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SOME INTEGRAL INEQUALITIES FOR SYMMETRIZED p-CONVEX
FUNCTIONS

TULIN NAL KARADEMIR!, IMDAT ISCAN?, AND MAHIR KADAKAL?

ABSTRACT. In this paper, new inequalities and generalizations have been made especially
for p-convex functions. New inequalities related to products of functions which is a more
general form of the class of symmetric convex functions are obtained. The inequalities
obtained have been shown to be compatible with the literature.

1. PRELIMINARIES

Let real function f be defined on some nonempty interval I of real line R. A function
f: 1 — R is said to be convex if the inequality

flz+ 1=ty <tf(@)+ 1 —1)f(y)
is valid for all z,y € I and ¢ € [0, 1]. If this inequality reverses, then f is said to be concave
on interval I # ().
Convexity theory provides powerful principles and techniques to study a wide class of
problems in both pure and applied mathematics.
Let f: I — R be a convex function. Then the following Hermite-Hadamard inequalities

hold
f<“;rb>_b_ /f Vo < ”Jrf() (1.1)

for all a,b € I with a < b. Both inequalities hold in the reversed direction if the function

f is concave. This double inequality is well known as the Hermite-Hadamard inequality
[5]. Some refinements of the Hermite-Hadamard inequality for convex functions have been
obtained [1, 15]. Note that some of the classical inequalities for means can be derived
from Hermite-Hadamard integral inequalities for appropriate particular selections of the
mapping f. In recent years, many new convex classes and related Hermite Hadamard type

5]).
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inequalities have been studied by many authors (for example see [1,2,7,9,11-13,1
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Definition 1.1 ([6]). Let I C R\ {0} be a interval. A function f : I — R is said to be
harmonically convex, if

Yy
— 7 | <t 1—t
i) < +0-01@
for all z,y € I and t € [0,1]. If the above inequality is reversed, then f is said to be
harmonically concave.

In [7], the author gave the definition of p-convex function as follow:

Definition 1.2 ([7]). Let I C (0, 00) be a real interval and p € R\ {0}. A function f: I — R
is said to be a p-convex function, if

f (0 + 07 = a7]7) < tf(@)+ (1= 1) f () (1.2)

for all z,y € I and t € [0,1]. If the inequality in (1.2) is reversed, then f is said to be
p-concave.

For a function f : [a,b] — C we consider the symmetrical transform of f on the interval
[a, b]; denoted by flq4) or simply f, when the interval [a,b] is implicit, which is defined by

() ::%[f(t)+f(a+b—t)], telab].

The anti-symmetrical transform of f on the interval [a, b] is denoted by T[a,b}’ or simply f

and is defined by

1

F@) =5 [f) = flatb=1)], t € a,0].

It is obvious that for any function f we have f + f = f [3].

Definition 1.3 ([3]). We say that the function f : [a,b] — R is symmetrized convex

(concave) on the interval [a, b] if the symmetrical transform f is convex (concave) on [a, b].

Now, for a function f : [a,b] C R\ {0} — C we consider the symmetrical transform of f
on the interval [a, b]; denoted by fg (4 or simply fr, when the interval [a, b] is implicit, as
defined by

Fur(t) = % [f(t) +f ((HZ)%)} telab).

The anti-symmetrical transform of f on the interval [a,b] is denoted by 7H7[a7b}, or simply
f and is defined by

Tut) =5 [ 10— 1 (=) | € ol

It is obvious that for any function f we have fH + fu=f[14].

