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A GRÜNBAUM TYPE INEQUALITY FOR k-GAMMA FUNCTION

LI YIN1

Abstract. In this paper, we mainly prove a Grünbaum type inequality for k-gamma
function, and also show a characterization of generalized Euler-Mascheroni constant γk.
This extends and generalizes the main results of Alzer and Kwong.

1. Introduction

The Euler gamma function is defined all positive real numbers x by

Γ(x) =

∫

∞

0
tx−1e−tdt.

The logarithmic derivative of Γ(x) is called the psi or digamma function. That is

ψ(x) =
d

dx
ln Γ(x) =

Γ′(x)

Γ(x)
= −γ −

1

x
+

∞
∑

n=1

x

n(n+ x)
,

where γ = 0.5772 . . . is the Euler-Mascheroni constant. The polygamma functions ψ(m)(x)

for m ∈ N are defined by

ψ(m)(x) =
dm

dxm
ψ(x) = (−1)mm!

∞
∑

n=0

1

(n+ x)m+1
, x > 0.

The gamma, digamma and polygamma functions play an important role in the theory

of special functions, and are closely related to factorial, fractional differential equations,

mathematical physics and crops up in many unexpected place in analysis. The reader may

see references ([8–11,16–21,34,35] ). Some of the work about origin, history, the complete

monotonicity, and inequalities of these special functions may refer to ([1–4, 6, 7, 12–15, 22–

31,36,37]) and the references therein.
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In 2007, Díaz and Pariguan [10] defined the k−analogue of the gamma function for k > 0

and x > 0 as

Γk(x) =

∫

∞

0
tx−1e−

tk

k dt = lim
n→∞

n!kn(nk)
x
k

−1

x(x+ k) · · · (x+ (n − 1)k)
,

where limk→1 Γk(x) = Γ(x). Similarly, we may define the k−analogue of the digamma and

polygamma functions as

ψk(x) =
d

dx
ln Γk(x) and ψ

(m)
k (x) =

dm

dxm
ψk(x).

It is well known that the k−analogues of the digamma and polygamma functions satisfy

the following identities (See [10,32,33,40,41])

Γk(k) = 1, (1.1)

Γk(x+ k) = xΓk(x), x > 0, (1.2)

ψk(x) = ln k−γ
k

− 1
x

+
∑

∞

n=1
x

nk(nk+x)

= ln k−γ
k

−
∫

∞

0
e−kt

−e−xt

1−e−kt dt,
(1.3)

and

ψ
(m)
k (x) = (−1)m+1m!

∑

∞

n=0
1

(nk+x)m+1

= (−1)m+1
∫

∞

0
1

1−e−kt t
me−xtdt.

(1.4)

At present, these functions have been extensively studied. In [38], L. Yin, L.-G. Huang, X.-L.

Lin and Y.-L. Wang established a concave theorem and some inequalities for k- digamma

function. Furthermore, L. Yin, L.-G. Huang, Zh.-M. Song and X.-K. Dou [39] showed

several monotonic and concave results related to the generalized digamma and polygamma

functions. Their results extends and generalizes the main results of Qi and Guo [12]. In

addition, it is worth noting that Krasniqi, Mansour, and Shabani presented some inequalities

for q-polygamma functions and q-Riemann Zeta functions by using a q-analogue of Hölder

type inequality in [20].

Very recently, Alzer and Kwong [5] presented an elegant Grünbaum type inequality for

gamma function: For x, y, z ≥ 0 with x2 + y2 = z2, then the inequality

1

(1 + x)aΓ(1 + x)
+

1

(1 + y)aΓ(1 + y)
≤ 1 +

1

(1 + z)aΓ(1 + z)
(1.5)

holds true if and only if a ≥ γ. It is natural how to extend inequality (1.5) to k-gamma

function. In this paper, we shall give a k-analogue of inequality (1.5).

Definition 1.1. Let γk = −kψk(k) = γ − ln k be the k-analogue of the Euler-Mascheroni’s

constant. γk is the so-called generalized Euler-Mascheroni’s constant. It is easily obtained

that γk → γ as k → 1.

