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FRACTIONAL HERMITE-HADAMARD TYPE INEQUALITIES FOR
CO-ORDINATED MT-CONVEX FUNCTIONS

BADREDDINE MEFTAH! AND ABDOURAZEK SOUAHI?

ABSTRACT. In this paper we establish a new fractional identity involving a function of
two independent variables, and then we derive some fractional Hermite-Hadamard type
integral inequalities for functions whose modulus of the mixed derivatives are co-ordinated
MT-convex.

1. INTRODUCTION

Let f be a convex function, then we have

f(5m) < b [ (o < Smpion, Ly

holds in every finite interval [n,m]. In the case where f is concave, then (1.1) holds in
the reverse direction. The above inequality is well-known as Hermite-Hadamard integral
inequality (see [4]).

In [15] Dragomir established the bi-dimensional analogue of (1.1) given by

f(n—fQ—m77"-5k) < 1L n/f y)dy
< m//f(:ﬂ,y)dydx
< 1
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k k
T/f@uwdy+kln/fW%yM%)

o Jur)+ f(n k) + fm,r) + f(m, F)
< I :

The inequalities (1.2) have attracted many researchers. Various variants and refinements

_l’_

(1.2)

3,5-14] and references therein.

of (1.2) have appeared in the literature, see [2,
Sarikaya [12] gave the following fractional Hermite-Hadamard for co-ordinated convex

functions.

Theorem 1.1. Let f : [n,m] x [r,k] C R? = R be a function with n < m,r < k and gsaft €

L([n,m] x [r,k]). If ‘%‘ is co-ordinated convex function, then we have

Fn, )+ fnk)+fmr)+f(mk) | T(a+1)I(B+1)
’ 4 + (m—n)o‘(k—r)ﬂ ( n+ r+f (m k) + J f (m,r)

+Ja’, 1 (n, k)—l—JS;’,’k,f(n r —A‘

m—n)(k—r 2 92
= ((a+1ggﬁ+1)) ( asgt (n, T)’ + ‘— (n, k)’ —aft (m, 7”)’ + as—aft (m,k)D,
where
A = S (IS (k) + T2 f (m ) + T f () + T f (myr))
e (e (mr) T f (m. ) 4 o ] () + T f (n,R). - (13)
Theorem 1.2. Let f: [ ] x [r,k] € R? = R be a function with n < m,r < k and @% €
L([n,m] x [r,k]). If | 2 888t , ¢ > 1 is co-ordinated convex function, then we have

Fnr)+f(nk)+f(mr)+f(mk) | T(a+D)D(B+1) [ 0.8 B
‘ 4 * (m*")a(kfr)l3 (J 7"+f (m’ k) + Jn*,k*f (m’ T)

+I22 k) + T2 f(nr) - A
1
(m—n)(k—r) 1\4q

< A\mmn)ik=r) (1
T (ep+1)(Bpt1)7 (1)
x( 02 f

2
50t (0,7) o4
where A is defined by (1.3) and % + % =1

gs07 (M, )

1
o2 f 02 f T\ g
asot (1 F) asat (M k)‘ )q )

’ q
+

’ q
+

’ q
+

In this paper we establish a new fractional identity involving a function of two independent
variables, and then we derive some fractional Hermite-Hadamard type integral inequalities
for functions whose modulus of the mixed derivatives are co-ordinated MT-convex.

2. PRELIMINARIES

In this section we recall some definitions that are well known in the literature, and assume
that A := [n,m] x [r, k] be an interval in R? with n < m and r < k.
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Definition 2.1. [9] A function g : A — R is said to be co-ordinated MT-convex on A, if

1-X
Fllu+(1—t)v, w+(1—-Naz) < ﬁ%f(u,w) n 4\/t<(17t))x (u,z)

VA=A VA=) (1=-X)
+4 /t(l—)\)f(v7w) + 4\/5 f(vw%')

holds for all ¢, A € [0, 1] and (u,w), (u, ), (v,w), (v,z) € A.

