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SYMMETRY OF CLASSICAL AND EXTENDED DYNAMIC
INEQUALITIES UNIFIED ON TIME SCALE CALCULUS

MUHAMMAD JIBRIL SHAHAB SAHIR!

ABSTRACT. The aim of this paper is to present some classical and dynamic inequali-
ties such as Radon’s Inequality, Bergstrom’s Inequality, Rogers-Holder’s Inequality, Schlo-
milch’s Inequality and Cauchy-Schwarz’s Inequality in extended and symmetrical form to
harmonize them on time scales.

1. INTRODUCTION
The inequality from (1.1) is called Bergstrom’s Inequality in literature as given in [5-7,16].

Theorem 1.1. Ifn e N, zx € R and y > 0, k € {1,2,...,n}, then

(Z”C’f) i

21 Yk k=1

(1.1)

s

with equality if and only 1f =2 =in

Y2 Yn
The upcoming result is called Radon’s Inequahty as given in [19].

Theorem 1.2. Ifn e N, xp >0 and y, > 0, k € {1,2,...,n} and f > 0, then

n B+1
<kzl xk) n 1ﬂ+1

= k
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Inequality (1.2) is widely studied by many authors as it has many applications.
The following inequality is Radon’s Inequality in generalized form as given in [11].
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Theorem 1.3. Ifne N, xp >0, yp >0, k € {1,2,....,n}, >0 and v > 1, then

n Y1 B4y
(Erd) e

VRN SF il 0
(Zyz> k=1 Yk

k=1

with equality if and only if ”Ci = Z; =..= x—”

We prove these results on time scales. The calculus of time scales was initiated by Stefan

Hilger in [14]. A time scale is an arbitrary nonempty closed subset of the real numbers.
The theory of time scales is applied to reveal the symmetry of continuous and discrete and
to combine them in one comprehensive form. In time scale calculus, results are unified and
extended. The time scale calculus is studied as delta calculus, nabla calculus and diamond-«
calculus. This hybrid theory is also widely applied on dynamic inequalities. Basic work on
dynamic inequalities is done by Ravi Agarwal, George Anastassiou, Martin Bohner, Allan
Peterson, Donal O’Regan, Samir Saker and many other authors.

In this paper, it is assumed that all considerable integrals exist and are finite and T is
a time scale, a,b € T with a < b and an interval [a,b]T means the intersection of a real
interval with the given time scale.

2. PRELIMINARIES

We need here basic concepts of delta calculus. The results of delta calculus are adapted
from [3,9].

For t € T, the forward jump operator o : T — T is defined by
o(t):=inf{s € T:s > t}.

The mapping p : T — Ry = [0,+00) such that u(t) := o(t) — t is called the forward
graininess function. The backward jump operator p: T — T is defined by

p(t) :=sup{s € T :s < t}.

The mapping v : T — R{ = [0,+00) such that v(t) := t — p(t) is called the backward
graininess function. If o(t) > t, we say that ¢ is right-scattered, while if p(t) < t, we say
that t is left-scattered. Also, if ¢ < supT and o(t) = t, then ¢ is called right-dense, and if
t > inf T and p(t) = t, then ¢ is called left-dense. If T has a left-scattered maximum M,
then T* = T — {M}, otherwise T* = T.

For a function f : T — R, the delta derivative f2 is defined as follows:

Let t € T*, if there exists fA(t) € R such that for all € > 0, there exists a neighborhood
U of t, such that

[f(o(t) = £(s) = fAO((t) = 5)| < elo(t) — ],

for all s € U, then f is said to be delta differentiable at t, and f2(t) is called the delta
derivative of f at t.

A function f : T — R is said to be right-dense continuous (rd-continuous), if it is
continuous at each right-dense point and there exists a finite left limit at every left-dense
point. The set of all rd-continuous functions is denoted by C4(T,R).
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The next definition is given in [8,9].

