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ON GENERALIZED WEIGHTED FRACTIONAL INEQUALITIES

HUSEYIN BUDAK!, EBRU PEHLIVAN?, AND MEHMET ZEKI SARIKAYA?®

ABSTRACT. Our first aim is to establish a new identity for differentiable function involving
Riemann-Liouville fractional integrals. Then, we obtain some new weighted versions of
fractional trapezoid and Ostrowski type inequalities. Moreover, we give some weighted
inequalities as special cases.

1. INTRODUCTION

In recent years, the Hermite-Hadamard inequality, which is the first fundamental result
for convex mappings with a natural geometrical interpretation and many applications, has
drawn attention much interest in elementary mathematics.

The inequalities discovered by C. Hermite and J. Hadamard for convex functions are
considerable significant in the literature (see, e.g., [33, p.137], [10]). These inequalities state
that if f : I — R is a convex function on the interval I of real numbers and a,b € I with

a < b, then
b

2 2

Both inequalities hold in the reversed direction if f is concave.

Over the last twenty years, the numerous studies have focused on to obtain new bound
for left hand side and right hand side of the inequality (1.1). For some examples, please
refer to ([2,4,6,10,11,29,36,37,39,40,47])

On the other hand, Ostrowski [34] proved the following classical integral inequality asso-
ciated with the differentiable mapping.

Theorem 1.1. Let f : [a,b]— R be a differentiable mapping on (a,b) whose derivative
£ (a,b)= R is bounded on (a,b), i.c., ||[f'l, = sup |f(t)] < co. Then, the following
t

€(a,b
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inequality holds:

x — okt ?
fx) — < i‘i‘% (b—a)“f’Hoo (1.2)

b
1
b—a /f(t)dt

for all x € [a,b]. The constant % is the best possible.

The overall structure of the paper takes the form of three sections including introduction.
The remainder of this work is organized as follows: we first give weighted version of (1.1) and
definitions of Riemann-Liouville fractional integral operators. We also mention fractional
Hermite-Hadamard and Ostrowski type inequalities obtained in earlier works. In Section
2, we establish an important weighted equalities for differentiable functions involving frac-
tional integrals. Using this identity given Section 2, we obtain some weighted fractional
type inequalities. We also give several weighted Hermite-Hadamard and Ostrowski type
inequalities as special cases.

The weighted version of the inequalities (1.1), so-called Hermite-Hadamard-Fejér inequal-

=

ities, was given by Fejer in [15] as follow:

Theorem 1.2. f: [a,b] — R, be a convex function, then the inequalities
b

(457 /b gla)da < /b f@ye < L0 [ oy (1.3

2

a
hold, where g : [a,b] — R is non-negative, integrable, and symmetric about v = “T*'b (i.e.
g(z) =gla+b—2x))

Tseng et al. give the following Lemma and by using this Lemma they obtain several
weighed inequalities in [52].

Lemma 1.1. Let f : [a,b] — R be a differentiable mapping on (a,b) with a < b and let
g :la,b] = R. If f',g € Lla,b], then for all x € [a,b] we have the following equality for
fractional integrals

x b b b t
7o) [gwde+ 1) [ gt~ [ forgere = | ( / g(s)ds) o (1)

1.1. Fractional Calculus and Some Inequalities. In this subsection, we will give some
necessary definitions and mathematical preliminaries of fractional calculus theory.

Definition 1.1. Let f € Ly[a,b]. The Riemann-Liouville integrals JZ, f and Ji* f of order
« > 0 are defined by

Tef @) = gy [ =0 S0 2>
and

T f(x) = ﬁ /xb (t—2)° " f(t)dt, x<b

respectively. Here, I'(a) is the Gamma function and J2, f(z) = J{_f(z) = f(z).
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For more information about fraction calculus please refer to ([16,27,30,38].)
In [43], Sarikaya et al. first give the following interesting integral inequalities of Hermite-
Hadamard type involving Riemann-Liouville fractional integrals.

Theorem 1.3. Let [ : [a,b] — R be a positive function with 0 < a < b and f € Ly [a,b].

If f is a convex function on [a,b], then we have the following inequalities for fractional

integrals

fla)+f(b)
2

£(E) < gt 2 S 0)+ 5 f(@)] < (15)

2 )= 2(0b—-a)"
for a > 0.

On the other hand, Iscan gave following Lemma and using this Lemma he proved the
following Fejer type inequalities for Riemann-Liouville fractional integrals in [19].

Lemma 1.2. If g : [a,b] — R is integrable and symmetric to (a + b) /2 with a < b, then
(6% (0% 1 (63 (63
Jarg(0) = Ji_g(a) = 5 [Ja9(b) + Jig(a)]
with a > 0.

