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OPERATOR AND MATRIX INEQUALITIES FOR HEINZ MEAN

WENSHI LIAO* AND PUJUN LONG*

ABSTRACT. Motivated by the refinements and reverses of the well-known Young inequality,
in this article, we derive some new improvements of Heinz mean inequalities for positive
invertible operators and the Hilbert-Schmidt norm.

1. INTRODUCTION

It is well-known that the Young inequality for scalars says that if a,b > 0 and v € [0, 1],

then
al™" < (1 —v)a +vb (1.1)

with equality if and only if @ = b. The inequality (1.1) is also called weighted arithmetic-
geometric mean inequality.

For 0 < v <1 and two nonnegative real numbers a and b, the Heinz mean interpolates
between the arithmetic mean and geometric mean defined as
avblfv _i_alfvbv

2
It is easy to see that the Heinz mean is convex as a function of v on the interval [0, 1],
attains minimum at v = 1/2, and attains maximum at v = 0 and v = 1, it is obvious that
a+b

Hy(a,b) =

Vab < Hy(a,b) < 5 (1.2)
Moreover, the function H,(a,b) is symmetric about the point v = 1/2, that is, H,(a,b) =

Hl_v(a, b)
Kittaneh and Manasrah [5,6] improved Young inequality (1.1) and Heinz inequality (1.2),
and obtained the following inequalities:

r(va—vb)? < (1 —v)a+uvb—a' """ < R(va— vb)?, (1.3)
2r(va—vVB)* <a+b— (a’b'™ +a70") < 2R(Va - V), (1.4)
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2
2r(a —b)2 < (a+b)? — (avbl_” + al_”b”) < 2R(a —b)?, (1.5)
where a,b > 0, v € [0,1], r = min{v,1 — v} and R = max{v,1 — v}.
Recently, the inequality (1.1) and the first one in (1.3) was refined by Zhao and Wu in
the following forms, for the purpose of the study on operators inequalities.

Proposition 1.1. [10] Let a,b be two nonnegative real numbers and v € (0,1).
1) If 0 < v < 3, then

ro(Vab — va)? + v(v/a — Vb)? + a7 < (1 —v)a + vb, (1.6)
(I) if 2 <v < 1, then
ro(vVab — Vb)? + (1 —v)(va— Vb)? +a' 70" < (1 — v)a + vb, (1.7)
where r = min{v,1 — v} and rg = min{2r,1 — 2r}.

And they also presented the reverse forms of the inequality (1.1), which are more precise
than the second inequality in (1.3).

Proposition 1.2. [10] Let a,b be two nonnegative real numbers and v € (0,1).
(1) If0 < v < 3, then

(1 —v)a+vb<a' b + (1 —v)(va— Vb)* — ro(Vab — vb)?, (1.8)
(IL) if £ <v <1, then
(1 —v)a+vb < a0’ + v(va— Vb)? — ro(Vab — Va)?, (1.9)
where r = min{v,1 — v} and ro = min{2r,1 — 2r}.

Now we explain the notation and historical background of the operator inequalities related
to the previous classical inequalities.

Let (B(H), ||-||) be the C*-algebra of all bounded linear operators on a complex separable
Hilbert space (X, (-,-)) and Bj(H) be the semi-space of all self-adjoint operators in B(H).
Moreover, a self-adjoint operator A € B (H) is called strictly positive if (Az,z) > 0 for
every x € 3 \ {0} and the cone of all positive invertible operators is denoted by B (H),
I stands for the identity operator. In the case when dim H = n, we identify B(H) with the
full matrix algebra M,, of all n x n matrices with entries in the complex field.

As a matter of convenience, we use the following notation to define the weighted arith-
metic mean and geometric mean for operators:

AV,B = (1 —v)A+vB, A#,B = A3(A"2BA"3)"A3,
where A, B € BT (H) and 0 < v < 1. When v = %, we write AVB and A#B for brevity,

respectively.
The operator version of the Heinz mean, denoted by H,(A, B), is defined as

(4, B) = HREE A,

for A,Be BtT(H) and 0 <v < 1.
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It is easy to see that
A#B < H,(A,B) < AVB. (1.10)

The series of inequalities in (1.10) are the Heinz operator inequalities.
Kittaneh and Manasrah [6] obtained the following inequalities related to the inequalities
(1.4)
2r(AVB — A#B) < AVB — H,(A,B) < 2R(AVB — A#B) (1.11)

for positive definite matrices A and B and 0 < v < 1, where » = min{v,1 — v} and
R = max{v,1 — v}, which of course remain valid for Hilbert space operators by a standard
approximation argument.

