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SOME GENERALIZED HERMITE-HADAMARD AND SIMPSON TYPE
INEQUALITIES BY USING THE p-CONVEXITY OF DIFFERENTIABLE
MAPPINGS

MUHAMMAD AMER LATIF! AND TINGSONG DU?

ABSTRACT. We derive a new integral identity for differentiable mappings. By using the
obtained identity as an auxiliary result, we present new Hermite-Hadamard type and
Simpson type inequalities for differentiable p-convex functions. Several special cases are
also discussed.

1. INTRODUCTION

Following inequalities are well known in the literature termed as the Hermite-Hadamard’s
inequality and Simpson type inequality, respectively.

Theorem 1.1. Let Y : S C R — R be a convex function on [e1,es] with e1,es € S and
e1 < ea. Then the following inequalities hold:

v (61 ; 62) = 2 i el /:2 Y(kydk < W' (L.1)

Theorem 1.2. Let Y : [e1,e2] — R be a four times continuously differentiable mapping on

(e1,e2) and HY(4)H 1= SUDke (e, o) Y4 (k)| < co. Then the following inequality holds:

€1,€2

17Y Y 1 €2
‘_ [ (61)+ (62) +92Y <61+62):| _ / Y(k‘)dk‘
3 2 2 €2 — €1 Jeq
1
< =
— 2880
For some results which generalize, improve, and extend the Hermite-Hadamard and Simp-
son type inequalities, one refers the reader to the recent papers (see [6,7,12,17-20]).

Let us evoke some basic definitions as follows.

HY(4)HOO (62 - 61)4. (12)

The harmonically convex functions are defined as follows.
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Definition 1.1. ([10]) A function Y : § C R\ {0} — R is said to be harmonically convex
function, if

ki
Y (m) <nY (k) + (1 —=n)Y(),

for all k,1 € S, n €0,1].

Some interesting and important inequalities related to harmonically convex functions can
be found in [4,5,9,11,13-15,21,22,24,25] and references cited therein.

Definition 1.2. [26] An interval S C R is said to be a p-convex set, if
Oy, L) = [nk? + (L= m)P)7 € 8,
for all k,1 € S, n € [0,1], where p=2k+1orp==",n=2r+1,m=2s+1and k,r,s € N.
Definition 1.3. [26] Let S be a p-convex set. A function Y : S — R is said to be p-convex
function, if
Y (Op(k,l;m)) <nY (k) + (1 =n)Y (1),
for all k,1 € S, n€0,1].

Clearly, for p = 1, Definition 1.3 reduces to the definition for classical convex functions.
For n = % in Definition 1.3, we have Jensen p-convex functions or mid p-convex functions.

Remark 1.1. [11] If S C (0,00) and p € R\ {0}, then
(k. Lin) = [k? + (1 =) ] € S,
for all k, { € S and n € [0,1].

According to Remark 1.1, Iscan presented the following amendment in the definition of
p-convex functions.

Definition 1.4. [11] Let S C (0,00) and p € R\ {0}. A function ¥ : S — R is said to be
p-convex function or Y is said to belong to the class PC (.9), if

Y (Op(k, 1)) <nY (k) + (1 =n)Y (1), (1.3)

for all k, I € S and n € [0,1]. If the inequality (1.3) is reversed, then Y is said to be
p-concave.

It should be observed from Definition 1.4 that the class of p-convex functions contains
the class of convex functions and harmonic convex functions defined on I C (0,00) when
p =1 and p = —1 respectively.

For some new recent investigations involving p-convex functions, see ([8,11,16,23]).

The main aim of this article is to establish new Hermite-Hadamard type and Simpson
type inequalities for mappings the absolute values of whose derivatives are p-convex. To
begin with, the authors will derive an integral identity for differentiable mappings. By using
this integral equality, the authors establish some new inequalities of the Hermite-Hadamard
type and the Simpson type for these mappings.
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2. MAIN RESULTS

In this section, we define the following conditions
A Let the mapping Y : S CR\{0} — R be differentiable on S° (the interior of \5).
B Let o = Z 7, where e1, ez € S with e; < ez, k € [e1, e2] and p € R\ {0}.
C LetY' € L2[61, e2], where L [e1, eo] is the space of all integrable mappings over [e1, ea].
D The mapping ’Y/‘] is p-convex on [e1,eq] for 7 > 1 and p € R\{—l,—%,O}.

