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SOME HERMITE-HADAMARD TYPE INTEGRAL INEQUALITIES FOR
MULTIDIMENSIONAL PREINVEX FUNCTIONS

NURGUL OKUR!, FATMA BUGLEM YALCIN?, AND VIiLDAN KARAHAN?®

ABSTRACT. In this study, we investigated on multidimensional preinvex functions. Partic-
ularly, we verified Hermite-Hadamard type integral inequalities for these functions. In the
meanwhile, we obtained some important results of related inequalities for these functions.

1. INTRODUCTION AND PRELIMINARIES

Convex functions are important and provide a base to build literature of mathematical
inequalities. A function f : I — R, where [ is an interval in R is called convex if

fFOz+ 1 =Ny) <Af(2) + (1 =N f(y)
for all z,y € I and X\ € [0,1]. A classical inequality for convex functions is Hadamard’s
inequality, this is given as follows [6]:

f<a+b) = bia/bf(w)dxgw.

2 2

where f : I — R is a convex function for all a,b € I, a < b. This inequality is used to
provide estimations of the mean value of a continuous convex function.

In current years, lot of efforts has been made by many mathematicians to generalize clas-
sical convexity. It must be known that preinvexity indicates a generalization of convexity.

Therefore, Hermite-Hadamard type inequalities for preinvex functions were obtained by
many researchers. For examples, Hanson [8], Ben-Isreal-Mond [1], Pini [11], Mohan-Neogy
[15], Weir-Mond [16], Yang-Li [17], Noor [9, 10], Mishra [12], etc. studied the basic prop-
erties of the preinvex functions. Let us recall some known results concerning invexty and
preinvexity of functions:

Definition 1.1. A set [ C R" is called invex with respect to the continuous function 7 :
I xI—R" ifx+An(y,z) € I, Yr,y € I, A € [0,1]. The invex set I is also called a
n-connected set (see [1]).

Key words and phrases. Multidimensional function, preinvexity, Hermite-Hadamard inequality.
2010 Mathematics Subject Classification. Primary: 26D15. Secondary: 26B25.

Received: 14/04/2019

Accepted: 21/06/2019.

54



HERMITE-HADAMARD INEQUALITIES FOR MULTIDIMENSIONAL PREINVEX FUNCTIONS 55

Definition 1.2. Let I C R"” be invex with respect ton : I x I — R™. A functions f: I — R
is called preinvex with respect to 7, if

[+ (y,2) <A (y) +1=2)f ()
for all z,y € I and X € [0,1]. If the above inequality is reversed, then f is said to be a
pre-concave. Moreover,if we choose 7 (y,x) =y — x, then f is a convex functions (see [15]).

Mohan and Neogy [15] proved that an invex function is also preinvex under following
Condition C.
Condition C: Let I CR" be invex with respect to n : [ x I — R™. It is told that the
function 7 satisfies Condition C, if

Ny, y+ M (z,y) == (z,y);
n(z,y+n(z,y) =10-Nn(z,y)
for all ,y € I and X € [0,1].

Theorem 1.1. Let f : [a,a+ 1 (b,a)] — (0,00) be a preinvex functions and with n (b,a) > 0.
If f € Lla,a+n(b,a)] , then the following inequality holds

2a + 1 (b, a) 1 etn(ba) f(a)+ f(b)
f( 5 )gn(m)/a fz)de < 5

(see [10]).

The Hermite-Hadamard type integral inequality for convex functions has received re-
newed attention in recent years and the remarkable varieties of refinements and generaliza-
tions have been found in [1-17].

In this context, the Hermite-Hadamard type inequalities for harmonically convex func-
tions were obtained by many researchers in literature (see [1,5,7,9,12]).

For example, De la Cal et al. [5] obtained multidimensional Hermite-Hadamard inequal-
ities in 2006. Nowadays, Ellahi [1] derived Hadamard’s inequality for s-convex function on
n-coordinates. Viloria et al. [7] verified Hermite-Hadamard type inequalities for harmoni-
cally convex functions on n-coordinates.

In the light of these, we defined preinvexity for multidimensional functions. Our supple-
mental claim is to obtain Hermite-Hadamard type inequalities for these functions.

2. MAIN RESULTS

The main goal of this section is to present Hermite-Hadamard type inequalities for multi-
dimensional preinvex. Let a;,b; be real numbers such that a; < b; fori =1,2,...,n, n>2.
We consider n-dimensional interval A™ = [, [a;,b;] C [0,00)". From here on in, it is
known that N (Np) is the set of all positive integers (non-negative integers) and
R :=={a = (a1,a2,...,a,) ER": a; >0, i=1,2,... ,n}.