The authors of [7] also obtain the same result of the first inequality in (1.11) for two
positive operators.

In [38], we derived a reverse ratio form of the first inequality of (1.11), for A, B € B+ (%)
and v € [0, 1) U (3,1], then

AVB < K(Vh,2)FH,(A, B) + 2r(AVB — A#B), (1.12)

and from the inequalities of Theorem 3.4 in Wu and Zhao [9], by putting C = A2, we
deduce that

K(Vh,2)" H,(A, B) + 2r(AVB — A#B)
< AVB (1.13)
< K(Vh,2) ™ H,(A, B) + 2R(AVB — A#B),

where K(-,2) is the Kantorovich constant, defined by K(t,2) = (¢t +1)2/4t (t > 0), R =
max{v,1—v}, r = min{v, 1 —v}, Ry = max{1—2r,2r}, ro = min{l—2r,2r} and h = M/m.
Note that the inequalities (1.13) are an improvement of (1.11) with K(¢,2) > 1 and the
inequality (1.12) can not be compared with the second inequality in (1.13).

By Proposition 1.1 and 1.2, Zhao and Wu [10] presented the improvements of the inequal-
ities (1.10) and (1.11) for two positive invertible operators.

Our main task in this article is to derive several new refinements and reverses of the
Heinz operator inequalities. This article is organized in the following way: in Section 2,
we establish the whole series of refinements and reverses of the Heinz inequalities via the
improved Young inequality which will help us in deriving Heinz operator inequalities. In
Section 3, we obtain related Heinz operator inequalities. In Section 4, the Hilbert-Schmidt
norm inequalities are presented.

Throughout the paper, R = max{v,1 — v}, r = min{v,1 — v}, Ry = max{l — 2r,2r},
ro = min{l — 2r, 2r}.

2. REFINEMENTS AND REVERSES OF THE HEINZ MEAN INEQUALITIES

In this section, we give refinements and reverses of the Heinz inequality (for more details,
the reader is referred to [3—10]).

Lemma 2.1. Let a,b be two nonnegative real numbers and v € (0,1). Then
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a+b
5

Sro [(Vab — vay + (Vab — V)] + r(va —VB) + Hy(a,b) < (2.1)

Proof. If0 <v < 1 5, interchanging a and b in the inequality (1.6), then
ro(Vab — Vb)? + v(va — V)% + a"b' " < wva+ (1 — )b, (2.2)
adding the inequalities (1.6) and (2.2) together, we obtain
ro [(Vab— va)2 + (Vab — V0)?| + 20(va — VB)? +a"b'™ + 0!~ < a+b.
If % < v < 1, by the inequality (1.7) with the similar method, we get
ro [(Vab— va)? + (Vab — Vb)?| +2(1 = v)(va = VB)* + a"b' ™" + o ~"b < a+b.
So we conclude that for v € (0,1)
2o [(Vab — Vay + (Vab — VB?] +r(va — V) + Hyfa,h) < 250

The proof is completed. O

Lemma 2.2. Let a,b be two nonnegative real numbers and v € (0,1). Then

a+b<H(ab)+R(f—f)——ro[(\/_—f) +(Vab-VE?].  (23)

Proof. By the inequalities (1.8) and (1.9), the proof is similar to that of Lemma 2.1, so we
omit it. 0

Remark 2.1. The inequalities in Lemma 2.1 and Lemma 2.2 improve the inequalities (1.4).

Lemma 2.3. Let a,b be two nonnegative real numbers and v € (0,1). Then

ro |(Vab— a)® + (Vab — b)*| + 2r(a — b)* + 4H,(a,b)* < (a + b)*. (2.4)
Proof. If 0 < v < %, by virtue of replacing a by a? and b by b? in (1.6), respectively, then
we have
(a+b)* — 4H,(a,b)?

— (a+b)?— (al—vbv n avbl—v)2

= a2+ b2 — (al7VBY)2 — (a¥bl V)2

=(1—v)a®+vb? — (a'70)? +va® + (1 — v) b* — (a"b'")?

> ro(Vab — a)? +v(a — b)? + ro(Vab — b)® 4 v(a — b)?

= 1o [(Vab— a)? + (Vab — b)?| + 20(a - b)?,
hence

ro |(Vab— a)* + (Vab — b)*| + 20(a — b)? + 4H,(a,)* < (a + b)*.

