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SOME PROPERTIES OF GENERALIZED NIELSEN’S g-FUNCTION
WITH DOUBLE PARAMETERS

JUMEI ZHANG!, LI YIN?, AND WENYAN CUI®

ABSTRACT. In this paper, we show complete monotonicity and convexity for (p,k) -
generalized Nielsen’s -function with double parameters, and some inequalities are ob-
tained. Moreover, the monotonic properties can be generalized to the m-order derivative
of it.

1. PRELIMINARIES AND INTRODUCTION

A function f is said to be completely monotonic on an interval I if f : I — R has
derivatives of all orders on I and satisfies (—1)"f(™(z) > 0 for z € I and n > 0. If
f: I — R is positive and (—1)"[In f(x)]™ > 0, then we call f a logarithmically completely
monotonic function. There are the following relations between the above functions:

(1) a function f is completely monotonic on (0, 00) if and only if it is a Laplace transform,

that is, there is a positive measure v on (0, 00) such that

flz) = /OOO e~ du(t), x> 0,

(2) the set of all logarithmically completely monotonic functions is a strict subset of all
completely monotonic functions. For the background and application, the readers may see

(L-3).

The classical Nielsen’s S-function can be defined as ([6-9, 13, 14])

1 4z—1
8a) = [ Tyt (11)

o] e—a:t
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_y- D 1.3
;]n+£ﬂ’ (1.3)

() -+

where z € (0,00), ¢¥(z) = % InT'(z) is the digamma or psi function and I'(x) is the Euler’s

Gamma function. It satisfies the following recursive relations:
1
Bla+1) = — f(a), (15)

Bla)+B(1 —x) =
The Nielsen’s g-function has been vastly researched (see [8-13]). Recently, K. Nantomah

(1.6)

sinma’

studied the inequalities and properties of a generalization of the Nielsen’s function in [14]. In

the paper, we will follow the techniques and procedures in [8] to study a (p, k)-generalization

of the Nielsen’s S-function function. The notations N = {1, 2, 3, 4, --- } and Ng = NU{0}.
The Gamma function I', (x) can be defined as

N R \?
I = t*7 1 —— | dt 1.
p7k($) /0 ( pk) ’ (1.7)

here k, x € (0,00), and p € N. Some properties of I', ;(x) has been proved in [15], such as
Tpr(k) =1, Tpi(r + k) = 852 T, (@), and Ty (ak) = EELEATIT, (), a € (0,00).
2. THE GENERALIZATION OF THE NIELSEN’S 3-FUNCTION

We discuss some properties and inequalities of a (p, k)-generalized Nielsen’s S-function
in this part.

Definition 2.1. The (p, k)-generalized Nielsen’s S-function can be defined as

11— t2k(p+1) 1d
= — 1y 2.1
Bal@) = | , (2.1)
o0 1 _ 6—2k(p+1)t .
— S etgy 2.2
| e (22
B z”: ( 1 B 1 ) (2.3)
_n:O onk+x 2nk+k+zx)’ ’

Lo () ()

where k, € (0,00), and p € N, ¢, 1(2) = L InT) 4 (z) and  lim B, x(z) = B(x).

p—oo, k=1
Remark 2.1. Using series and integral representations of the function I', ()

P (m)—ilnr —lln( k:)—zp: !
P A —nk+zx

1 01— e—k(IH‘l)t ot
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we easily obtain

B () ==

i (55) o ()

DO | —
—

DO | —

—N—

1 1
2nk+x_2nk+k+x)

[oe} 1_efk(p+1)t —I—+kt
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1—e —2ku _ 672ku
o0 1 —Zk‘ p+1) ’ ’
o —t
—/ R dt(e™" =u)
11 _ 2k(p+1)
= / e — A
1+tk

e—k(p+1)u 0 | — ¢~ 2k(p+1)u
e~V dyy — / 16—67(m+k)udu
0
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Theorem 2.1. For x > 0 and m € Ny, the (p,k)-generalized function By (x) has the

following properties:
(1) ﬂl()? (x) is decreasing and positive if m is even;

(2) ﬁl()";) (x) is increasing and negative if m is odd;

(3) \,BZ(:Z) (x)| is decreasing for all m.

Proof. By (2.2), we can obtain

and
1 _ e—2k(+1)t

MmN o _ymtl [T m ot
(6p7k(x))—( 1) /Ot Trek € dt.

If m is even, (2.5)>0 and (2.6)<0; if m is odd, (2.5)<0 and (2.6)>0.
So,

m 0 1— —2k(p+1)t
0 e

Hence we achieve the conclusions.

(2.5)

(2.6)

2.7)
]

Theorem 2.2. For x > 0 and m € Ny, the (p,k)-generalized function By (z) has the

following properties:
(1) Bpi(x) is completely monotonic;
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(2) ﬂz(;z) (x) is completely monotonic if m is even;

(3) _51(:2) (x) is completely monotonic if m is odd.

