0, 0
1 (ϕ, ϕ) = H

0
σ(1, ϕ) (see Tang et al. [23, Definition 2.1]),

M
0, 0
1 (β, β) = M

τ
σ(0, 0, β) (0 ≤ β < 1) (see Tang et al. [23, Definition 2.2]);

(9) M
0, 0
1 (β, β) = S

∗

σ(β) (0 ≤ β < 1) (see Brannan and Taha [3, Definition 3.1]);

2. Coefficient estimates for the function class M
n, α
τ (ϕ, φ)

In this section, we will find the estimates on the coefficients |a2| and |a3| for functions in
the class M

n, α
τ (ϕ, φ).

Theorem 2.1. Let f be given by (1.1) and f ∈ M
n, α
τ (ϕ, φ). Then

|a2| ≤ |τ | Ψ1Φ1

√
Ψ1 + Φ1

√

∣

∣τΨ2
1Φ2

1 · Ωα − [(Ψ2 − Ψ1)Φ2
1 + (Φ2 − Φ1)Ψ2

1](1 + α)24n
∣

∣

(2.1)

and

|a3| ≤

|τ | Ψ3
1 · |Θα| + |τ | (1 + 3α)4nΨ2

1Φ1

+ |τ |
∣

∣

∣(Ψ2 − Ψ1)Φ2
1 · Θα + (1 + 3α)4n(Φ2 − Φ1)Ψ2

1

∣

∣

∣

2(1 + 2α)3n |Θα − (1 + 3α)4n| Ψ2
1

, (2.2)

where

Ωα := 4(1 + 2α)3n − 2(1 + 3α)4n (2.3)

and

Θα := 4(1 + 2α)3n − (1 + 3α)4n. (2.4)

Proof. Since f ∈ M
n, α
τ (ϕ, φ), there exist two Schwarz functions u(z), υ(ω) : U → U, with

u(0) = υ(0) = 0, such that

1 +
1
τ

[

(1 − α)
Dn+1f(z)
Dnf(z)

+ α
(Dn+1f(z))′

(Dnf(z))′
− 1

]

= ϕ(u(z)) (z ∈ U) (2.5)

and

1 +
1
τ

[

(1 − α)
Dn+1g(ω)
Dng(ω)

+ α
(Dn+1g(ω))′

(Dng(ω))′
− 1

]

= φ(υ(ω)) (ω ∈ U). (2.6)
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Define the functions ξ and η as following

ξ(z) =
1 + u(z)
1 − u(z)

= 1 + r1z + r2z2 + r3z3 + · · ·

and

η(ω) =
1 + υ(ω)
1 − υ(ω)

= 1 + s1ω + s2ω2 + b3ω3 + · · ·

or equivalently

u(z) =
ξ(z) − 1
ξ(z) + 1

=
r1

2
z +

1
2

(

r2 − r2
1

2

)

z2 +
1
2

(

r3 +
r1

2

(

r2
1

2
− r2

)

− r1r2

2

)

z3 + · · · (2.7)

and

υ(ω) =
η(ω) − 1
η(ω) + 1

=
s1

2
ω +

1
2

(

s2 − s2
1

2

)

ω2 +
1
2

(

s3 +
s1

2

(

s2
1

2
− s2

)

− s1s2

2

)

ω3 + · · · (2.8)

Obviously, u and υ ∈ P and u(0) = υ(0) = 1. Also u and υ have positive real part in U,
hence |ri| ≤ 2 and |si| ≤ 2 (i = 1, 2, 3, · · · ). Combining (1.4), (2.7) and (2.8), we obtain

ϕ(u(z)) = ϕ

(

ξ(z) − 1
ξ(z) + 1

)

= 1 +
1
2

Ψ1r1z +

(

1
2

Ψ1

(

r2 − r2
1

2

)

+
1
4

Ψ2r2
1

)

z2 + · · · (2.9)

and

φ(υ(ω)) = φ

(

η(ω) − 1
η(ω) + 1

)

= 1 +
1
2

Φ1s1ω +

(

1
2

Φ1

(

s2 − s2
1

2

)

+
1
4

Φ2s2
1

)

ω2 + · · · (2.10)

Follows from (2.5), (2.6), (2.9) and (2.10) comparing coefficients of z, z2, respectively, we
get

1
τ

(1 + α)2na2 =
1
2

Ψ1r1, (2.11)

1
τ

[2(1 + 2α)3na3 − (1 + 3α)4na2
2] =

1
2

Ψ1

(

r2 − r2
1

2

)

+
1
4

Ψ2r2
1, (2.12)