Remark 1.1. It is noting that Nantomah defined a new (p, k) - analogue of the Euler-

Mascheroni’s constant by Cp,k = −ψp,k(1). So Ck = −ψk(1). This is another definition of

k-analogue of γ.
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2. Lemmas

Lemma 2.1. For k > 0, we have

ψk(x) =
ln k

k
+
ψ(x/k)

k
. (2.1)

Proof. Taking logarithms and differentiating on both sides of the following formula (2.2)

(see [10])

Γk(x) = k
x
k

−1Γ

(

x

k

)

, (2.2)

we can easily obtain the proof. �

Lemma 2.2. Let k > 0 and G : [1,∞) → R be differentiable such that t →
G′(k+t)

t
is

strictly increasing on (0,∞). Then, for all x, y, x1, y1 with 0 < x1 ≤ x ≤ y ≤ y1 and

x2
1 + y2

1 = x2 + y2, we have

G(k + x) +G(k + y) ≤ G(k + x1) +G(k + y1). (2.3)

Proof. The proof is completely similar to Lemma 2.1 in [5]. So we omit it for the sake of

simplicity. �

Lemma 2.3. For k > eγ−1 = 0.655 . . ., the function

Wk(x) =
γk

x(k + x)
+
ψk(k + x)

x
,

is positive and decreasing on (0,∞).

Proof. Direct calculation yields

x2W ′

k(x) = xψk(k + x) − ψk(k + x) −
γk(k + 2x)

(k + x)2
= Rk(x), (2.4)

and
R′

k(x)

x
= ψ′′

k(k + x) +
2γk

(k + x)3
. (2.5)

Using formula (1.4) and
1

xα+1
=

1

Γ(α+ 1)

∫

∞

0
tαe−xtdt, (2.6)

we have
R′

k(x)

x
= −

∫

∞

0
t2e−(x+k)t 1 − γk + γke

−kt

1 − e−kt
dt < 0.

In fact, put

A(t) = 1 − γk + γke
−kt, k > 0.

Direct computation yields

A′(t) = −kγke
−kt < 0.

This gives

1 − γk + γke
−kt

≥ A(0) = 1 − γk > 0.

This implies that the function Rk is strictly decreasing on (0,∞). Thus Rk(x) ≤ Rk(0) = 0.

This leads to W ′

k(x) < 0. It means that Wk is strictly decreasing on (0,∞). Therefore, we

have Wk(x) > Wk(∞) = 0. The proof is complete. �
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3. Main results

Theorem 3.1. Let k > eγ−1, then the inequality

1

(k + x)αΓk(k + x)
+

1

(k + y)αΓk(k + y)
≤

1

(k + z)αΓk(k + z)
+

1

kα
(3.1)

holds true for all x, y, z ≥ 0 with x2 + y2 = z2 if and only if α ≥ γk.

Proof. Let α ≥ γk. Apply Lemma 2.2 with x1 = 0, y1 = z and λk(x) = 1
xαΓk(x) , it remains

to show that µk(x) =
λ′

k
(k+x)
x

is strictly increasing on (0,∞). Simple computation results

in

−µk(x) = pk(x)[qk(x) +Wk(x)]

with pk(x) = 1
(k+x)αΓk(k+x) and qk(x) = α−γk

x(k+x) . Lemma 2.3 implies that qk(x) + Wk(x) is

positive and decreasing on (0,∞). Next, we have

(x+ k)p′

k(x) = −pk(x)

[

α

x(k + x)
+
ψk(k + x)

x

]

< 0.

This implies that the function pk is also strictly decreasing on (0,∞). It follows that the

function µk is also strictly increasing on (0,∞).

On the other hand, let

Ωk(x) =
1

(k + z)αΓk(k + z)
+

1

kα
−

1

(k + x)αΓk(k + x)
−

1

(k + y)αΓk(k + y)
.

Then

Ωk(x) ≥ Ωk(0) = 0.

It follows that

Ω′

k(0) =
α+ kΓ′

k(k)

kα+1
> 0.

Furthermore, we have

α ≥ −kΓ′

k(k) = −k
Γ′

k(k)

Γk(k)
= −kψk(k) = γk

since Γk(k) = 1. The proof is complete. �

4. Additional comments

If we consider generalized Euler-Mascheroni constant Ck, we also may obtain similar

Gaünbaum type inequality.

Proposition 4.1. For k > 0, the following inequality

1

2
< Ck <

1

2
+

k

12
(4.1)

holds true.
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Proof. Using Lemma 2.1 and the estimation of digamma function[13]

1

2x
−

1

12x2
+ ln x < ψ(x+ 1) <

1

2x
+ lnx, (4.2)

we have
1

2
+

ln k

k
< −

1

k
ψ

(

1

k

)

<
1

2
+

ln k

k
+

k

12
.