Definition 2.1. A function F' : T — R is called a delta antiderivative of f : T — R,
provided that F2(t) = f(t) holds for all t € T*. Then the delta integral of f is defined by

b
/ F(OAL = F(b) — F(a).

Now we present a chain rule from [3].

Theorem 2.1. Let f : R — R be continuously differentiable and suppose g : T — R is delta
differentiable. Then fog: T — R is delta differentiable and the formula is

(fog)(t) = g™ (t) [ /0 1 Fg(t) + hu(t)g™ (t))dh| .

The following results of nabla calculus are taken from [4,8,9].

If T has a right-scattered minimum m, then Ty = T — {m}, otherwise Ty = T. A function
f: T — Ris called nabla differentiable at t € T}, with nabla derivative fV(t), if there
exists fV(t) € R such that for any € > 0, there exists a neighborhood V of ¢, such that

[ (p(8)) = f(s) = FY()(p(t) = 5)| < elp(t) — s,
for all s € V.
A function f : T — R is said to be left-dense continuous (ld-continuous), provided it
is continuous at all left-dense points in T and its right-sided limits exist (finite) at all

right-dense points in T. The set of all 1d-continuous functions is denoted by Ci4(T, R).
The next definition is given in [4,8,9].

Definition 2.2. A function G : T — R is called a nabla antiderivative of g : T — R,
provided that GV (t) = g(t) holds for all ¢ € Ty. Then the nabla integral of ¢ is defined by

b
/ 9OVt = G(b) — G(a).

Lemma 2.1. [12]. Let f : R — R be continuously differentiable and g : T — R be nabla
differentiable, then f o g is nabla differentiable and the formula is given by

(70070 =670 [ [ #olp(0) + ho01g” ()an].

Now we present short introduction of the diamond-« derivative as given in [2,23].
Let T be a time scale and f(t) be differentiable on T in the A and V senses. For ¢ € ']I'ﬁ,
where ']I'ﬁ = T* N'Ty, the diamond-o dynamic derivative fo(t) is defined by
[t =af2H+ 1 -a)ft), 0<a <l
Thus f is diamond-« differentiable if and only if f is A and V differentiable.

The diamond-« derivative reduces to the standard A-derivative for o = 1, or the standard
V-derivative for a = 0. It represents a weighted dynamic derivative for o € (0, 1).

Theorem 2.2. [23]. Let f,g: T — R be diamond-« differentiable at t € T. Then



14 MUHAMMAD JIBRIL SHAHAB SAHIR

(i) f+g:T — R is diamond-« differentiable at t € T, with
(f £g)%(t) = fo(t) £ g° (1)
(7i) fg:T — R is diamond-a differentiable at t € T, with
(f9)°(t) = fo()g(t) + af()g™ () + (1 — @) f(t)g" (¢).
(13i) For g(t)g?(t)gP(t) # 0, 5 : T — R is diamond-« differentiable at t € T, with
<i)°‘* (1) = 1220970 (1) — af7(0)g” (g™ (1) — (1 — o) fP(t)g” (t)g" (1)
9 g(t)g” (t)g" (t) '

Definition 2.3. [23]. Let a,t € T and h: T — R. Then the diamond-« integral from a to
t of h is defined by

t t t
/ h(s) ©q s = a/ h(s)As+ (1 — a)/ h(s)Vs, 0 <a <1,
provided that there exist delta and nabla integrals of h on T.

Theorem 2.3. [23]. Let a,b,t € T, ¢ € R. Assume that f(s) and g(s) are oy-integrable
functions on [a,b]T. Then

(i) f;[f( )£ g(s)] oa s = f;f(s) Oa sk fal: 9(8) % 8;

(i) ft f(s)oas=c, f(s)oas;

(ii1) [, f(5)0as = —bfta f(s) oa s;

(iv) f;f( )Oas:faf(s)oas—l—flff(s)oas;

(v) J5 f(s)oas=0.