Firstly, we give definition of invexity and preinvexity for multidimensional functions:
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Definition 2.1. Let the continuous function n : A™ x A™ — R™ be invex on the set A™.
Then A™ = [, [a;, bi] is called invex with respect to n , if (x + An(y,x)) € A" for all
x=(z1,T2,...,%n), ¥=Y1,Y2,.--,Yn) € A" and X € [0,1].

Definition 2.2. A function f: A™ — R is said to be preinvex with respect to n on A" if
the following inequality holds

Fx+M(y,x) <M (y)+(1=2) f(x)
forall x = (z1,22,...,2n), ¥y = (Y1,Y2,--.,Yn) € A" and X € [0, 1] . If the above inequality

is reversed then f is said to be pre-concave with respect to n on A™.

Definition 2.3. A function f : A™ — R is called preinvex with respect to 1 on n-coordinates
if the following mappings are preinvex with respect to n:

;n (.%') = f (1’1, sy Ti—1s Ly Ti41, .- ,.’En) .
Lemma 2.1. Every multidimensional preinvez function with respect to n on A™ is preinvex

with respect to 1 on n-coordinates, but converse is not true.

Proof. Let f: A™ — R be a preinvex function with respect to n on A™. Consider f;n :
[ai, b;] — R defined by f;n () := f(x1,..., i1, T,Tit1,...,2y) . Then for z,y € [a;, b;]
and A € [0,1]
M () = f (1, mien, (@ A (9, 2) T D)
< )‘f(xh s Li—15 Yy Titls - - - ,.’En) + (1 - )‘)f(xla y Li—1, x7xi+17"-7xn)
=M, W)+ A=) fr, (@)
which implies fin is preinvex with respect to n on [a;, b;], that is, f is preinvex with respect
to n on n-coordinates. U
For converse we give the following counter example:

Ezample 2.1. Let us consider a function f : [0,1]" — [0,00) defined as

f;n () = f (21, ., Ti1, T, Tjp1,-..,Tp) = T To ... Tp

for x € [a;, b;] . Moreover let be 7 : [0,1]" — [0,00), 7 (y,x) = y—x for all x, y € A™. Then
f is not preinvex with respect to n on [0,1]". Indeed, let us assume that f is preinvex with
respect to n on [0,1]", then we can write

Fx+M(y,x) <A (y) + (1= f(x)
for all x = (x1,29,...,2), ¥ = (Y1,¥2,---,yn) € A" and A € [0,1]. But for x =
(1,1,,...,1, 0), y=1(0,1,...,1) € [0,1]" and X € [0, 1], we have
fx+M(y,x)=f((1,1,...,1, 0)+A((0,1,...,1) = (1,1,...1, 0)))
= F((L,1,.0 1, 0) A (=1,0,...,0,1)) = F(1—\1,...,1,A) = A(1— ).
On the other hand, f(x) = f(y) =0 for x = (1,1,,...,1, 0), y = (0,1,...,1) € [0,1]".
Then
A (y)+(1=A)f(x)=0.
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Thus f (x+ A\ (y,x)) > Af (y)+ (1 — ) f(x) for all A € [0, 1], that is, f is not preinvex
with respect to 7 on [0,1]". That case is contradiction with preinvexity of f.

From here on out, let us assume that Q™ = [, [a;, a; + 1 (bi,a;)] C [0,00)", a;, b; is real
numbers such that a; < b; for each i =1,2,...,n, n > 2.

Remark 2.1. If f: Q" — R, is a preinvex function with respect to n on n-coordinates,
then f :[a;,a; + 1 (bi,a;)] — R is preinvex with respect to n on [a;, a; + 1 (b;, a;)] for each
1=1,2,...,n. If fin € Lla;,a; +n(b;,a;)] for each i = 1,2,...,n, then

 (Retnteed) o L T ey < B LR 0D gy

o 2 bi, a; o 2

Theorem 2.1. Let f: Q" — Ry be a preinvex function with respect to n on n-coordinates.
If f;n € Lla;,a; + n(bi,a;)] for eachi=1,2,...,n—1, then the following inequality holds

n—1

20 bia:) 2a: b ‘
Zf(am, T, al+772( Z’al), az+1+n;z+1,az+1)7%+2’“ ,xn)
=1

—1 . s
n 1 a;i+n(bi,ai) 2a; + 1 (b;, a;)
< 2 : 1 (2 1y 1 d ;
B i=1 1 (bi, a;) /ai fxn ( 2 ) !