Definition 2.2. [I] The Riemann-Liouville integrals J& g and J* g of order a > 0 with
a > 0 where g € L ([a,b]) are defined by

J%g(u) = ﬁ / (=)L), u>a
b
T glu) = ﬁ / (t =) g()dt, b>u

o0
respectively and I'(«a) = { e "t 1dt, is the Gamma function and J%, g(u) = J)_g(u) =

g(u).

Definition 2.3. [I] Let f € L(A). The Riemann-Liouville integrals
JOP o geB P and J%? _ of order a,B8 >0 with n,r >0, n < mand r < k are

ntort “nt k= Ym— rto m—,k~

defined by
Tl f (k) = mﬁ (m=2)*  (k—y)" [ (2,y) dyde,  (2.1)
Tl f (mor) = & (a)lr 6 77 (m =)™ (y =) f (2,y) dyde,  (22)
Il i f (nk) = = (a)lr @ 77 (x—n)* " (k= 9)" " [ (2,y) dyda, (2.3)
TP ) = mz7 (@=n)*"y—r)""" f(2,y) dydz, (2.4)

where I' is the Gamma function, and
Jg’ﬁﬁf (m,k) = Jgﬁk_f (m,r) = Jgﬂ’ﬁf (n, k) = Jg;g,k_f (n,r) = f(z,y).

Definition 2.4. [12] Let f € L(A). The Riemann-Liouville integrals
Je_f(n,r), JE f (m,r), Jlf_f (n,7),and J% f (n, k) of order v, 8 > 0 with n,r > 0, n < m,
and r < k are defined by

1

Jo_f(n,r) ==

o (x — n)o‘_l I (x,r)dz, (2.5)
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- 1) F%y;/nm 2)"f (or) da (2.6
k

e 00 = 355 [ = ), 2.1)
k

) = s [ (=) () 28)

where I' is the Gamma function.

3. MAIN RESULTS

Lemma 3.1. Let f : A C R? — R be a differentiable mapping on A = [n,m] x [r, k] with
n<mandr<k. If aatafA € L(A), then the following fractional equality holds

f(MTm’%) B f( r+k)+f<n+m )J;f( r+k)+f(n+m7k) T

_ I(a+1)I(B+1)
A(m—n)® (k—r)?

x( Tl k) + T8 (k) + T f (mor) + TR f (7))

— (kr(//M%mtn+1—0mA%+ﬂ—MkMMA

1
(=1 =) (=07 =)
00

\»—l

X;;&(”V+(1—t)W%AT+-Un—A)kwﬁdA>,

(3.1)
where
_J rifo<t<i,
h_{-JU%§t<a, o
_Jrifo<a<y,
L= { Sl <, o
and
A= 4F(§c )) (JB F(nr)+ T f (mr) + T2 f (n, k) + ng(m,k))
e (o f (0,0 4 Tope f (k) + T3 f (myr) + T3 f (ma k). (34)
Proof. Let

[ = mom)en) ;g (3.5)
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where

//mataA (tn+ (1 —t) m, Ar + (1 — A) k) dtd),

and

// (=" =) (1= N = ¥)

m’%(tnﬂl—t)m A4 (1 A k) dtdA.

Clearly, we have

11

2
n- |

0

1

2

/88:8]; (tn+ (1 =t)m, Ar + (1 = A) k) dtdA
0

1

2

DL (tn+ (1= t) m, A + (1 — \) k) didA

= G (O (552 555) = (mo58) = £ (35200 + £ (o)
—f (n,552) + F (25 E) + F (n k) — f (252K
S () o)+ f (25 ) = f (m )
(

(mvk)-f-f("vk)-f-f(m77")+f(n77")

)”C”mﬂ), 56

Now, by integration by parts, I gives
1

L - /((1—A)5—A5)