− 1
τ

(1 + α)2na2 =
1
2

Φ1s1, (2.13)

and

1
τ

{

[4(1 + 2α)3n − (1 + 3α)4n]a2
2 − 2(1 + 2α)3na3

}

=
1
2

Φ1

(

s2 − s2
1

2

)

+
1
4

Φ2s2
1. (2.14)

By adding (2.11) and (2.13), we easily know that

r1 = −Φ1

Ψ1

s1. (2.15)

By virtue of (2.12) to (2.14), we have

a2
2 =

τ2Ψ2
1Φ2

1(Ψ1r2 + Φ1s2)
2τΨ2

1Φ2
1 · Ωα − 2[(Ψ2 − Ψ1)Φ2

1 + (Φ2 − Φ1)Ψ2
1](1 + α)24n

, (2.16)

where Ωα given by (2.3). As |r1| ≤ 2, |s1| ≤ 2 mentioned above, we derive the desired
estimation on |a2| as asserted in (2.2).
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From (2.12) and (2.14), we get

2
τ

(1 + 2α)3n[4(1 + 2α)3n − (1 + 3α)4n]a3 =
1
2

[4(1 + 2α)3n − (1 + 3α)4n]Ψ1

(

r2 − r2
1

2

)

+
1
4

[4(1 + 2α)3n − (1 + 3α)4n]Ψ2r2
1 +

1
2

(1 + 3α)4nΦ1

(

s2 − s2
1

2

)

+
1
4

(1 + 3α)4nB2s2
1 +

2
τ

(1 + 2α)(1 + 3α)4n3na3.

Let Θα := 4(1 + 2α)3n − (1 + 3α)4n, such that

a3 =

2τΨ3
1r2 · Θα + 2τ(1 + 3α)4nΨ2

1Φ1s2

+ τ [(Ψ2 − Ψ1)Φ2
1 · Θα + (1 + 3α)4n(Φ2 − Φ1)Ψ2

1]s2
1

8(1 + 2α)3nΨ2
1 · Θα − 8(1 + 2α)(1 + 3α)3n4nΨ2

1

, (2.17)

thus, the result of (2.5) follows. We complete the the proof of Theorem 2.1.

3. Applications of the main result

This section is aimed to give some application of the main result. Different choices of the
functions ϕ and φ which would provide interesting subclasses of analytic functions.

At first, by putting

ϕ(z) = φ(z) = 1 + Ψ1z + Ψ2z2 + Ψ3z3 + · · · (Ψ1 > 0). (3.1)

in Theorem 2.1, we get following corollary.

Corollary 3.1. Let f be given by (1.1) and f ∈ M
n, α
τ (ϕ). Then

|a2| ≤ |τ | Ψ1

√
2Ψ1

√

∣

∣τΨ2
1 · Ωα − 2(Ψ2 − Ψ1)(1 + α)24n

∣

∣

(3.2)

and

|a3| ≤ |τ | Ψ1 [|Θα| + (1 + 3α)4n] + 4 |τ | (1 + 2α)3n |Ψ2 − Ψ1|
2(1 + 2α)3n |Θα − (1 + 3α)4n| , (3.3)

where Ωα and Θα given by (2.3) and (2.4), respectively.

Putting α = 1 in the Theorem 2.1 yields following corollary.

Corollary 3.2. Let f be given by (1.1) and f ∈ M
n, 1
τ (ϕ, φ). Then

|a2| ≤ |τ | Ψ1Φ1

√
Ψ1 + Φ1

√

∣

∣τ(4 · 3n+1 − 8 · 4n)Ψ2
1Φ2

1 − 4n+1[(Ψ2 − Ψ1)Φ2
1 + (Φ2 − Φ1)Ψ2

1]
∣

∣

(3.4)

and

|a3| ≤ |τ | Ψ3
1 · |Θ1| + |τ | 4n+1 Ψ2

1Φ1 + |τ |
∣

∣(Ψ2 − Ψ1)Φ2
1 · Θ1 + 4n+1(Φ2 − Φ1)Ψ2

1

∣

∣

6 · 3n |Θ1 − 6 · 4n+1| Ψ2
1

, (3.5)

where Θ1 := 4 · 3n+1 − 4n+1.

Put α = 0 in the Theorem 2.1, the following corollary coincides with the result of Xiong
[25, Theorem 2.1].
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Corollary 3.3. (see [25]) Let f be given by (1.1) and f ∈ M
n, 0
τ (ϕ, φ). Then

|a2| ≤ |τ | Ψ1Φ1

√
Ψ1 + Φ1

√

∣

∣τ(4 · 3n − 2 · 4n)Ψ2
1Φ2

1 − 4n[(Ψ2 − Ψ1)Φ2
1 + (Φ2 − Φ1)Ψ2

1]
∣

∣

(3.6)

and

|a3| ≤ |τ | Ψ3
1 · |Θ0| + |τ | 4n Ψ2

1Φ1 + |τ |
∣

∣(Ψ2 − Ψ1)Φ2
1 · Θ0 + 4n(Φ2 − Φ1)Ψ2

1

∣

∣

2 · 3n |Θ0 − 4n| Ψ2
1

, (3.7)

where Θ0 := 4 · 3n − 4n.