We need the following results.
Definition 2.4. [10]. A function f: T — R is called convex on IT = I N'T, where I is an
interval of R (open or closed), if

FOt+ (L= N)s) SAf() + (1 =N f(s), (2.1)

for all t,s € It and all A € [0, 1] such that At + (1 — A)s € Ir.
The function f is strictly convex on It if (2.1) is strict for distinct ¢, s € It and A € (0, 1).
The function f is concave (respectively, strictly concave) on I, if —f is convex (respec-
tively, strictly convex).

Theorem 2.4. [2]. Let a,b € T and ¢,d € R. Suppose that g € C([a,b|r,(c,d)) and
b
h € C([a,br,R) with [|h(s)] oa s > 0. If & € C((c,d),R) is convez, then generalized
Jensen’s Inequality is ‘
b b
J1h(s)lg(s) oa s | [1h(s)|® (g(s)) 0a s
Y <t . (2.2)
J 1A (s)] 0a s J 1h(s)] 0a s

a

If @ is strictly convex, then the inequality < can be replaced by <.
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Example 2.1. [2]. If we set T = ¢"° for ¢ > 1 and m < n, then
" n—1
[ 1@ ean=(a=1) 3 ¢laf@) + 1 - )f (g (23)
qm i=m

for m,n € Ny, where Ny is the set of nonnegative integers.

3. MAIN RESULTS

In order to present our main results, first we present an extension of Radon’s Inequality
by applying Jensen’s Inequality via time scales.

Theorem 3.1. Let w, f,g € C([a,b|r,R) be oq-integrable functions, where w(z), g(x) # 0.
(1) If >0 and v > 1, then

w( )L og o 7
(2 @) @llg@)P " 0az)™ ™ [ el (3.)

(R w@llg@h oaz)”™ ™ T 9(@)P?

(t7) If0 < B4+~ <1, then

Oq . (3.2)

(o @lg(a) ™ o a) ™ [} @l
71 -
(12 ket lg (@) oaz) o lo@)P

Equality holds in (3.1) and (3.2) if and only if f(x) = cg(z), where ¢ is a real constant.

Proof. We consider a function ® : [0,00) — R defined by ®(z) = 27+7, 2 € [0, 00), which is
convex for § > 0 and v > 1. Further we replace |h(z)| by |w(z)||g(x)|” and |g(x)| by ’%

) )

then Jensen’s Inequality given in (2.2) takes the form

x>m 12 () lg) | L)
)T @@ ea e

B+

f(z)
g(x) | °

< b fw(@)llg(@)]
a [Pw(@)]lg(z)][ 0
Then,

-~ B+ wla)| F(z)B+
(S @) f @llg@)P " oqx)” 2 @G o
<

3.3
(P le@llg@h oaz)” " L w@llg@)P o0 33

We multiply both sides of (3.3) by [ f |w(x)||g(z)|” 0o  and get the required result as given
n (3.1).

The inequality given in (3.1) is reversed for 0 < 5+ < 1.

It is clear that equality holds in (3.1) and (3.2) if and only if f(x) = cg(z).

Now the proof of Theorem 3.1 is completed. O

Remark 3.1. ff weset « = 1, T =7, w(z) =1, 8 =1,v =1, f(k) = 2x € R and
g(k) =y € (0,00) for k € {1,2,...,n}, n € N, then (3.1) reduces to (1.1).
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Remark 3.2. fweset a =1, T=2Z, w(x) =1,v=1, f(k) =z, € [0,00) and g(k) =y €
(0,00) for k € {1,2,...,n}, n € N, then (3.1) reduces to (1.2) and we get reverse version of
(1.2) for -1 < B <0.

Remark 3.3. f weset a =1, T =Z, w(z) =1, f(k) = x € [0,00) and g(k) = y € (0,00)
for k € {1,2,...,n}, n € N, then discrete version of (3.1) reduces to (1.3) and we get reverse
discrete version of (1.3) for 0 < B+~ < 1.

If we set T = R, then continuous version of (3.1) takes the form

dx.