Theorem 1.4. Let f : [a,b] — R be convex function with 0 < a < b and f € Ly [a,b]. If
g : [a,b] — R is non-negative, integrable and symmetric to (a + b)/2, then the following
inequalities for fractional integrals hold

f <a ; b> [T g(b) + T2 g(a)] < [T (fg) (b) + T2 (fg) (a)] (1.6)

<

M (72 g(b) + I g(a)]

with a > 0

Whereupon Sarikaya et al. obtain the Hermite-Hadamard inequality for Riemann-Lioville
fractional integrals, many authors have studied to generalize this inequality and estab-
lish Hermite-Hadamard inequality other fractional integrals such as k-fractional integral,
Hadamard fractional integrals, Katugampola fractional integrals, Conformable fractional in-
tegrals, etc. For some of them, please see ([3,7-9,14,18-26,28,31,35,44-16,49,50,53,54,57]).

In [48], Set obtain the following Ostrowski inequality for fractional integrals.

Theorem 1.5. Let f : [a,b] — R be a differentiable mapping on (a,b) with a < b and
f' e Lia,b]. If |f'| is convex on [a,b] and |f'(x)] < M, x € [a,b] then the following
inequality for fractional integrals with o > 0 holds

((m—a)a+(b—x)a>f(x)_F(a+1)

b—a b—a [Jo f (b) + T f (a)]

M [(@—a) '+ (b—2)H
~ b—-a a+1 ’

In recent years, several papers have devoted to Ostrowski type inequalities for several
type fractional integrals, for some of them please see [1,5,12,17,32,41,42 51,55, 506].
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2. SOME WEIGHTED FRACTIONAL INEQUALITIES

Throughout this section, we use the following notation:
M(f.g) = Af(a)Jiig (@) + f(b) g (@)] + (1 =N [Jgg (2) + Jg (2)] f(z)

— [T (f9) (=) + J5- (fg) (2)] -

for A € [0,1].

Lemma 2.1. Let f : [a,b] — R be a differentiable mapping on (a,b) with a < b. If f',g €
Lla,b], then for all x € [a,b] and o > 0 we have the following equality for fractional integrals

1

b
M) = gy | Ealens 21)

where Ky(z,t) : [a,b] X [a,b] — R is defined by

AJ( — 5)°Yg(s)ds + (1 )

xT

(x—5)*lg(s)ds, a<t<z

Qe o

K)\(x,t) = .
A (s = 2)*1g(s)ds + (1 A)

T

(s —x)*lg(s)ds, = <t<hb.

S .

Proof. From the definition of K,(t,z), we have

b

/ Ky, ) ()dt = A / ( / (w—s)alg(s)ds) Pt (2.2)

a xT

+a-n [ ( J@- s)alg<s>ds> £ (t)dt

a a

+)\/b (/t(s - ﬂ:)o‘_lg(s)ds) f(t)dt

b

(1= / ( (s—x)a_lg(s)ds> Pt
b

xT
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Using the integration by parts, we get

”/</@—SWImQ¢JfKWﬁ - (;@—SWlmQMJf@)

a T

xT

(2.3)

a

T

- [0 ([ gts)as)

a

— (/(m - s)alg(S)dS) f(a)

xT

- [ vty et

= I(a) [f(a) I3y 9(x) = I3, (fg)(2)] -
Similarly, we have

/x (/t(x — s)o‘—lg(s’)ds> ftdt = (/w(x _ 8)“‘1g(s)ds) (@) (2.4)

a a a

xT

- [@ =0 g s

a

= (o) [f(2) ]S g(x) = J& (f9)(@)] |

b t b
u/(/@—mw*g@majwoﬁ - (/@—xw*q@aﬁfw> (25)

xT

b
- [ =g s e

= (o) [f(b)J5 g(z) — JE (f9)(x)]

b t t
/(/@—xw;@@mﬂf%wa - (/@—wW”M$®>f®) 26
z b

b

and

b
- [ty s e

= (o) [f(2)Jf g(z) — & (f9)(x)] .
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By the identities (2.3), (2.4), (2.5) and (2.6) we obtain

/bK,\(m,t)f’(t)dt (2.7)
= Al(@) [f(a) /g, 9(x) = I3 (Fo) ()] — (1= N (@) [f () Joy9(x) — Jg (f9) ()]
+AL(a) [f(0)J5g(z) = S~ (f9)(@)] + (1 = NI(a) [f(2) 5 g(z) — T (f9)(z)]
= Al(a) [f(a) I3y g(x) — F(B) T g(x)] + (1 = MT(e) f(2) [T 9(2) — T g(x)]
—I(e) [J24 (f9) (@) + T (f9) ()] -
If we divide the both sides of (2.7) by T'(a), then we establish the required result (2.2). [

Remark 2.1. If we choose @ = 1 in Lemma 2.1, then Lemma 2.1 reduces to Lemma 4 in [13]
proved by Erden and Sarikaya.