Remark 3.1. If we put α = 0 with the condition (3.1), then we get the result coinciding
with Xiong [25, Corollary 2.1 of Theorem 2.1] and Selvaraj [15, Theorem 2]. Combining the
conditions α = 0, τ = 1, choosing n = 0, n = 1 respectively, we we get the results which
coincides with the assertion Ali [1]. We display here.

Corollary 3.4. (see [1]) Let f be given by (1.1) and f ∈ M
0, 0
1 (ϕ, φ). Then

|a2| ≤ Ψ1

√
Ψ1

√

∣

∣Ψ2
1 + Ψ1 − Ψ2

∣

∣

(3.8)

and

|a3| ≤ Ψ1 + |Ψ2 − Ψ1| . (3.9)

Corollary 3.5. (see [1]) Let f be given by (1.1) and f ∈ M
0, 0
1 . Then

|a2| ≤ Ψ1

√
Ψ1

√

2
∣

∣Ψ2
1 + 2Ψ1 − 2Ψ2

∣

∣

(3.10)

and

|a3| ≤ 1
2

(Ψ1 + |Ψ2 − Ψ1|). (3.11)

By letting

ϕ(z) = φ(z) =
(

1 + z

1 − z

)γ

(0 < γ ≤ 1) (3.12)

in Theorem 2.1 guides us the following theorem.

Theorem 3.1. Let f be given by (1.1) and f ∈ M
n, α
τ (γ). Then

|a2| ≤
√

2 |τ | γ
√

|τγ · Ωα − 2(1 + α)2γ(γ − 1)4n|
(3.13)

and

|a3| ≤ |τ | γ· [|Θα| + (1 + 3α)4n] + (1 + 2α)3n(1 − γ)
(1 + 2α)3n |Θα − (1 + 3α)4n| , (3.14)

where Ωα and Θα given by (2.3) and (2.4), respectively.

Proof. From (3.12), we know that

ϕ(z) = φ(z) = 1 + 2γz + 2γ2z2 + · · ·
Obviously ϕ(z), φ(z) satisfy the conditions

ϕ(0) = φ(0) = 1, ϕ′(0) = φ′(0) = 2γ > 0.
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Combining (3.1) and set

Ψ1 = Φ1 = 2γ, Ψ2 = Φ2 = 2γ2

in Theorem 2.1, we easily get the Theorem 3.1.
If we put

ϕ(z) = φ(z) =
1 + Az

1 + Bz
(−1 ≤ B < A ≤ 1) (3.15)

in Theorem 2.1, we get following corollary.

Corollary 3.6. Let f be given by (1.1) and f ∈ M
n, α
τ (A, B). Then

|a2| ≤
√

2 |τ | (A − B)
√

|τ(A − B) · Ωα + 2(1 + α)2(1 + B)4n|
(3.16)

and

|a3| ≤ (A − B) |τ | · [|Θα| + (1 + 3α)4n] + (1 + 3α)4n(1 + B)
2(1 + 2α)3n |Θα − (1 + 3α)4n| , (3.17)

where Ωα and Θα given by (2.3) and (2.4), respectively.

Putting

ϕ(z) = φ(z) =
1 + (1 − 2β)z

1 − z
(0 ≤ β < 1) (3.18)

in Theorem 2.1 comes following corollary.

Corollary 3.7. Let f be given by (1.1) and f ∈ M
n, α
τ (β). Then

|a2| ≤
√

|2τ(1 − β)|
√

|Ωα| (3.19)

and

|a3| ≤ |τ | (1 − β)
[|Θα| + 2(1 + 3α)4n]

(1 + 2α)3n |Θα − (1 + 3α)4n| , (3.20)

where Ωα and Θα given by (2.3) and (2.4), respectively.

4. Conclusions

In the first section, we introduce a new subclass Mn, α
τ (ϕ, φ) with Sǎlǎgean operator Dnf

in U. With the operator we make some connections with related field’s works. In the
following section, we find estimates on the initial Taylor-Maclaurin coefficients a2 and a3.
Then, we make some applications with the desired results. Some results extend and coincide
with earlier works. It needs to point out that it is interesting and deserve us to explore
more different results by setting the varied parameter α, τ, n.
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