E The mapping ’Y/‘] is p-convex on [e1,es] for j > 1, j # 2 and p € R\ {j]—l, LQ 0}
F The mapping ‘Y"j is p-convex on [eq, ez for 7 > 1,0 <n < j and p € R\ {0}.
We will consider the definition of p-convex functions given by Iscan [11] to prove our
results.
Next we derive a new integral identity.

Lemma 2.1. If the conditions A, B and C are satisfied and X\, p € R, then the following
equality holds
D1 (A1) =AY (e2) + (1= 1) ¥ (e1) + (1= N Y (k)

p__ (Y (k)
— dk
eh — e /e1 kl=p

62_61 !

== {/Oak (A=n)0p_1(e1,e2:m)Y (0, (e1,e2;1m)) dn

!

[ s e Y 6 cvesm)dn} - 21)

oy
1_
where 0,1 (€1, e2;n) = [nef + (1 — 1) e5]»

Proof. By integration by parts, we have
(657 ,
/0 (A=) bOp-1(e1,e2;m) Y (0 (e1,€2;m)) dn

_ _egp%e’f/oak (A=n)d[Y (6, (e1,e2:7))]

ay
62 61 0
P “’“Yw ( ))d
£ e1,e9;
eg —611) 0 p \€1,€2;7 n
p(X —ay) ApY (e2)
= —Wy (Hp (61,62;05]9)) + ﬂ
L[y, ))d
I €1,€9;
eg —611) 0 P 1,€2;7 Ui
pA—ap)Y (k) ApY (e2) p o
=gt t e g ), YO lnam)d (22)

€ — € € — €1 € — €1 Jo
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and

1 /
| =ty feresin) Y (6 (e, easm)) d

k

S pp p/al (e —m)d[Y (0, (e1,e2;m))]

(=) ' !
= —uY(ap (61,62;7’})) Y(ap (61,62;77))d77

ey — €l o €€ Jay
pA—p)Y(er)  p(p—op)Y (k) p !
= P _ P + P _ P TP _ P Y (0 (e1,e25m)) dn.  (2.3)
2~ €1 2~ €1 2~ €1 Jay

Adding (2.2) and (2.3), making use of the substitution k = [ne] + (1 —n) eg]% and multi-
plying the resulting equality by ep% we get the desired identity. O
2

D)
€1

Lemma 2.2. Let &, ¢>0,0<e; <es, o, €ER and p € R\{—l,—%,O}. Then

X1 (p,a, Bser,e2,€,¢) = /0 (a+ Bu) |§ —ul Op_1(e1,e2;u) du

e?plq +61176127V2+e§p 1133
(2p+1)(p+1) (e} —€B)

£=>c

2 2
— "’lp”ﬁelf"’g”te?p:‘“’g 0<¢<e,
(2p+1)(p+1) (el —eb)

where
v = — (2p2 +3p+ 1) pesal —p(cel + (1 —¢) eg)%
x (2B(p+1) —a& (202 +3p+1) +cla— 58 (2p+1)),
vy = pes (2p + 1) (206 + p (BE + 0 (26 — 1)) = p(cel + (1 — c) )
x (=28 (p+1) — 2¢(a + 2ap + B (p — & — 2pE))
+(2p+1) (20 +p (—a + 2a€ + B€)))
and

vs = —pey (2% (a + B) (€ = 1) + o +p (B + (3¢ — 1))

—pleet +(1=0) )7 (B(p+1) —2p* (a+B) (€~ 1) — af
+p (@ = 3a& — BE) +c(a+2pa — B(2p (€~ 1) + ).