Corollary 2.1. If we choose A = 1 in Lemma 2.1, then we have the following weighted
fractional equality

L(e) [f(a)Jasg(x) + Ji (F9) ()] = T(a) [f(B) 5 g(x) — S5 (fg) ()]

= /x (/t(x - S)O‘_lg(s)ds) f/(t)dt +/b (/t(s — x)o‘_lg(s)ds) f(t)dt.

a T

Remark 2.2. In Corollary 2.1, if we take o = 1, then Corollary 2.1 reduces to Lemma 1.1.

Corollary 2.2. If we choose A = 0 in Lemma 2.1, then we have the following weighted
fractional equality

[Jatrg () + J5tg (2)] f(2) = [Jay (f9) (=) + i (f9) ()]

= /x (/t(x - s)alg(s)ds) f/(t)dt —i—/b (j(s - x)alg(s)ds) f(t)dt.
b

a a T
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Corollary 2.3. In Lemma 2.1, let g(t) = 1 for all t € [a,b]. Then we have the following
identity

Mz —a)® fa) + (b —2)" f(b)]

1 =Nz —a)* +(b—2)" f(x) =T (a+1) [Joyf (z) + ;- f ()]

where

Af(x—s)*tds + (1 —N)

T

(x—s)2lds, a<t<uz

Q8 —

P,\(x,t) = .
Af(s—2)* tds+ (1 —N)

T

(s —x)¥lds, z<t<b.

T—

Theorem 2.1. Let f : [a,b] — R be a differentiable mapping on (a,b), g : [a,b] — R is
continuous on [a,b] with a < b and f" € Lla,b]. If |f'| is convex on [a,b], then for all
x € [a,b] and o > 0 we have the following inequality for fractional integrals

[AN(f. 9)] (2.8)

1
TRy AR e

IN

[(2A=1)[(a+2)(b—2) + (a+1)(xz — a)]

H1= N+ Da+2) (b= )| | )

0= 02 gl [P+ 10 (LD 1))

o= @) gl A+ (1= 0 ()]

+(0 = 2)* " gllg py,00 (22 = D [(@ +1) (b = 2) + (@ + 2) (2 — a)]

H1- N+ e+2) (52 -a)] 1101}
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< e {0 (@A - D@+ 20 -2) +a+ Da o)

+(1 = MN(a+1)(a+2) (b - “;xﬂ 1/'(a)]

(b 2) 2 A+ (1) (Mﬂ -1)| 11 )
o -y (D]

+(b— )X =D [(a+1) (b —2) + (o + 2)(x — a)]

1= N+ Dia+2) (T2 - o) | 1@}

Proof. By taking modulus in Lemma 2.1, we have

[AA(f, 9)] (2.9)

b

= | e

< ﬁ (/t ) ()dt+(1—)\)/x (/t(x_s)a—lg(s)d8> ey
/b< )f()dt+(1—x)j(/t(s ) 1g(s)ds) oy
b
< ! |f(t |dt+ /‘/ )™ Lg(s)ds| |£(t)] dt

ﬁ!

/(:U —5)* " g(s)ds
xb

t
1
(s = )" g(s)ds| | 1'(0)] dt + o5 0 =) / / (s — 2)°Lg(s)ds| | /()] dt.
z b
Using the facts that g is continuous on [a,b] and |f’| is convex on [a, b], we obtain
t]t
1] @9 gts)ds) 17/ (0)] d (2.10)

t

< Nl oo / o=

|f'(t)] dt
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_ HgH[ax OO/ t)‘dt

gl

a(b—ao)o/(x_t [(0=1) [f(a)| + (t — a) [£(D)]] dt

:‘mew{u \/m—t —mﬁ+wwﬂ/@—w%vﬂm4

19 fa,01,00 (a+2)(b—z)+ (a+1)(x —a) N
T alb- [’f ) CESICES) (z —a)™"!