If % < v < 1, by the inequality (1.7) with the similar method, we get

ro [(Vab — a)? + (Vab — b)%| + 2(1 = v)(a = b)? + 4H,(a,b)* < (a + b)2.
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So we obtain the desired result based on the above discussion. O

Lemma 2.4. Let a,b be two nonnegative real numbers and v € (0,1). Then

(a+b)? < 4H,(a,b)* + 2R(a — b)* — o |(Vab— a)? + (Vab - b)?] . (2.5)

Proof. If 0 < v < %, replacing a by a? and b by b? in (1.8), respectively, then we have
(a4 b)* — 4H,(a,b)?

= (1—v)a®+vb® — (ab")? + va® + (1 —v) b — (a’b'7?)?

< (1 =v)(a—0b)? —ro(Vab —b)* + (1 —v)(a — b)* — ro(Vab — a)?

=2(1 = v)(a = b)? = o [(Vab— a)? + (Vab - b)?],
hence

(a+b)* < 4H,(a,b)? +2(1 = v)(a — b)> = 1 [(Vab — a)* + (Vab—b)?] .
If % < v < 1, by the inequality (1.9) with the similar method, we get
(a+b)* < 4H,(a,b) + 20(a — b)* — 1o [ (Vab — a)? + (Vab — b)?] .

So we conclude the desired result. O

Remark 2.2. The inequalities in Lemma 2.3 and Lemma 2.4 improve the inequalities (1.5).

3. REFINEMENTS AND REVERSES OF THE HEINZ MEAN OPERATOR INEQUALITIES

In this section, we present the operator version for the refinements and reverses of the
Heinz inequalities in section 2. The techniques are based on the monotonicity property of
operator functions described in the following lemma (for more details, see [1,3]).

Lemma 3.1. Let X € B(H) be self-adjoint operator and if f and g are both continuous
functions with f(t) > g(t) for t € Sp(X) (the spectrum of X), then f(X) > g(X) with
equality if and only if f(t) = g(t) for all t € Sp(X).

Theorem 3.1. Let A,B € BT (H) and v € (0,1). Then

ro (AVB + A#B — 2Hy(A, B)) + 2r(AVB — A#B) + H,(A, B) < AVB.  (3.1)
FEquality holds if and only if A = B or equivalently A“3BA"3 = 1.
Proof. By Lemma 2.1, if 0 < v < %, then for any b > 0 we have

[b+1 1+5b
ro :

2

Making use of Lemma 3.1, for a positive invertible operator 7" and v € (0, 1), it follows that

T+1 T+1 I+7T
ro[ i +T%—2Hl(I,T)}+2@(%—T%)+HU(I,T)gL.
4

+Vb— 2Hi(1,b)] + 20 (b+71 - \/E) + H,(1,b) <
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Substituting A~2BA~3 for T in the above inequality, we obtain
1 1
AT2BA 2 +1

To 9

O ]

[N

11
eoo (A (tma ) v (racteay) 6)
2
_I+ABATE
- 2
Applying the -conjugation e — A/ e A2 to (3.2) (see [4, Theorem 7.7.2])
ro (AVB + A#B — 2H1 (A, B)) + 20(AVB — A#B) + H,(4, B) < AVB.

If% < v < 1, then for any b > 0 we have

[b+1 b+1
ro

+Vb - 2Hi(1,b)] +2(1—v) (T - \/E) + Hy(1,b) <

140
5

By the similar process of the case 0 < v < %, we can deduce

ro (AVB + A#B — 2Hy (A, B)) + 2(1 — v)(AVB — A#B) + H,(A, B) < AVB.
So we conclude that the inequality (3.1) holds for v € (0, 1). O
Theorem 3.2. Let A, B € BT+ (H) and v € (0,1). Then

AVB < Hy(A, B) + 2R(AVB — A#B) — 1o (AVB + A#B — 2H,(A,B)) . (3.3)
Equality holds if and only if A = B or equivalently B 3AB™% = I.

Proof. If 0 < v < %, by Lemma 2.2, then for any a > 0 we have
1 1 1
ot a—;— —ﬁ)—ro{a; +\/_—2Hl(a,1)].
4
Making use of Lemma 3.1, for a positive invertible operator R and v € (0,1), it follows that

R+l R+T R+T
T+§HU(R,I)+2(1—U)( i R%)—ro[ *

< Hy(a,1)+2(1—-v) (

2

+ R% — 2H, (R, I)] .

Substituting B ~3AB~7 for R in the above inequality, we have

2
11 B 2AB 2 +1 1 _1nd
< (5hanh ) oo [T (b))

B 3AB" 3 + 1
S A A

(stan )t oom (5-as ).