The proof is complete. �

Proposition 4.2. For 0 < k ≤ 6, the function

Sk(x) =
Ck

x(k + x)
+
ψk(k + x)

x
,

is positive and decreasing on (0,∞).

Proof. The proof is similar to Lemma 2.3. Here, we omit the details. �

Considering the Proposition 4.2 and the proof of Theorem 3.1, we can obtain the following

inequality.

Proposition 4.3. Let 0 < k ≤ 6 and α ≥ Ck. Then the inequality (3.1) holds true for all

x, y, z ≥ 0 with x2 + y2 = z2.

Acknowledgements. This work was supported by Science and Technology Foundation of

Shandong Province (Grant No. J16li52 and J18KB105) and Science Foundation of Binzhou

University (Grant No. BZXYL1704).

The author is grateful to anonymous referees and the editor for their careful corrections

and valuable comments on the original version of this paper.

References

[1] M. Abramowitz, I. Stegun, eds., Handbook of mathematical functions with formulas, graphs and mathe-
matical tables., National Bureau of Standards, Dover, New York, 1965.

[2] H. Alzer, On some inequalities for the gamma and psi function, Math. Comp., 66 (1997), 373-389.
[3] H. Alzer, Sharp inequalities for the digamma and polygamma functions, Forum Math., 16 (2004), 181-221.
[4] H. Alzer, Sharp inequalities for the harmonic numbers, Expo. Math., 24(4) (2006), 385-388.
[5] H. Alzer and M. K. Kwong, Grünbaum type inequality for gamma function and incomplete gamma func-

tions, Results Math., 73:156, (2018).
[6] N. Batir, On some properties of digamma and polygamma functions, J. Math. Anal. Appl., 328(1) (2014),

452-465.
[7] N. Batir, Some new inqualities for gamma and polygamma functions, J. Inequal. Pure Appl. Math., 6(4)

(2005), Art. 103.
[8] M. C. Coffey, On one-dimensional digamma and polygamma series related to the evaluation of Feynman

diagrams, J. Comp. Appl. Math., 183 (2005), 84-100.
[9] S. N. Chiu and Ch. -C. Yin, On the Complete Monotonicity of the Compound Geometric Convolution

with Applications to Risk Theory Scandinavian Actuarial Journal, 2014(2) (2014), 116-124.
[10] R. Díaz and E. Pariguan, On hypergeometric functions and Pochhammer k-symbol, Divulg. Mat. 15(2)

(2007), 179-192.
[11] H. Dong and Ch. -C. Yin, Complete monotonicity of the probability of ruin and DE Finetti’s dividend

problem J. Syst. Sci Complex, 25(1) (2012), 178-185.
[12] B.-N. Guo, F. Qi, Some properties of the psi and polygamma functions, Hacet. J. Math. Stat., 39(2)

(2010), 219-231.



A GRÜNBAUM TYPE INEQUALITY FOR k-GAMMA FUNCTION 33

[13] B.-N. Guo, F. Qi, Two new proofs of the complete monotonicity of a function involving the psi function,
Bull. Korean Math. Soc., 47(1) (2010), 103-111.

[14] B.-N. Guo, F. Qi, H. M. Srivastava, Some uniqueness results for the non-trivially complete monotonicity
of a class of functions involving the polygamma and related functions, Integral Transforms Spec. Funct.,
21(11) (2010), 849-858.

[15] B.-N. Guo, J.-L. Zhao, F. Qi, A completely monotonic function involving divided dirrerences of the tri-
and tetra-gamma functions, Math. Slovaca, 63(3) (2013), 469-478.

[16] Y. -X. Guo, Solvability for a nonlinear fractional differential equation, Bull. Aust. Math. Soc., 80

(2009), 125-138.
[17] Y. -X. Guo, Nontrivial solutions for boundary-value problems of nonlinear fractional differential equa-

tions, Bull.of the Korean Mathematical Society, 47 (2010), 81-87.
[18] Y. -L. Guan, Z. -Q. Zhao and X. -L. Lin, On the existence of positive solutions and negative solutions

of singular fractional differential equations via global bifurcation techniques Boundary Value Problems,
141 (2016), 1-18.

[19] J. -Q. Jiang, L. -Sh Liu, Existence of solutions for a sequential fractional differential system with coupled
boundary conditions, Boundary Value ProblemsÂčÂň 2016 (2016), 159.

[20] V. Krasniqi, T. Mansour, and A. Sh. Shabani, Some inequalities for q-polygamma function and ζq-
Riemann zeta functions, Annales Mathematicae et Informaticae, 37 (2010), 95-100.