Proof. By (2.5), we get

Lalm+l), \ v [Cmul—e —at
If m is even, (2.8)>0; if m is odd, (2.8)<0. By the definition of completely monotonic, we
achieve the conclusions. O

Theorem 2.3. For x > 0 and m € Ny , the (p,k)-generalized function By, (x) has the
following properties:
(1) ﬂz()tz) (x) is convex if m is even;
2 ﬂ(m) x) is concave if m is odd;
.k
(3) \,BI()?;) (x)] is convez for all m.

Proof. By (2.2), we get

) — o 2k(pt+1)t
(m) " amt2) N m+2 my2l —e ’ —t
(/Bp,k (90)) =By (x)=(-1) /0 L B T dt. (2.9)
If m is even, (2.9)>0; if m is odd, (2.9)<0.
m " gl — e~ 2k(p+1)t .
The proof is complete. O

Theorem 2.4. The generalized function By (x) satisfies the inequality
(%Jrﬁ) € Y m n
Bpi " (5 + g)‘ < ‘ﬁ,(,,k)(x) ﬂ,(,k)(y)

fora>1,b>1 >0, y>0,m, ne€ Ny andé—i—%:l.

1 1
a b

: (2.11)

Proof. By (2.5) and Hélder’s inequality, we get

(48 (T Y
Bk * <g+g>
—2k 1
N t%+%1_e (p+1)t

o o0 ,£+Et
=/ D TR ¢

1
_ /oo 1 — e 2k(+1)t — a (1 _ g—2k(p+1)t g dt
0 14 ekt 14 ekt

a

S
|3

=

e Vtdt

001 — —2k(p+1)t
/ e—tme_xtdt
0

01— 672k(p+1)t
14 ekt /0

1+ e

1 1
a b

=850 @)]" |85 w)
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Corollary 2.1. When m = n is even in Theorem 2.4, then B, (x) satisfies

A (5 +) = () () 212

which indicates B, j(x) is logarithmically convex. The inequality (2.12) also can get from
Theorem 2.3.

Particularly, if a = b = 2, x = y and m = n+2 in Theorem 2.4, we achieve the inequality
+1 +2
8D ()| < |80 ()] 807 (@) (2.13)
Hence, let m =0 in (2.13), we can get

(B (9”))2 < Bp (@) Bp (), (2.14)

p.k(T)

S . B . .
which indicates 22— is increasing.
ﬁp,k(x)

Theorem 2.5. The generalized function (), ;(x) satisfies

1
(|850 @]+ |80 W) < o @)
forb>1, >0, y>0, and m, n € Ny.
Proof. By (2.5) and the Minkowski’s inequality, we get
1
(I8 @]+ |82 w)])°

co ] _ p—2k(p+1)t et i
= / e g 7:’3dt+/ B =T ———e Yt
0 € e
b
0o 1— e—Zk‘(p—l—l) % 1— e—2k‘(p+1)t %
— / thefmt + theiytdt dt
0 € e
— 1 b
00 1— e—2k(p+1)t o b 1— 6—2k(p+1)t ot

1
01 _ ef2k(p+1)t b 00 1 — e*2k(p+1)t
< — M "t / ——t"e Yt
_</0 T+em ‘ b Tarem T°

= |8 @[" + |8 )[?

1
- (2.15)

1
b ’

o=

IN
Sl
o=

=

Theorem 2.6. The generalized function By (x) satisfies

(80 )] < 802 (@)87 () (2.16)

for x>1, y>1, and m € Ny.
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Proof. If m is even, ﬂz()";) (x) is decreasing and positive by Theorem 2.1, hence we can get

0< B (ay) < B (@),
and

0 < BYY (xy) < BIY (),
for > 1and y > 1, so

m 2 m m
80 (ay)]” < B )85 ().
If m is odd, ,BI()?;) (x) is increasing and negative, then
By (x) < By (ay) < 0,
and

8 (y) < B (zy) <0,
for > 1and y > 1, so

(80 )] < 802 (@)% (w).

Hence we achieve the conclusions. O
The Theorem 2.6 can be generalized as:
Theorem 2.7. The generalized function (), ;(x) satisfies

i (1)
=1

n

(2.17)

<TI |85 ()
=1

forme No,ne Nandx; >1, i =1, 2, ---, n.

n

Proof. For ] x; > x; when x; > 1, and we can get ]ﬂl()? (x)| is decreasing for all m € Ny
i=1 ’

by Theorem 2.1, hence

n
0< ﬁ;%) (HCCZ) < ‘ﬁ(z) (x)], Il=1,2, -, n
i=1
Product the above inequalities, we can get (2.17). O

3. CONCLUSION

In this paper, we define a new two-parameter generalized Nielsen’s (-function, obtain
the function f, () is convex and completely monotonic. The completely monotonicity,
convexity and some inequalities can be generalize to the m-order derivatives ﬁl()z) (z). In
addition, the results are very important in evaluating some integrals.
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