Applying the *-conjugation e — B'/2 ¢ BY/2? to (3.4) and since A#,B = B#,_,A for
0 <wv <1, we get the following order relation

AVB < Hy(A, B) +2(1 = v)(AVB — A#B) — 1o (AVB + A#B — 2H, (4, B)) .
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If % < v < 1, by Lemma 2.2, then for any a > 0 we have

8)-n]

a—+1
2

a+1 a+1

2

gHU(a,l)—i—%( +\f—2H%(a,1)}.

By the similar process of the case 0 < v < %, we can deduce
AVB < Hy(A, B) + 20(AVB — A#B) — o (AVB + A#B — 2H,(A, B))

So we conclude that the inequality (3.3) holds for v € (0,1).

Remark 3.1. Combining (3.1) and (3.3) with (1.11), we obtain
A#B < H,(A, B)
< 2r(AVB — A#B) + H,(A, B)
<70 (AVB+ A#B — 2H, (A, B)) +2r(AVB — A#B) + H,(A, B)
< AVB
< H,(A, B) + 2R(AVB — A#B) —ro (AVB + A#B — 2H1 (4, B))
< Hy(A,B) + 2R(AVB — A#B)
< AVB +2R(AVB — A#B).

The inequalities (3.1) and (3.3) improve the inequalities (1.11). But neither the bounds of
AVB in (3.1) and (3.3) nor the corresponding bounds in (1.13) are uniformly better than
the other.

Theorem 3.3. Let A, B € BT+ (H) and v € (0,1). Then

2r2(AVB — A#B) + Hy(A, B) + 1o (AVB + A#B — 2H, (4, B))
<[1—20(1 —v)] AVB + 2v(1 — v) A#B (3.5)
< AVB.
FEquality holds if and only if A = B or equivalently A“3BA"3 = 1.

Proof. By the inequalities (18) and (19) in [10], replacing a? and b? by a and b, respectively,
in each inequality, we obtain

70 (\/E%—a — QQ%bi) + 202 (

b
a_2|_ _\/E) _{_alfvbv

(3.6)
< (1—v)%a+v*b+20(1 — v)Vab,
70 (\/@—l— b— Qb%a%) +2(1 —v)? <a o \/E) +al=o?
2 (3.7)

< (1—v)%a+ v+ 20(1 — v)Vab.
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Replacing a by b and b by a in (3.6) and (3.7), then combining (3.6) and (3.7) we have
b b
70 <\/E—|— a—2{— - 2Hi(a7b)) + 202 (a—2|— - \/@) + Hy(a,b)
b
< {(1 —v)? + 02} % +20(1 — v)Vab,

0 (\/%—i— a—2|—b —QH%(M)) +2(1 —v)? (a—2|—b —\/%) + Hy(a,b)

< [(1-v)?+? GTH) +20(1 — v)Vab.
The rest of the proof is similar to that of Theorem 3.1, so we omit it. O
Theorem 3.4. Let A,B € BT (H) and v € (0,1). Then
2R*(AVB — A#B) + H,(A, B) =19 (AVB + A#B — 2H, (A, B))
> [1—20(1 —v)] AVB + 20(1 — v) A#B (3.8)
> A#B.
Equality holds if and only if A = B or equivalently A"3BA5 = 1.

Proof. By the inequality (20) and (21) in [10], the proof of the inequality (3.8) can be
completed by an argument similar to that used in the proof of Theorem 3.3. U

Remark 3.2. Combining (3.5) with (3.8), we obtain
A#B < H,(A, B)
< 2r?(AVB — A#B) + H,(A, B)
< 2r%(AVB — A#B) + H,(A, B) + o (AVB + A#B — 2H1 (A, B))
<[1-2v(1—-v)]AVB+2v(1 —v)A#B
< 2R*(AVB — A#B) + H,(A, B) = 7 (AVB + A#B — 2H, (A, B))
< 2R*(AVB — A#B) + H,(A, B)
< 2R*(AVB — A#B) + AVB,
which is an improvement of A#B < H,(A,B) < AVB.