Proof. The proof follows by straightforward computations. O
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Lemma 2.3. Let &, ¢ >0, o, B € R, r € {0} UN. Then the following equality holds

X2 (Oé,,B;é,C,T) :/(]c(a+,877) |£—u|rdu

£ ((r+2)a+88)— (€—) T ((r+2)a+B(cter+€))
(r+1)(r+2) ) §>c

(=" T ((r42)at BE) +(c—&)" T (r+2)atB(cterte))
(r+D(r+2) , 0<¢<e.

Lemma 2.4. Let ¢ > 0, a,F € R, a>1, a#2,0<e; < ey and p € R\{T;Ll,j;2,0}.
Then

X3 (a7ﬁ761762;07p7j)
= /0 (a + pu) 9;_1 (e1,e9;u) du

1
= 2 B } } :

(el —eb)" (2p—pj+34) (p—pj+7)
x {—peh P (e (2p = pj + ) o

. . 1—jtd
+eb (—aj — 2ap + pja—pB)] —p(ceh + (1 —c)eh) 77>

x [e} (—aj — jeB — 2pa + apj — cpB + picp)
+eb (aj + jeB + 2ap — apj + pB + cpB — cBpj)]} .

Let us start to establish the results of this paper.

Theorem 2.1. If the conditions A, B, C and D are fulfilled, then the following inequality
holds true for all A, u € [0,1]

Y (e2) + (1= )Y (er) + (= V)Y (k) - SR a0

dk’

eh — e _1
S 2p 1{[Xl(p7170;617627)‘7ak)]1 J

. L

/ J / VAW

X (Xl (p,l,—l;el,GQ,A,Qk)‘Y (61)’ +X1 (p,0,1;€1,€2,)\,0ék;)‘y (62)’ >]
_1 ’ J

+[X1 (p,1,0;62,€1,1—,u,1—0ék;)]1 J (Xl (p,0,1;€2,61,1—,u,1—04k;)‘y (61)‘

1
/ AW
+X1 (p,l,—1;62,61,1—,U,l—Oék;)’Y (62)‘ )J}7 (24)

where x1 (p, o, B €1, e2,&,¢) is defined in Lemma 2.2.
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Proof. Taking the absolute value on both sides of the result in Lemma 2.1, applying the

VA
power-mean inequality and using the p-convexity of ‘Y ,J > 1, we have

p_ P
€€

(6% ,
@Ol < 2D ], (erveasn) [V (0 ex,eain)) dn

1 !
+ [ | —=n]0p—1(e1,e2;m) ’Y (6, (61,62,?7))’6177}

A

b o 1-1
< <%> {(/0 IN—n[0p—1 (e1,e2;n) dn) J

< ([ =0l Gper (erseaim [y enf + =) ¥ e dn>%

1 1-3
+ </ =] 0p—1(e1,e2;m) d77>

k

k

1
1 / j / j i
< ([ o=l erenim) [n]y e + 1= | (e2)f'| an) } . @5)
By applying Lemma 2.2, we observe that

Qg
/0 IA—=n]0p—1(e1,e2;m)dn = x1(p,1,05e1,e2,\, 1),

1
/ | — | 0p—1 (e1,e2,m) dn

k

1—oy
= /0 |1 A 77| prl (62,61777) d77 = X1 (p’ 1)0;625615 1- Ky 1- ak)a
ag
/O n ‘)‘ - 77‘ Hp—l (61762777) dn = X1 (p707 17 61,62,)\,Oék),

ag
/0 (1 - 77) ’)‘ - 77‘ Hp—l (617 62777) dn = X1 (p7 17 _17 €1,€2, )‘7 (Xk) B

1 1—ay
/ Nl —mnl0p-1(e1,e2,m)dn = /0 (L=n) [T —p—n|0p_1(e2,e1,m) dn
ay
= X1 (p7 17_13627617 1- M, 1-— Oék)

and

1 1—ag
| ==ty ereaman= [ 01— p—nlf1 (cacer.m) dn

k

= X1 (P7071§€27€1,1—M,1—04k).