Definition 1.4 ([14]). A function f: I C R\ {0} — R is said to be symmetrized harmonic
convex (concave) on I if fp is harmonic convex (concave) on I.
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For a function f : [a,b] C (0,00) — R we consider the p-symmetrical transform of f on
the interval, denoted by P(f.,) 4.4) or simply F(;.,), when the interval [a, b] is implicit, which
is defined by

1
Py (x) = 5 [f(ﬂ:) +f ([ap+bp —aP]p )} x € [a,b].
The anti p-symmetrical transform of f on the interval [a,b] is denoted by AP, (a5 OF
simply AP, y,,) as defined by
1 1
APy (@) =5 [F@) = 1 ([o" +07 = a?]7) | o € [a,0] [3)

Definition 1.5 ([3]). A function f : [a,b] C (0,00) — R is said to be symmetrized p-convex
(p-concave) on [a, b] if p-symmetrical trasform P, is p-convex (p-concave) on [a, b].

Theorem 1.1 ([3]). If f : [a,b] C (0,00) — R is symmetrized p-convezr on the interval [a,b],
then we have the Hermite-Hadamard inequalities

f<[ap+bpr>< p bf(x)dng(a);f(b) (1.3)

2 ~— b —qap J, xlP

Theorem 1.2 ([8]). If f : [a,b] C (0,00) — R is symmetrized p-convex on the interval [a,b],
then the following inequalities hold for all x € [a,b]:

f ([ap;bpr> < Py (@) < M -

The following Hermite-Hadamard type inequalities for the product of two functions hold:

Theorem 1.3 ([1]). Assume that both f,g : [a,b] — R are symmetrized convex or sym-
metrized concave and integrable on the interval [a,b]. Then we have

_a/ f dt—i—f(a+b g(a;—b)

f(“;b) bia/bg@)dwg(“;b) [ .

fla)+ f(b)gla)+g(b)
2 2

f( . (b)bi /a*’g(t)dug(a);g(b)bialbmdt

f(a);‘f(b)bia/bg(t)dt—l—g(a;l)) bia/abf(t)dt
_a/f dt+f(a);f(b)g(a;b)

()+9 /f dt—i—f( )bia/abg(t)dt

/f P dt + ();g(b)f<a;rb>.

Y

t) dt +

Y

v

and

~ b—a



82 TULIN NAL KARADEMIR, IMDAT ISCAN, AND MAHIR KADAKAL

Theorem 1.4 ([1]). Assume that both f,g : [a,b] — [0,00) are symmetrized convexr (sym-
metrized concave) and integrable on the interval [a,b]. Then we have

(50 (") <z>f(“+b)bia/bg<t>dt

< (2)— /f
< <_>f( ;f”bfa/bg@)dt
< (Z)f(a);f(b)g(a)-;g(b)
and

) = onl) L
< oty | Tow
< (»)? 9() _a/f
. (Z)f()+f() 9(@)+9(t)

2 2
Definition 1.6 ([10]). Let p € R\ {O} A function w : [a,b] € (0,00) — R is said to be
p-symmetric with respect to [“p*'bp} ifw(z)= ([ap + bP — 2P| ) holds for all x € [a, b].

2. MAIN RESULTS
1
We will use the notation M, = [#} ? for the sake of simplicity.

Theorem 2.1. Assume that f,g : [a,b] C [0,00) — R are two symmetrized p-conver and
integrable functions, then we have

p /” Pl @) Pgp (@) + f (Mp) g (M)

b — aP xH’

= - ap/ dwﬂ’ bp—aP/:clp “ (2.1)
bpfap/a"P(f.m(mz_p(g.p)(w)dHf( )-2Ff() g(a );g(b)

™
RGO AL Pty e g P o

s [Ty g



SYMMETRIZED p-CONVEX FUNCTIONS 83

and
g(a)+ f(z p bg(x)
2 bp—a}’/ dm-i—f )bp_ap axl—pdx
b P b
S L e L L 24

Proof. Since f,g : [a,b] C [0,00) — R are two symmetrized p-convex and integrable func-
tions, by using (1.4)

[Py (@) = f (My)] [P (2) = 9 (M) > 0. (2.5)
Thus, we obtain the following inequality:
Piyp) (€) Plgp) () + f (My) g (Mp) > Py () g (Mp) + Pgpy (x) f(Mp) . (2.6)