[21] X. -L. Lin and Z. -Q. Zhao, Iterative technique for a third-order differential equation with three-point
nonlinear boundary value conditions, Electronic Journal of Qualitative Theory of Differential Equations,
12 (2016), 1-10.

[22] M. Merkle, Inequalities for the gamma function via convexity, In: P. Cerone, S. S. Dragomir(Eds.)
"Advances in Inequalities for Special Functions", Nova Science Publishers, New York (2008), 81-100.

[23] C. Mortici, A quicker convergence toward the gamma constant with the logarithm term involving the
constant e, Carpathian J. Math., 26(1) (2010), 86-91.

[24] C. Mortici, Very accurate estimates of the polygamma functions, Asymptot. Anal., 68(3) (2010), 125-
134.

[25] F. Qi, Bounds for the ratio of two gamma functions, J. Inequal. Appl., 2010 (2010), 1-84.
[26] F. Qi, R.-Q. Cui, C.-P. Chen, B.-N. Guo, Some completely monotonic functions involving polygamma

functions and an application, J. Math. Anal. Appl., 310(1) (2005), 303-308.
[27] F. Qi, B.-N. Guo, A class of completely monotonic functions involving divided differences of the psi and

tri-gamma functions and some applications, J. Korean Math. Soc., 48(3) (2011), 655-667.
[28] F. Qi, S. -L. Guo and B.-N. Guo, Completely monotonicity of some functions involving polygamma

functions, J. Comput. Appl. Math., 233 (2010), 2149-2160.
[29] F. Qi, B.-N. Guo, Completely monotonic functions involving divided differences of the di- and tri-gamma

functions and some applications, Commun. Pure Appl. Anal., 8(6) (2009), 1975-1989.
[30] F. Qi, B.-N. Guo, Necessary and sufficient conditons for functions involving the tri- and tetra-gamma

functions to be completely monotonic, Adv. Appl. Math., 44(1) (2010), 71-83.
[31] K. Nantomah, Convexity properties and inequalities concerning the (p, k)-gamma functions, Commun.

Fac. Sci. Univ. Ank. Sér. A1. Math. Stat., 66(2) (2017), 130-140.
[32] K. Nantomah, F. Merovci, S. Nasiru, Some monotonic properties and inequalities for the (p, q)-gamma

function, Kragujevac J. Math., 42(2) (2018), 287-297.
[33] K. Nantomah, E. Prempeh, S. B. Twum, On a (p, k)-analogue of the gamma function and some associ-

ated inequalities, Moroccan J. Pure Appl. Anal., 2(2) (2016), 79-90.
[34] Y. Wang, L. -Sh Liu, Y. -H Wu Positive solutions for a class of higher-order singular semipositone

fractional differential system, Advances in Difference EquationsÂčÂň 2014 (2014), 268.
[35] Y. Wang, L. -Sh Liu, Y. -H Wu, Existence and uniqueness of a positive solution to singular fractional

differential equations, Boundary Value Problems, 81 2012.
[36] F. Krasniqi and A. Shabani, Convexity properties and inequalities for a generalized gamma functions,

Appl. Math. E-Notes, 10 (2010), 27-35.
[37] V. Krasniqi T. Mansour, and A. Sh, Shabani, Some monotonicity properties and inequalities for Γ and

ζ functions, Math. Commun., 15(2) (2010), 365-376.
[38] L. Yin, L.-G. Huang, X.-L. Lin and Y.-L. Wang, Monotonicity, concavity, and inequalities related to

the generalized digamma function, Advances in Difference Equations (2018) 2018:246.



34 LI YIN

[39] L. Yin, L.-G. Huang, Zh.-M. Song and X.-K. Dou, some monotonicity properties and inequalities for the
generalized digamma and polygamma functions, Journal of Inequalities and Applications (2018) 2018:249.

[40] K. Nantomah and L. Yin, Logarithmically Complete Monotonicity of Certain Ratios Involving the k-
Gamma Function, Communications in Mathematics and Applications, 9(4) (2018), 559-565.

[41] E. Yildirim and I. Ege, On k-analogues of digamma and polygamma functions, J. Class. Anal., 13(2)
(2018), 123-131.

1 College of Science,

Binzhou University,

Binzhou City, Shandong Province, 256603, China

E-mail address: yinli_79@163.com


	1. Introduction
	2. Lemmas
	3. Main results
	4. Additional comments
	Acknowledgements.

	References