By applying the above integrals in (2.5), we get the required inequality. O
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1
Corollary 2.1. If 0 < A < 3
following inequality holds valid for p € R\ {—1, _%’ 0}

1
v 2 Y (k
)_ep (k)

1
P Y2
<wuw<l j=1and k = [@}pm Theorem 2.1, the

D D
€] + €5

P D 1
9—€1 e, KTP

AY(€2)+(1—M)Y(€1)+(M—)\)Y(

eh —er 1 1 /
S 2 D 1 {|:X1 ( 717_1;617627)‘75) +X1 (1%071;6276171—/%5)] ’Y (61)‘

1 1 /
+ |:X1 (p7071;617627)‘7 5) +X1 ( 717_1;6276171 _M7§):| ‘Y (62)‘}7 (26)

where x1 (p, o, B e1,e2,&,¢) is defined in Lemma 2.2.

. el +eb % 1 1
Proof. Since for k = {T} , ap = 5 and 1 — ap = 5. Hence the proof follows from the

result of Theorem 2.1. O

Corollary 2.2. If A =0 and =1 in Corollary 2.1, the following Hermite- Hadamard type
inequality for p-convex functions holds for p € R\ {—1, —%, 0}

1
vilate|")  _p [2YE
2 eh —ev kl-p
2 1/er

p_ P
ey — €

1 1 ,
< ’ ! {{)ﬂ (pal,—1;€1,€2,0,§> + X1 <P,0,1;62,€1,0,§>} ’Y (61)‘

1 1 /
+ [Xl (p7 071;61762707 5) +X1 ( 717_1;62761707 5)] }Y (62)‘}7 (27)

where x1 (p, o, B €1, e9,,¢) is defined in Lemma 2.2.

Proof. 1t is a direct consequence of Corollary 2.1. O

Corollary 2.3. If we set A = p = % in Corollary 2.1, the following Hermite-Hadamard

type inequality for p-convex functions holds for p € R\ {—1, —%, 0}

Y(e2) +Y(e1) p Y (k)

— dk
2 eh —el Je, Kl ‘
eh — el 11 11 /
<2 1 1,—1; ——> <01- ——ﬂy
= P {|:X1 <pa ) a615625252 +X1 p,Y, a625615252 (61)‘
11 11 /
+ X1 p,051;61562a§a§ +X1 p,15_1;62,61)§?§ Y (62)’ ) (28)

where x1 (p, o, B e1,e2,&,¢) is defined in Lemma 2.2.

Proof. 1t follows from Corollary 2.1. U
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Corollary 2.4. If we set A = % and w= 5 in Corollary 2.1, the following Simpson type
inequality for p-convex functions holds for p € R\ {—1, —%, O}

Y(62)+Y(61)+2Y([e’f%—eg]%)] . p €2 Y(k)dk

2 2 b —el Je, Kl-p

D D
< 1,—-1; + 0,1; — =Y
~ D {|:X1 (p7 B 76176276 2) X1 (p7 ) 7627617672 ’ (61)‘

11 11 /
+ [Xl ( 70 y€1,€2, = 6 2) +X1 ( 717_17627617 675)] }Y (62)‘}7 (29)
where x1 (p, o, B e1,e2,&,¢) is defined in Lemma 2.2.

1
3

Remark 2.1. By choosing p = 1, we can get some new Hermite-Hadamard and Simpson
type inequalities from the result of Theorem 2.1 and its related inequalities.

Theorem 2.2. If the assumptions A, B, D and E are fulfilled, then the following inequality
holds true for all X, p € [0,1]

w559 o )]

. / J . / J\7
< (6 0. 1enenanp ) Y (@) +x (L -Tienenanp ) [V ()] )

. 1—1 .
. ’ J
oo [ £ 7 sttty

L
. / J\J
+X3 (0’1;62,61,1_ak’p’j)‘y (62)’ >]}? (210)

where x2 (o, 5; &, ¢,r) is defined in Lemma 2.3, x3 (o, 5,e1,e2;¢,p,7) is defined in Lemma
2.4 and | k| is the floor function.