_ Bty
(J2 (@)1 f @)l g (@) de) ) /b ()| f ()P
-1 B
(J2 (@) lg ) e « lg@
Ezample 3.1. 1f we set [a, bl = [¢™, ¢"] no for ¢ > 1 and m < n, where m,n € No.
(¢) If 5> 0 and v > 1, then (3.1) takes the form

B+

{Z g {alw(g)|If(@)lg(@) ™" + (1 = )fw(gHIIf (¢l )}

B4y—1

S falula)llola) + (1 - a)lula ) gla 1))
i { (@)If )\‘”’Y+(1_a)\w(q”l)\!f(q”l)\ﬁ”}'

l9(a")I? lg(q"+h)|P
(13) If 0 < B+ < 1, then (3.2) takes the form

n—1 ] ] ) ] B+
{Z ¢ {elw(@)f(@)glg) + (1 —a)lw(ql“)lIf(CJ’“)IIg(ql“)I”‘l}}

]54‘7_1

[im ¢’ {afw(g)llg(g) + (1 = a)lw(g™)llg(g™* 1)}

- { (@)IIf (g Iw(qi“)llf(qi“)lﬁﬂ}
l9(q")|? lg(q*1)]P '

Upcoming result is symmetric Rogers-Holder’s Inequality and its reverse version. Its

M

+(1—-a)

i=m

delta version is also given in [15].

Corollary 3.1. Let w, f,g € C([a,b]T,R) be oq-integrable functions.

T

b :
( | w@lis @@ o )
b o :
s(/ !w(w)!\f(w)\p%w> (/ \w(w)\!g(w)\qoaw> - (34)

(7) If%%—%:lwithp>0,q>0,r>0;p<0,q>0,r<00rp>0,q<0,7“<0, then
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) If%%—%:%withp<0,q<0,r<0;p>0,q<0,r>00rp<0,q>0,7“>0, then

([ tnsator o, z)
b oo :
z(/ |w<x>||f<w>|p<>ax> (/ |w<w>||g<w>|q<>ax> - (39)

Proof. Inequalities (3.4) and (3.5) are trivially true in the case when any of w, f or g is
identically zero. We prove (3.4) and (3.5) for w, f,g € C(Ja,b]r,R — {0}). First we prove
Case (a): If p> 0, > 0,7 > 0.
Set 3> 0,vy=1and f+1=2>1. Then result given in (3.1) takes the form

P

(@@l es)” [l (3.
(Ele@llg@) oaz)™ T lo@l

We replace |g(z)| by |g(z)|? in (3.6), then

S

(J2 lw(@)l1£ ()] o =) </ o
(f fote)llet )|q°°‘x)%_1_ a |g(a) (1)

Now taking power % > 0 and replacing |f(x)| by |f(x)g(z)|", then (3.7) takes the form

: :
( | @l @g@r o )
b ) v [ b
< ([ nsarswr o) ([uensre) " 6

Apply 7 + ¢ =1 and (3.8) reduces to (3.4).
Case (b): If p < 0,¢ > 0,7 < 0.
Set >0, y=1and f+1= 7> 1. Then result given in (3.1) becomes

3=
|
kS

(f2 @l @) oax)” [ lete D@7 (39)
T_] > T_1 o e ’
(e w@llg@)l oa )™ = lo@@)l*
We replace |£(z)| by |(z)[? in (3.9), then
(P e@lf@Peas)’ @l @)
/< 7T<>a;c, (3.10)
(J2 fw(@)llg(@)] oaz)” /a lg(a)l» ™!
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Now taking power 1 < 0 and replacing |g(z)| by |g(x)|?, inequality (3.10) becomes

b :
( / \w(w)\!f(w)!”oaw>
(/ [w(a) 1 @'t ) (/ w(a)lg(z |> SNEREY

Apply % +Z 7= 1, so we get our required result.
Case (¢): If p> 0,9 < 0,r < 0.
B_
Set >0,y =1and f+1=-L>1 Replacing |w(z)| by [w(z)|g(z)| U 1f(@)] by
|f ()79, |g(x)| by |f(a:)g(a:)|_TqT and taking power —% < 0 in (3.1), we get our required
result.