0

1
x (/((1—t)o‘—ta)%(tn+(1—t)m,>\r+(1—)\)k)dt) dA
0
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= Gty () + f (n, k) + f (m,7) + f (m, k)
1
T (/(1—A>ﬂ—1f<nw+<1—A)k)dA
1 " 1
[N (dr + (L= AR A+ [ XL e (1= X) k) dA
1
+/(1—)\)5lf(m,)\r+(1—>\)k)d>\)
0 (7
1= f(tn4+ Q0 —t)m,r)dt
(k: r)
, 0
+ [N ot (U= o) e+ [71f (e (1= £k de
1
+/(1—t)“‘lf(tn+(1—t)m,k)dt>
0
+m (//to‘ IVZLE (tn + (1 — t)my Ar 4 (1 — ) k) dAdt
(1=t N (tn+ (1= t)m, Ar 4+ (1 — A) k) dAdt

T A =N 4 (L=t m,Ar + (1= A) k) dAdt

1
+/{(1—t)o‘_l(1—)\)ﬁ_1f(tn+(1—t)m,)\r+(1—)\)k:)d)\dt) :

(3.7)

Substituting (3.6) and (3.7) in (3.5), and putting z = tn+(1 —t)mand y = A\r+(1 — \) k,
we get

) e () o (5 oo ()

2
r) T f (nydy+/ )’ f (m,y) dy

o= f(mm )f(
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k k
+/(k—y)ﬁ_lf(my)der/(k—y)ﬁ_lf(my)dy)

)™ (/x—nal xrdx—i—/ n)*  f (x, k) de

m k
. aB oyl 81
4(mfn)a(k*7‘)ﬂ (// (m ﬂf) (k y) f (:E?y) dydx

nr

(x—n)* " (k=) f(z,y) dydz

_l’_

+

—F 3Y—3

\Pvi
3
&
Q
—_
—

y— )"t f(x,y) dyda

+
3°Y~—03 7
S~ 7

(x—n)*"y—r)"" f(2,y) dydx) : (3.8)

Using (2.1)-(2.8) in (3.8), we obtain the desired result. O

JtOA
co-ordinated MT-convex function on A, then the following fractional inequality holds

Theorem 3.1. Let f : A — R be a partially differentiable function on A. If ‘ﬁ is

72

‘f (n-gm 7"+k) _ f(n77”-5k)+f(n+Tm,r)+f(m r+k )+f(n+m k) »

_ T(a4+DI(B+1)
4(m— n)a(k )’
X ( P o fm k) + %8 L f (k) + T f (mar) + ng;’kff(n,r))]
2
(m—n)(k—r) [T 1 1) (1 1)
< \m=n){k=r) ( — — — —
= 16 <4+B<2’0‘+2 B{3:6+5

x (| )|+ [k 0 0] + [ om )| + [ om0

where A is defined as in (3.4) and B (.,.) is the beta function.
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Proof. From Lemma 3.1, and properties of modulus, we have

‘f (nq;m, TJQrk) _ f<n’r—5k)+f(n—’2—m,r)+f<

_ F(a+1)r(5+1)
4(m—n)*(k—r)?

X (Jf;ffr+ Flm,k) + J28 L (k) + IS f (o) + T2 F(n, r))]

m-

11
< W(// 593; (1—t)m,)\7“+(1—>\)k‘)’dtd)\
00
11
+// (1—1)%(1—\)F %&(mﬂl—t)m,Ar+(1—>\)k)‘dtd>\
00

11
+//t“‘ (1-X\ 5‘8&% tn—i—(1—t)m,)\r+(1—)\)k)‘dtd)\
0

—_

0
1
+// DN |k (tn+ (1= t)m, Ar + (1= \) k)| dtd)
00

11
+//taA5]am (tn+ (1 — t)m, Ar+(1—A)k)]dtdA.
00

2
Since ‘%‘ is co-ordinated MT-convex, we have

)

o) Ao

Cla+D)I(B+1)