Proof. From the result in Lemma 2.1, applying the Hoélder’s inequality and using the p-
j, j > 1, we have

convexity of ’Y/

P P
€6

\«bm,mws( ){/0 A=l (er,e2,m) [Y (0 (ex, e2,m)] d

/akm 0, enen) 1 By erenman < (421)
(o) (ot
# ([ = ) (/e< D oY el + 1|y 62\]@)%}.

(2.11)
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By applying Lemma 2.3 and Lemma 2.4 we have that

" rnfEdn < [ [ gll) J
/ A —nli-T dné/ |A = nlti=Tddn = x2 (1,0;/\,%7 {—D
0 0

7—1

1 ¥ 1= i
/ [ —n]iT dn:/ 1 —p—n|7=Tdn
(652 0

<2 (1,0;1—u,1—ak, {LD
7j—1

/O 779]];_1 (61,€2a77)d77:X3 (0,1;61,62,Qk,p,j),

(657 .
/0 (1 - 77) 9].];—1 (617 62777) dn = X3 (17 _17 €1, 62,04k,p,j) 3

1 . 1—ay .
/ 779;])71 (61,62577) d77 = /0 (1 _77) 9'17)71 (62,61,’[’]) d’l’]

k

= X3 (15 _1;62,61,1 - ak’p’j)

and

1 1—ay .
/ (1=n)6)_ (e1,e2,m)dn = /0 6y, (e2,e1,n) dn

k

= X3 (071;6276171 - almpuj) .

By using the values of the above integrals in (2.11), we get the required inequality.

31

O

Theorem 2.3. If the assumptions A, B, C and E are fulfilled, then the following inequality

holds true for all X\, p € [0,1]

ch—f i\
‘ék ()\,,LL)‘ < X3 1,0;61,62,04].;;,[),.—
p 7—1
1

: <X2 (0, Lo, L)) ’Y/ (61)‘j +x2 (1, —1; o, | 5]) ‘Y/ (62)’j>7

. 1—1 .
. ’ J
+ |:X3 (170;6276171_04]67]97 Jjj):| ' (X3 (17_171_ak7£]J)‘Y (61)}

+x3 (0,151 — ag, [7]) ‘Y/ (62)’j>%} . (212)

where x2 (o, B; €, ¢,1) is defined in Lemma 2.3, x3 (o, B,€e1,€2;¢,p,7) is defined in Lemma

2.4 and |k| is the floor function.
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Proof. Taking the absolute value on both sides of the result in Lemma 2.1, applying the
Holder’s inequality and using the p-convexity of ’Y/’], 7 > 1, we have

eb —e? ap I 1-3
‘q)k ()\,,U,)‘ S ( 2 1) ( 0]]):11 (61762777)d77)
p 0
. . 1 ; 1—1
Ak j / ] / ] J 1 J—% J
(L=l [y e +a=m Y e [an) + ([ 07 e mn
ag

(=l oy @0f + a= v el dn>%}- (2.13)

By applying Lemma 2.3 and Lemma 2.4 and using similar arguments as in proving Theorem
2.2, we get the desired result. O

Theorem 2.4. If the assumptions A, B, C and F are fulfilled, then the following inequality
holds true for all A, u € [0,1]

PP . 1-1
B (A ) < [ 24 [m(l,o;el,ez,mak,v "Jp)} ’
p j—1
1

’ 7 ’ J\ 7
X (X4 (0,1;e1,e2, N\, o, [ ] , D) ‘Y (61)} + x4 (1,—1;e1,e2, A, au, 2], D) ‘Y (62)} )J

. 1-1
+ |:X4 (1707 6276171 _M71 - O, \‘HJ 7p):| '

/ J
X <X4 (15 _1;625615 1- Hy 1-— Qf, LnJ ap) ‘Y (61)‘

1
/ J\7
+xa (0,1, e,€1,1 = i, 1=y, [n] ,p) [Y (e2)] )} . (214)

where | k| is the floor function.