IN

a+2

! (x_a)
+ \f(b)\m

191l g, 2],00
ala+1)(a+2)(b—a)

< (@ —a)* (@ + 20— 2) + (0 + (- )| (@)] + (@ —a) 7O

Similarly, we establish

IN

IN

IN

xT

/

a

(t)| dt (2.11)

(/t(x — s)alg(s)ds)
[ (/ x—8)*” 1ds)

19111,2,00 e, ata\ (@20 -2)+(@+D@—a), ]| .
a(b—a) { (@=a) (b 2 ) (a+1)(a+2) (x = a)*"H | [f(a)]
1 1

R C A res =) LACI S

|f'(t)] dt

/b j(s — )% lg(s)ds
b| t

I aoo [ | [ (5 =207 s

191l z 61,00 i
ala+1)(a+2)(b—a)

|f'(t)] dt (2.12)

|£'(#)] dt

@] ®==z)+[f OO -2)(a+1) + (@ —a)(a+2)],
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and

b

/

T

()] de (2.13)

j (s — 2)* " g(s)ds
b

bl t
= Hgll[@b],oo/ /(S—w)"*lds [f(0)] dt
z |b
W9l poo (T a2 (l 1 N
< alb—a) {(b ) (2 (a+1)(a+2)) ]f(a)@

+ (b _ x)ChLl

(252l )

If we substitute the inequalities (2.10)-(2.13) in (2.9), then we obtain the first inequality in

(2.8).
The proof of second inequality in (2.8) is obvious from the facts that

190 a0 < I9llagyo0 = lolloe @ llgla gpo0 < Noloson = ol (214)
for all x € [a, b] . O

Remark 2.3. If we choose a = 1 in Theorem 2.1, then Theorem 2.1 reduces to Theorem 5
in [13] proved by Erden and Sarikaya.

Corollary 2.4. If we choose A = 1 in Theorem 2.1, then we have the following weighted
fractional trapezoid inequality

[f(@)Jayg () + F(0) T g (x)] = [Jay (fg) (z) + T (fg) ()]

1
= Tat3)0—a)
<{ (@ =) [(a+2)(b—2) + (@ + 1)@ = )] [gllj0.u).00 + &= 2)°T 9l .00| 1))
@ = )2 gl g0 + b= 2)°F [(@+1) (0= 2) + (@ + 2)(@ = @) 19l 00| [F/0)]
< g (e - 0™ @+ 20— + 0+ Do —a) + 6= I

+Ha—a)* 24 b—2)* (a4 1) (b —2) + (a+ 2)(z - a)] [F )]} -
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Corollary 2.5. If we choose A = 0 in Theorem 2.1, then we have the following weighted
fractional Ostrowski type inequality

g (@) + Jig ()] [ (2) = [Ja (Fg) (2) + T3 (fg) ()]

—|—($ - a’)a+1 ||g||[a7an],oo

IN

a-+x

' )—[(a—l—?)(b—x)—i—(a—i—l)x—a ”\f )

X [(a+1)(a+2) (b—
+ (= @ gl

+(0 = 2)* " lgll g gy,

x {(OH—l)(oH—Z) (%b—a)—[(a+1)(b—x)+(04+2)x—a ” F0)
<

19l o
T(a+3)(b—a) { [(b - o)t

IN

(a+1)(a+2) _1>
2

a—+x

! )—[(a+2)(b—x)+(0é+1)x—a ” (@)

+(x — )Tt [(a + 1) (o +2) (b -

+ {(m — a)*"? <(a+1)# - 1>

T +b

+(b—2)* {(a+ 1) (a+2) (T—a)—[(a+1)(b—m)+(a+2)m—a ” |f'(b ]}

Theorem 2.2. Let f : [a,b] — R be a differentiable mapping on (a,b) with a < b and
1€ Lla,b]. If g : [a,b] — R is continuous and if |f'|?, q¢ > 1, is convex on [a,b], then for
all x € [a,b] and o > 0 we have the following inequality for fractional integrals,

[AN(f. 9)] (2.15)

-2 rof+ 5

fl] ]

Qe

||g||[a,x}7oo (1’ - a)a+1

D@ +1) (- a)i(ap+1)7

=N @ (0= 5 |7 @]+ 52

o]
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52+ (- ron]

1

7]

|9 lzp00  (b— )2t
Mla+1) - a)% (ap + 1)%

)@ (5 -a) [
loll

T(a+ 1)(b — a) (ap + 1)7
{(zc—a)a“ [A (-5 @ + 2 ol

O O D !f’(b)]qF]

+a=N e |(

IN

9 2
(b — 2yt Mb;x) o+ (S5 -a) o]’
- (ap)% Kb 2:c> ’f/(a)‘q+ (m—2|—b _a> ‘f (b)’q} ]}

[AN(f. 9)] (2.16)
A\ t| t z| t
< ma/ m/x s)*Lg(s)ds| | f'(t \dt—l— a/ a/ “Lg(s)ds||f/(t)| at

b
%(;3)/

xT

/t (s — ) Lg(s)ds

|[f'(®)] dt +

|F(®)] dt

/t(s — ) g(s)ds
b

H g H[a,x},oo

S Tars Mo lrwlas 0= [ie-ar - @0 |f’<t>>dt]
Ll / b
ga[j—b]l A/ () dt + (1 - )‘)/[(b—iﬂ)a—(t—x)o‘]\f’(t)\dt].