S (@ig1) daiga da;

n—1 a;+n(bi,a;)  pair1+n(biy1,ai41)
S Z 1 / / + + +
i=1 77(bi7ai)77(bi+1,ai+1) a;

n—1 1

[ @+ £, Bo)a

SF L ) g )

— 21 (bi, a;) Ja, S o '

e f(xl,...,xi_l,ai,ai+1,xi+2,...,a:n)
J(xr, .o i1, bs, Gig1, Tigo, -, Ty)

J(xy, o i1, a5, bip1, Tigo, .., )

+f (@1, @im1, b4y b1, Tigos - Ty)

Ai+1

(2.2)

Proof. Using preinvexity of fit! for each i =1,2,...,n — 1, then

fl'+1 (

Tn

) Qa1 + (b. a ) 1 ai+1+0(bit1,ai41)
1 i+1 T 1 (Ui41, Ai4+1
o ( : / Tit1) dxiqr
a

<
o 2 ) = 0 (bit1, ait1)
< fort (@) + fif (bia)
< 5 .
Integrating above inequality with respect to z; on [a;, a; + 1 (b;, a;)] foreach i = 1,2,... ,n—
1

i+1

# /ai‘f'n(biﬂi) fi«“ (2ai+1 + 1 (biy1, ai+1)) dz;
mn (bza a’i) a ! 2

) 1 /ai+77(bi7(1i) /ai+1+77(bi+17(1i+1) f@'+1 ( ) d d
. Tit1 Li41AT;
1 (bi; ai) n (bit1, aiv1) Ja a o

1 az+n(b“al) ) '
< - i1/, i1 g ) |
— 2n (b“ ai) /Gi (fmn (az—i—l) + fmn (bz—i—l)) dx; (2 3)

i

i

i+1
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Using the Hermite-Hadamard inequality

20 bia:) 2a: b ,
f(xh...,xi—l, al+772( Z’al), az+1+n;z+1,az+1)7xi+2’. ,xn)

<L /aﬁn(bi’ai) i+1 (2ai+1 +1 (bz‘+1,az‘+1)) dx; (2.4)
o n (b27 ai) a; n 2 ¢ :
for each i € {1,2,...,n — 1} and also

1 a;+n(bi,a;) ; i
21 (bi, a;) / (far:tl (air1) + [ (bi+1)) dx;

1 1 aitn(bi,ai) 1 aitn(bi.ai)
=3 [ﬁ/ frtt (i) dai + W/ £t (bi+1)d%’1

i

1 f@1,0®i1,04,05401,Tiq 2,0 @n) (21,0, T 1,064,044 1,%542,...,%n)
<=
2

2
+ f(l'ly---7$i—17ai7bi+17$i+27---71'n)+f($17---71'1'—17bi7bi+17$i+27---71'n)
2

f (1‘1, ey Lj—1y Ay Qg 15 Lj4-24 « -+ - ,xn)
L (i1 by i, T2, Tn) (2.5)
4| +f (@1, @io1, 04, b1, Tiga, -, Tn) '
+f (@1, @im1, 03, big1, Tigo, - -, Tn)
for each i € {1,2,...,n —1}. Using the inequalities (2.4) and (2.5) in (2.3) and taking
summation from 1 to n — 1, we have the inequality (2.2). O

Theorem 2.2. Let f: Q" — Ry be a preinvex function with respect to 1 on n-coordinates.
If f;n € Lla;,a; +n(bi,a;)] for each i =1,2,...,n, then we obtain for a,b € A"

= 1 aitn(ia) , i
Z m /ai ( an (xz) + fbn (.%'Z)) dxz

< S (@) F )+ 3 [Fi () + Fi, ()] (26)
i=1

Proof. Using preinvexity of f;nfor each i =1,2,...,n, then

ait+n(bi,ai) i (b,

n (bi, a;) 2 ’
n(b'l - /ai+77(bivai) fgn (1) da ngn (ai);—f(b)’
Thus
1 aitn(biai) ;. . + f(b)+ fi (b)) + f (a;
T @) /al ! {fén () + fp, (xi)} dr; < f(a)+f(b) ‘g”( )+ Ji, (a).