4(m—n)®(k—r)?
x (0 F (k) 4 22 L k) + 0 f (mor) + I8 F ()|

11
(m—n)(k—r) // ‘ ‘Jr NTEY] 2 k)‘
1 \/m 81&8)\ 4/(1—t)x | 90X
00

IN

(1-t)(1=-X) | 92f
. 44/t(1=X) OtOX (m T)‘ \/T ata)\( k)‘) dtd\
11
@ t(1-X) | 2
+//(1—t) (1-x)° (4 (1 5 1 ) Sk \+4 (1%)/\’8@&(11,]@)’
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A=A | 92f \/(1 t(l )
RV ’5“9)\ (m, T)‘ ’3'53/\ D dtdA
(1-X)
11
a B VA 02 t(l A) | 82
+//t (1 _>\) <4\/(1i)(1>\) ata&( ‘ ’aTa& ™ k ‘
00

4 VDA | ks ()| + VAOUZN | 0% k)D dtdA

44/t(1—N) | OtOX VN Otox

_ B ___iA
+//1 2 )\( (1=t)(1=X)

O*f

ta-A) | o2
ata)\(n7r)‘+4\/(1_—tp\}wg)f>\(n7k)‘

w/1—m 2f w/ltl)\
T (t(l_)A) ‘gtax (m, T)} ( ( ‘8158)\ D dtdA
11
ay B\ t(l NERE
+//t B<4\/1i(1>\ 3ta/\( ‘ 373& ‘
2? VA-)(A-N) | §%f
4m ’%fi N[+ S [k (m ’“)D dt‘”)

—— 11 1,1
= (monlen) )<4+B< +§)B<—,ﬁ+—)>

(k)| + o )]+ it )| + . )

which is the desired result. ]

Theorem 3.2. Let f: A — R be a partially differentiable function on A. If ‘%‘q with
q > 1 is co-ordinated MT-convex function on A, then the following fractional inequality

holds

‘f (n;m, TJZrk) _ f<n’rgk)+f(n;m,r)+f<
B F(a+1)F(B+1)

4(m—n)® (k—r)”

x (S0P mk) + 08 (k) + T f )+ T2 ()]

2
< (mfnl)l(kfr) <1+ 4 ;) <z)q
(ap+1)7 (Bp+1)7 ) \4

(e + [+ |dfom.n) [+ [ ]1)

where % + % =1 and A is defined as in (3.4).
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Proof. From Lemma 3.1, properties of modulus, and Holder inequality, we have

) ()

’2

(oo ) LA

_ T(a4+DI(B+1)
4(m—n)*(k—r)?

x (JoLf mk) + 08 L F (k) + T f )+ T2 ()|

(m—n)(k—r) k r) % y _on\ap 1 \\Bp )E
< (//dtd)\) + ({{(1 £)°P (1 — A)PP dtdA
11 ap (1 _ \\Bp )E (1 | _ 1\oP \Bp )Il)
- ({Zt (1-2) clltd)\ - {{(1 )P NP dtd\
+ (/17tapAﬂpdtdA) p

00

(1—t)m,Ar+ (1= \) k)‘q dtdA)

(ap+1)P (Bp+1)

ym, A+ (1= A) k)‘%tdA) . (3.10)

B

Q|

. 2f 19 . .
Since ‘%’ is co-ordinated MT-convex, we deduce

v 2

(a3 LEVICE YN0

_ F(a+1)r(5+1)
4(m—n)*(k—r)?

x (T2 f mak) + 28 f (k) + T2 f (mor) 4 00 f<n,r>)]

11
(m—n)(k—r) 4 \/(1 t(l )
< 1 1+ T T S (
(ap+1)P (Bp+1)P 0
9
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1
\/t_>\ 82f q 7
* 44/(1—t)(1-N) 8ta>\(”a7“)‘ )dtd)\)

2
(o)) [ 4 (E)q
! < (ap+1>%<5p+1>%> 4

A e
which is the desired result. .
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