4. MATRIX VERSION OF THE HEINZ NORM INEQUALITY

In this section, we will discuss the improved Heinz inequality for the Hilbert-Schmidt
norm.
Let M, (C) denote the algebra of all n x n complex matrices. The Hilbert-Schmidt norm

1/2 12
n n
of A = [a;j] € My(C) is defined by HAH% = ( > ]aijP) = (Z 322(14)) (see [1, p.341-
ij=1 i=1
342]), where s;(A),i = 1,2,--- ,n denote the singular values of A. It is well-known that

each unitarily invariant norm is a symmetric guage function of singular values [1, p.91], so
the Hilbert-Schmidt norm is unitarily invariant in the sense that [|[UAV||% = ||A|% for all
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unitary matrices U,V € M,,(C). The Schur product of two matrices A, B € M, (C) is the
entrywise product and denoted by A o B.

Based on the refined Heinz inequality (2.3) in [5] and the reverse Heinz inequality (2.4)
in [6], Kittaneh and Manasrah have showed that if A, B, X € M, (C) with A and B positive
semidefinite matrices and v € [0, 1], then

|AX + XB|% > HA1 "XBY 4+ A'XB'V

+ o |AX — X B, (4.1)

2
|AX + XB|% < ||[A"™"XB" + A"XB'™|| +2R|AX — XB|5. (4.2)
F F F

Now, we derive the following two theorems which improve the inequalities (4.1) and (4.2).

Theorem 4.1. Let A,B,X € M,(C) such that A and B are positive semidefinite and
0 <wv<1. Then
2 1 1 2 1 1 2
2r |AX = XB| +ro (42X B2 - Ax|| + |42 xB% - XB|
E N (4.3)
< |AX + XB|% - HA”XBl—v + A XBY|

Proof. Since A and B are positive semidefinite, it follows by the spectral theorem that there
exist unitary matrices U,V € M, (C) such that

A=UMU*B=VAV*,

where Ay = diag(p1, po, -+ , pin), Ao = diag(vy,va, -+ ,vp), piy v >0, 0=1,2,--- .n
Let Y = U*XV = [y;;], then
AYXBY™U 4+ ATUXBY = U (AJY AL + ALY AS) VY
=U |(pj~ “vi + ,ufy]l ”) o Y} v,

(1
A3XB? — AX = U (,Wj )2 —M) OY} v,
A3XB> — XB=U (

AX+ XB = U[(,u,iuj)oY]V*

(a3
[
|
|

Utilizing the inequality (2.4) and the unitary invariance of the Hilbert-Schmidt norm, if
0<v§%,wehave

2
AX + XB||% - [|[A’X BV + A= X B
F F

n n

= 3 (it v P = Y (i )
3,j=1 i,j=1

n

Z [u,Jruj (Mll vl + vy ”) }\%\2
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[SIE

> Z [20 (i = ) 4 o ((Gaary)? = ) + (i) ? = 13)°) | ysl?

J=1
n n 1 1
2 1 1
=20 3 (= v) s 470 30 (((mavy)® = ) + () ? = v0)?) Jyss?
i,j=1 i,j=1

1 1 2 1 1 2
= 2 ||AX — XBJ|% + o <HA§XBE - Ax | +|A2xB> - XBHF> .
Similarly, if % <wv < 1, we can deduce

2
AX + XBJ|% - |[A’X BV + A" X B
F F

> 9(1 - v) [|AX — XB|% + 7o (HA%XB% - AXHQF +|aixB2 - XBH?) :

So we conclude that the desired result hold for 0 < v < 1.

O

Theorem 4.2. Let A, B, X € M,(C) such that A and B are positive semidefinite and

0<wv<1. Then
2 1 1 2 1 1 2
2R||AX — XB|% — 1o <HA2XB2 - AXHF +|azx B3 - XBHF>

2
> |AX + XB|% - HA”XBl_” + A XBY|

(4.4)

Proof. By Lemma 2.4, the proof of the inequality (4.4) can be completed by an argument

similar to that used in the proof of Theorem 4.1.
Remark 4.1. Combining (4.3) with (4.4), we obtain
1| a3x B3

2 1 1 2
< HA”XB —v 4 Al-vx Y
F F

2
<2 |AX — XB|% + HA“XBH + A XBY|

2
<2r |AX - XB|} + |A"XB'™" + A" X B .

ero (|4t ax|? + Jabxnt - xa]")
B F

<||AX + XB|},

<2R||AX —XBH%, + HAUXBI’” L AUXBY i

- (HA%XB% _ AXHjm +||aixBt - xB ]2 )

2
<2R|AX - XB||} + |A*X B! + A" X B .

<2R||AX — XB||% + ||AX + XB|%,

which is an improvement of 4 HA%X B3

(see [2]).

O

2 1— 1— 2 2
g |A*X B + AV XBY|| < |[AX + XB|»
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