3=
3=

Now we prove reverse symmetric Rogers-Holder’s Inequality given in (i7) for all cases.
Case (a): If p < 0,q < 0,7 < 0, then proof of (3.5) is similar to the proof of Case: (a) of

(3.4).

Case (b): If p > 0,q < 0,7 > 0, then proof of (3.5) is similar to the proof of Case: (b) of
(3.4).

Case (c): If p<0,q > 0,7 > 0, then (3.5) follows by a similar proof as given in Case: (c)
of (3.4).

Thus, the proof is complete. O

Remark 34. It a = 1, T = Z, w(k) = \p > 0 for k € {1,2,...n} with 3> A\ = 1,
k=1

f(k) = ar € C— {0} and g(k) = b € C— {0} for k € {1,2,...,n}, then we ggt discrete
versions of (3.4) and (3.5) as given in [17, page 19].

Corollary 3.2. Let w, f; € C([a,blr,R — {0}) for i = 1,2,3 be o4-integrable functions.
3
II fi
=1

three nonzero real numbers p, q, r

Further assume that = M for some positive real number M. Let % + % + % =0 for

(7) If all but one of p, q, v are positive, then

([ e |> ([ 1wt |>
x (/ab\w(x)Hfg(x)\roax> > M. (3.12)

(#i) If all but one of p, q, r are negative, then

([ o |> ([ 1t |>
x (/ab\w(x)Hfg(x)\roax> <M. (3.13)

S 1=

Sl
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Proof. To prove part (i), let p > 0, ¢ > 0, r < 0 and we rearrange % + % —{—% =0 as
%E)—i—ﬁ:l,where b
Set $>0,y=1and 8+~ = —Lforp>0,¢g>0,7<0. Then result given in (3.1)

becomes .

(2 lw@Ilfi @) o) ™ @) @)

Bl Z Oq T 3.14
(@@l oas) * Ja 1@ (3.14)
We replace |fa(x)| by |f2(x)|? in (3.14) and get
b - .
U@l @l eas) ~ [ ElAEE -
(Riwtotoens) RS

Now taking power 5 > 0 and replacing | f1(z)| by | f1(z)f2(z)|™", inequality (3.15) takes the
form

( [ 1@l @) @) o ) ’"

s(/ w(@) LA @) ol o) ) (/ 0 (@) £2(2)]" o ) e

3
II fi
=1

real numbers p, ¢, r, inequality (3.16) reduces to (3.12).

Applying = M for some positive real number M and 1—1) + % + % = 0 for three nonzero

Proof of part (i¢) is similar to the proof of part (7). O
Remark 3.5. If r = —1 and M = 1, then (3.12) becomes

b
| @i @) @) 0a e

(/ 0 (@)1 ()P < ) (/ OGRS ) . (317

which is Rogers-Holder’s Inequality as given in [2, 18].

Remark 3.6. If « = 1, T = Z, w(z) = 1 and M = 1, then we get discrete versions of
(3.12) and (3.13) for three sets of positive values fi(k) = zy, fa(k) = yr and f3(k) = 2, for
ke {1,2,...,n} as given in [I, page 147].

The upcoming inequality is called Schlémilch’s Inequality in literature. We present here

direct proof of Schlémilch’s Inequality from extended Radon’s Inequality on time scales.