By using the well-known Hélder inequality in (2.16), we have

[Ax(f,9)] (2.17)
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(e (o)
cvon{fesr-seoms fors)
(oo (o)

ERURPY ( [(bm)a@x)a]pdt); (jf'(t)th);] .

. LN
Since ‘ f ’ is convex, we have

||9||[a,x},oo
- T(a+1)

9 |l{z,5],00

T+ 1)

\@

(/(m—t)apdt) : (/’f’(t)’th) q (2.18)

A\
7N
—
S
=}
'UQ
+\—5
==
+
—_
~—
5=
~
a\a
| —— |
S| o
|\|
~
&,j
—
S~—
[}

-

Similarly, we get

(/ [(z—a)® — (z — )P dt) ' (/ ‘f’(t)‘q dt) (2.19)
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1

< [omom (-3l 5 ([le-olrer ve-arofta)

- () S - er 52

2

b v /b 7
(/(t—:c)o‘pdt) (/‘f/(t)‘th) (2.20)
_ p)optl ; . g . g B

< ((bapll ) (b_la)a (/{(b_t)‘f(a)‘ +(t—a)|f () ]dt)

- Gt (-]

[un

Q=

and

b % b q
/ [(b—2) = (t —x) dt) (/ ‘f'(t)‘q dt) (2.21)

Here we use the fact that
(A—-B)Y < AP — BP

forany A > B >0 and p > 1.
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If we put (2.18)-(2.21) in (2.17), then we have

|A>\(fa g)|

HgH[a,m],oo (.%' — a)a+1

- Tlet1) 4 —a)i(ap+1)r

+ =N (0= 7 @]+ S o

1
q]q

M=) [f@f + @9 \r )
q]E

(52 (-]

qr]

The proof of second inequality in (2.15) is obvious from the inequalities (2.14).

|9 lzp0  (b— )t
Fla+1) (b—a)% (ozp—i—l)%

)@ + (52 ) [

which completes the proof of first inequality in (2.15).

+a-N e’ |(

O

Corollary 2.6. If we choose o =1 in Theorem 2.2, then we have the following inequality

L=\ / £)dt — /f
(-2 o =52 o)

=07 (- S0 @l + S5 o

A8 s (250 1]
q] E]‘

el o s 2 o

[ /g )t + f(b /g 1)t

< HgH[a@],OO (CE - CL)2

Nl (6 27
T 10}

+a-n7F ()@ + (5 -a) [F o)

IN
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Q=

+ {A 2@+ (- a) o]

2
H1-0 0 () [ @'+ (5= o) f’(b)\qﬂ (b—x)Q}.

Corollary 2.7. If we choose A = 1 in Theorem 2.2, then we have the following weighted
fractional trapezoid inequality

[/ (a) g g (2) + F()Tig (2)] = [a4 (f9) (x) + Tt (fg) ()]

1
q

l9llfae)00  (z—a)ot? a+x\ |, e (xr—a)
D(a+1) (5~ q)i(ap+ 1)r [<b_T> ’f(“)’ T

|9 ll[z8],00 (b— )t b—2x) ., g m—i—b_a , q%
" [(a+1) (b—a)%(ap—i—l) [[ 2 ]f(a)‘ +( 2 )‘f(b)‘]

o]

B =

||9||C>ol :
MNa+1)(b—a)i(ap+1)?

{(zc o [ (b= 55 [ + 5

2 2
+(b _ m)onrl

<

Q=

/

o]

Q=

0 gt (50 iron]

} |

Corollary 2.8. If we choose A = 0 in Theorem 2.2, then we have the following weighted
fractional Ostrowski inequality

oy () + Jig ()] f(2) =[5y (Fg) (2) + T3 (fg) ()]

19l @210 (2 —a)ot?

1 a+x roqe (z—a)
S s e Gl G UG/l L
Il 9 liz,8],00 (b — x)t! 1[/b—=x f o r+b , 4l
" F(Oé[+b}1) (b—a)%(ocerl)% (op)? K 2 >‘f (a)‘ +< 2 _a) f(b)”
_ ol

T(a+ 1)(b — a) (ap + 1)»

{(1 N (0= FE) [f @] + 52

2
flaf'+ (5= o) \f’(b)\q]%}-
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