Taking summation from 1 to n the above inequalities we get the inequality (2.6). U
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Theorem 2.3. Let f: Q" — R, be a preinvex function with respect to n on n-coordinates.
If fin € Llaj,a; +n(b;,a;)] for each i =1,2,...,n, then the following inequality holds

f(2a1+77(b15a1) 20— 1+77( n—1, Qn— 1) 2an+77(bnaan))

5 RN 5 , 5

n 1 a1 +77 bl,al) an+77(bn7an
<{]] 7> / / f(xp)dxy, ... dxy
<i1 n (bl’ ai) ai

QL Z f(da+(1-06)b), (2.7)
€li(n)

where
li(n):=={0eNg: 6; <1, |[§|=n+1—d,i=1,....,n+1},
|0] == 614+ + 0, €N; da:= (01a1,...,0na,) € Ny
for a,be A",

Proof. Let wy, := ay +1 (by, a,). Then using (2.1), we get the following inequality for f'

fﬁn<a +w>§w _a/ fr, (@) dzy < o (@n) ¥ Ja, (Bn), (2.8)

2 2
By integrating on [a,—1,wp—1 |, we get

1 Wn—1
7/ f;?n <an+wn>dacn1
Wn—1 — 0n—1 Jap_1 2

1 Wn—1 Wn,
< " () dx,dr,—
o (anl - anfl) (Wn - an) /a fxn (x ) Indin-1

n—1 an
1 wn—1 T n b
< 7/ Jro (@n) + Jg, (bn) ) (2.9)
Wn—1 — 0n—1 Jap_1 2

From (2.3), (2.4), respectively

e 1 wn1
f(xh,__,xn_Q,an 1+Wn ljan +wn) S / fJT:L (M) dxn—l;
2 2 Wn—1— An—1 Jap_1 " 2
(2.10)

dx,_1

1 /"’"*1 fg?n (an) + g?n (bn)

Wn—1 — an—1 Jan—1 2

1 Wn—1 1 Wn—1
= / f:?n (a’n) drp—1 + / mnn (bn) Az, 1
) An—1 2 ) 1

2 (wn—l — anp—1 (wn—l — Qp—-1) Ja,—

< i[ f(xl,...,xn_g,an_l,an)—i—f(xl,...,xn_g,bn_l,an) }
J— 22 .

2.11
"’f (xla---axnf%anfl,bn)+f($1a---axnf2,bnflabn) ( )

From (2.9)-(2.11)

Ap—1+Wp—1 an+ wn
f LlyeeeyLp—2,

2 ’ 2
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1 /wn—l Wn, fn ( )d d
< x L AT —
o (wn—l - an—l) (wn an) an_1 an T T o=l
< i |: f(l'l,...,xn_z,an_l,an)+f(.%'1,...,f13n_2,bn_1,an) :| (2 12)
- 22 +f (xla---axn—ann—lybn)+f(x17---7xn—27bn—1abn) ' '

Integrating on [a,—2,w,—2] by the inequality (2.12)

1 “n=2 n—1+ Wp—1 Qp + Wy d
- f xl’ AR 7:1:77,—27 ) xn—Q
Wn—1 — Qnp—1 2 2 2

n 1 Wn—2 Wn—1 wn o
H / / fq:n (xn) dxndxn71d$n72
i=n—2 Wi — a4 an—2 an—1 an

<
f ('Ila sy In—2,0n—1, an)
1 wn=2 1 | +f(21,...,Tp_2,bp_1,0a)
S = e P02, On—1, day_s. 2.13
- (wn_g — an_g) /a 2 22 +f (1'17 ey Ip—2,0n—1, bn) n—2 ( )
+f (1'17 cey Tp—2,bp_1, bn)
Similarly
f <£C " Up—2 +Wp—2 Ap—-1+ Wnp-1 Gn+ Wn)
1y+-+y4n—3, 2 ) 2 ) 92
1 wn— . .
S / f (xla <oy In—2, S el 17 on T wn) dxn—Z; (214)
Wn—2 — Qnp-2 2 2 2
1 /Wn_2 i |: f(@1, o2, an-1,a0) + f (21, Tn2,bn—1,0n) :|dl' )
Wnp—2 — Ap—2 2 f(xl,---axnf%anflabn)+f(x1,--->xn725bn71,bn) "
f (xla <oy Ip—3,0p—-2,0n—1, an) + f (xla sy Tp—3, bp—2,an—1, an)
< i +f (@15 T3, an-2,0n-1,an) + f(T1,. ., Tn-3,bn—2,bn—1,0n) (2 15)
o 23 +f (xla"'axn73aan72,an71,bn)+f(xla'">xn73,bn72aan71,bn) ’ ’
+f ('Ila ey Ipn—3,0n—2, bnfly bn) + f ('Ila ey Tn—3, bn72a bnfla bn)
From (2.13)-(2.15)
1 Wn=2 Gn—1+Wp—1 an + Wy
- f xl) AR 7‘7;77,—27 ) dxn_z
Wnp—2 — Ap—-2 2 2
n Wn—2 Wn—1 wWn
H / / fx (zp) depdx,—1dx, o
im—n— Wi — i
(1'17 vy p—3,0p—-2,0n—1, an) + f (xla vy Tp—3, bn—27 an—han)
< i +f (xla vy Ip—3,an—2, bn—17 an) + f (1’1, <oy, Tp—3, bn—27 bn—la an)
- 23 +f (xla vy Ip—3,0p—2,0n—1, bn) + f (1’1, <oy Tp—3, bn—27 an—1, bn)
+f (1’1, vy Ip—3,0n—-2, bn—la bn) + f (1’1, <oy, Tp—3, bn—27 bn—la bn)
]