Corollary 3.3. Let w, f € C([a,b|T,R) be oq-integrable functions with f; lw(z)| 00 x = 1,
where w(x) #0. If ng > n1 > 0, then

1

b % b n2
(/ !w(w)!\f(w)\m%w) s(/ \w(xmf(w)rmoaw) . (318)
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Proof. Set B+~ = Z—? >1land g(x) =1in (3.1) we get

(f(fww !\J;ia /|w IF (@) o o (3.19)

As [P |w(x)] o0 = = 1, inequality (3.19) becomes

b n b 0
[w@lif@loas)” < [ To@llf@) o (320)
Replacing |f(x)| by |f(z)|™ and taking power n%’ inequality (3.20) gives our required claim.
]

Corollary 3.4. Let w, f,g € C([a,b]t,R) be on-integrable functions with f; lw(z)|oqx =1,
where w(x) # 0. If%—i—% <1 withp >1 and ¢ > 1, then

Lb\w<x>\rf<m><>roax<(/ fw(@)|[f (@ y) (/ ()| g(z ‘>

Proof. Letgo::%—l—%<1, (1 =pp <pand (o =g < q. Then Z & =1, where (; > 1.
i=1""
The rest of proof follows by applying Rogers-Holder’s Inequality as given in (3.17) and
by Schlomilch’s Inequality as given in (3.18). O
Now we present Theorem 3.1 in two dimensions by applying Jensen’s Inequality via time

scales. The diamond-« integral for a function of two variables is defined in [2, 3].

Theorem 3.2. Let w, f,g € C([a,b]T X [a,b]T,R) be on-integrable functions, where w(x,y),

g(z,y) # 0.
(1) If >0 and v > 1, then

(2 2 1wt )| )o@ o) oz oay)
(J2 12t ) lg e, )17 0 y)ﬁ“‘l
Bty

(i1) If 0 < B+~ <1, then

(2 2l )1 (@, 9)ll9(2, 9)] " 0a 0a y

(12 12 e ) lga, 97 o 00 y)wl

)5+7

B+

\g ( y !5
Equality holds in (3.21) and (3.22) if and only sz(:n, y) = cg(x,y), where c is a real constant.

Proof. Similar to the proof of Theorem 3.1. O
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Remark 3.7. Set f=1,v=1and 8+ 7 = 2. Then (3.21) takes the form

S T O Y. (3.23)

(J2 12 1otz )11 (2, 9)| 00 00 w) / /b iz, y)|Lf (@)

I I3 e, y)llg(2, y)| 0a @ 0a y l9(z,y)l
Now we replace |w(z,y)| by |w(z,y)g(z,y)|, inequality (3.23) takes the form

b rb
[ [ 1wl pligte ) ouwony

< </ab/:\w(x,y)Hf(m,y)y2 Sa T O y) (/ab/ab w(z, 1) |9(z,9) |2 0a T 0a y>. (3.24)

The inequality (3.24) is called Cauchy-Schwarz’s Inequality in two dimensions as given in

[3].

4. CONCLUSION AND FUTURE WORK

In this research article, we have presented dynamic inequalities on diamond-« calculus.
If we set a = 1, then we get delta versions of dynamic inequalities and if we set a = 0, then
we get nabla versions of dynamic inequalities. Also we get discrete versions of dynamic
inequalities, if we put T = Z and we get continuous versions of dynamic inequalities, if
we put T = R. Recently various results are developed concerning time scale calculus to
produce related dynamic inequalities. It is proved that many classical inequalities such as
Radon’s Inequality, the weighted power mean inequality, Schlémilch’s Inequality, Rogers-
Holder’s Inequality and Bernoulli’s Inequality are equivalent on time scales as given in [22].
Symmetric versions of Schlomilch’s Inequality are also given in [13,20,24]. Constantin’s In-
equality for nabla and diamond-alpha derivative is given in [12]. Some dynamic inequalities
using fractional Riemann-Liouville integral on time scales are presented in [21].

It will be interesting to present dynamic inequalities in more dimensions as we have pre-
sented here two dimensional versions of Radon’s and Cauchy-Schwarz’s Inequalities. We
can find inequalities using quantum calculus and «, 8-symmetric calculus. We can gener-
alize dynamic inequalities using functional generalization. We can also generalize dynamic
inequalities of this article using fractional Riemann-Liouville integral and time scales frac-
tional derivative.
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