Proof. Using Lemma 2.1, applying the Holder inequality and using the p-convexity of ’Y/ ],

j > 1, we have

P _ P Qg i 1-1
[P (A, )| < (%) {(/0 \)\—U’j%lep—l(ehez;??) dn) '

(st bl @ sl o] 8)

1 j=n 1_%
+ </ = n] =T Op—1 (€1, €2;7) dn)
ag

1 n , j
< (=l ey oY )

k

s (eQ)H dn> " (215)
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Let
x4 (o, Bier,e2,€ ¢,m,p) = /Oc (a+ Bu) |€ —ul" Op—1 (e1,e25n) du
Jo (a+Bu) (€ —w) Op1 (e1,e25u)du, €=,
: { Jo (a4 Bu) (u—=€)" 0,1 (e1,e2;u)du, 0<E<c,
where p, a, f € R, 0 < e <e3,§, ¢>0,p#0and r € {0} UN. The above integral can be

solved numerically by using the software Matlab or Mathematica. By using this integral,
we have the following observations

A i=n | —n
/0 A —=n|i1 0,1 (e1,e2;m) dn < xa (170;61762,)\70%, BjJ 717) ,

1 izn 1=y, izn
L=l Oy teneamydn = [ == 0l G (e
e

k

SX4 (170;62,61,1_,U,1_04k7 \‘J_”]?J 7p>7
J—

(&9
/0 (1 —=n) X —=n|"0p—1 (e1,e2;m) dn < x4 (1,—1;€1,€2, \, g, 1] ,p)

ag
/0 n ’)‘ - n’nep_l (617 62§77) dn < X4 (07 17 €1, €2, )\,Oék, I_nJ 7p) s

1
/ nlpw—nl"0p—1(e1,e2;5m) dn < x4 (1, —1iez,e1,1 — p, 1 — o, 0] ,p)
ag

and

1
/(1—WW—HW%4@h@mﬁMSxMQmehl—ml—amWLm,
[0

k
where |k| is the floor function. By using the above inequalities in (2.15), we get the
inequality (2.14). O

Theorem 2.5. If the assumptions A, B, C and E are fulfilled, then the following inequality
holds true for all A, u € [0,1]

p__ P . _1 1_1_
D (A )] < [ 22 [X4(17O§€17€27)\704k7\“j J,(‘y. )p)] ’
D Jj—1 Jj—p
1

. / J . / J\ 7
< (6 0L eresanpd) [V @] +xa (-t enpand) [V (e)])

1
+|:X4(1,0;€2,€1,1—M,1—04k,\“] Ja(] )p):| ’
J=11" Jj-p

1
N | J N | AW
x <><3 (1, =1 e2,e1:1 = g, p, ) [V ()] + x5 (0,1, €2, €131 = g, p, ) [V (e2)] ) }
(2.16)
where | k| is the floor function.
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Proof. From Lemma 2.1, applying the Holder’s inequality and using the p-convexity of ’Y/ ],

j > 1, we have

P P
€~ €6

|Pr (A, )| < ( ) {/Oak IA—=n[0p—1(e1,e2,n) ‘Yl (0p (61762;77))‘ dn

1 /
[ =l (ensea) [Y 0 e an}
oy

1
ep _ eP (e _J_ % 1_?
< (%) (/0 A =n|7T 6] (e1,ea;m) d77>

([t o 0 )

1 i 1_%
+ (/ =71 6,75 (e1,e2;m) dn)
ay

1
L / j / j i
([ s tevessm ay ol + a=m]y e | an) £ @211
ag
By using Lemma 2.4 and similar arguments as in proving Theorem 2.4, we get the result
given in (2.16). O

Remark 2.2. If 0 < A < % <p<l,j=1land k= %, one can derive some interesting
Hermite-Hadamard type inequalities form Theorem 2.2-Theorem 2.5.

3. CONCLUSIONS

In this manuscript, we have established a new generalized identity for differentiable map-
pings. Some auxiliary results are also obtained. By using the p-convexity of the powers
of the absolute value of the differentiable mappings and mathematical analysis, we have
presented some new Hermite-Hadamard and Simpson’s type inequalities. The obtained re-
sults are new in the field of inequalities and we expect that the results are useful for the
researchers working in the field of mathematical inequalities, numerical analysis and other
areas of pure and applied mathematics.
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manuscript.
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