Using the above procedure with inductive method, we obtain the inequality (2.7).
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Under the assumptions Theorem 2.3 for n =2, then

Corollary 2.1.
! (2@1 +n(b1,a1) 2a2+ 77(52,(12))

2 ’ 2
1 a1+n(b1,a1) 2 b
PR / F (mw) day
21 (bi,a1) Jay 2
1 az+n(b2,a2) 2a1 + 1 (b1,a1)
1 Sl IAVLEL d
- 21 (b2, az) /a2 f< 2 ’332) "

1 ar+n(brar) paz+n(b,az)
(b1,a1)n (ba ag)/ / f(z1,22) drodry

2

1 a1+n(b1,a1) -
<
B 47’] (bl’al)/ [f ($1,CL2) +f(£61, 2)] T

1 az+n(bz,a2) ) ]
+m /a2 [f (a1,z2) + f (b1, x2)] dxo

- f(a1,a2) + f(a1,b2) + f (b1,a2) + f (b1, b2)
= 4 .

Example 2.2. Let f: Q% — R, be a preinvex function with respect to 7 on n-coordinates.
If f;n € Lla;,a; + n(b;,a;)] for each i = 1,2, 3, then the following inequality holds

2a1 + 1 (br,a1) 2az +n(b2,a2) 2a3+ 1 (b3, a3)
f 2 ’ 2 ’ 2

1 a14n(b1,a1)  fras+n(ba,az) raz+n(bz,az)
) (bg ag) / / / f (.%'1,1'2,1'3) dx3d1'2d.7]1

1 (b1, a1) n (b2, az2)n as
- 1 [ f(a1,a9,a3) + f(b1,a2,a3) + f (a1,ba,a3) + f (b1, b2,a3) ]
= 23 | +f(a1,a2,b3) + f (b1,a2,b3) + f (a1,b2,b3) + f (b1,b2,b3) |~

)= f(x1,22,23) and [; (3) :=

2

Indeed according to Theorem 2.3 for n = 3, we get fg’g (z3
{§eN3: 6, <1, |8|=4—1i}, i=1,2,3,4. Then
L) ={111}; (3)={(0,1,1),(1,0,1), (1, 1,0)},
13(3) = {(0,0,1),(0,1,0), (1,0,0)}; 14 (3) ={(0,0,0)},
(bl,bg,bg) S AB
> f(éa+(1-0)b)

and for a = (ay,as,a3), b =

0€l1(3)
(( ) (a17a27a3) + [(17 17 1) - (17 17 1)] (blv b27 b3)) = f (a17 az, a3) ;
f a 6) b) = f((o’lal) (alaa2,a3) + [(1’1’1) - (0’1’1)] (blab2ab3))

0€l2(3)
+ f ((1’ 0, 1) (alaa2,a3) + [(1’ 1, 1) - (1’ 0, 1)] (bla b, b3))

+f ((1, 1,0) (al,ag,ag) + [(1, 1, 1) — (1, 1,0)] (bl,bg,bg))
= f(a1,ba,b3) + f (a1,b2,a3) + f (a1, a2,b3);

So,
Z f (5a+ (1 - 6) b) = f (bl’b2,a3) + f (bl’a2’b3) + f (alabQ’b?));

0€l3(3)
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Y f(a+(1—-0)b)=f(bi,ba,bs).

0€l4(3)

Thus
S S (a+ (1-8)b) = f (a1,az,a5)

0€l;(3)
+f (a1,b2,b3) + f (a1,b2,a3) + f (a1, az,b3)

+f(b1,b2,a3) + f (b1, a2,b3) + f (a1, b2,b3) + f (b1, b2,b3).

Using all of the above equalities in (2.12), we obtain the desired result in this example.
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