Multiplying by - —L~ to the inequality (2.6) and integrating over = on the interval [a,b] and
then again multlplylng by e to the obtained inequality, we get

_ f - /b Pyp) (@) Plyp) (x)dm + [ (Mp) g (Mp)

xl-p
b P, b Py ()
() ( (9-p)
Z bp —ap / :Ul D d + f (Mp)/a de (27)
From the definition of P( f.p)» We write the following:
/b P(fp
bp aP
1

1 f:c b f ap—i-bp—xp]ﬂ)

By changing the variable as u = [a? + bP — xp]% in the second integral in (2.8), we have

b Py (@) b f(x)
p (f-p) _ p
T /a i dr = el e dz. (2.9)
and similarly,
b Plyp) () bg(x)
p (g.p) . p g
T /a oy dr = T /a oy dzx. (2.10)

Substituting (2.9) and (2.10) in (2.7),

P /b Pyp) (@) Py p) (x)dx +f (M) g (Mp)

bP — aP :lep

b
p f ()

> (M, bp—aP/ dac—|— M)bp—ap g xkpdf”

is obtained. Since f and g are symmetrized p-convex functions, by using the inequality (1.4)

the following inequality

(M — Prp) (95)) (M — Plop) (x)) 20
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can be written for all = € [a,b]. Similar to the proof of the inequality (2.1), the inequality
(2.2) is obtained. Finally, from (1.4) we can write

(M — Py (90)) (P(g~p) () —g (Mp)) > 0.

This inequality is equivalent the following inequality

MP (9.0) (%) + 9 (Mp) Py) (x) = Pip.p) () Pg.p) () +

If the roles of the functions f and g are changed then the inequalities (2.3) and (2.4) are
obtained. ]

Remark 2.1. If we choose p = 1 in Theorem 2.1, then we get the results for symmetrized
convex functions in Theorem 1.4. That is, the obtained results coincide with the results in

[4]-

Corollary 2.1. If we choose p = —1 in Theorem 2.1, then we get the following results for
symmetric harmonic conver:

), e (25)0(75)

- f<a2ibb) > /bgsi )d“9< )baba/abf
/fH () f(b)g(a +g
b—a
S f@+ b /g +9(b b /f
- 2 —a 2 —a
fla );f()bciba/bg(f)dx+g<2ab)b_a/ f@),.
> ba_ba/abp(f-p)( 232 (g.p) (2 ) [(a );‘f( )g<a2j_bb)
and
a8 1 (3852 (22
> ba_ba/abp(f-p)( :)Uf(g-p)( )dac+ g(a );g(b)f<a2j_bb)'
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Theorem 2.2. Assume that f,g : [a,b] C [0,00) = R are two symmetrized p-convezx and
integrable functions. Then we have

b —aP Jo xt7P
b P
p / (fp) (2 )g(x)dx
b — aP T

Fn)g(g) < )t [ 4 2.1)

1-p

= = 2 b—a/g

fla)+ f(b)g(a)+g(b)
2 2

IN

and

=~
5
=
5
IA

)L / xl_p (2.12)
b Plyp) (7) g (z)
bp —aP /a xl-p du

a b b f(z
BRIGE Ny (P

fla)+ () g(a)+g(b)
2 2

Proof. Since f,g : [a,b] C [0,00) — R are two symmetrized p-convex and integrable func-

IN

<

tions, we write the following inequalities by using (1.4) for all = € [a, b]:

0<f(M )<P(fp)()<w (2.13)
and
0<g(M,) < Py, (2) < M (2.14)
If we multiply by P, (%) to the inequality (2.13), then we get
0< 1 (My) Py (@) < Py () gy () < T p iy o)

Multiplying by to the mequahty (2.15) and integrating over x on the interval [a, b] and

:1:1 P
then again multiplying by 2= to the obtained inequality, we have

0 < f(My)" /bp(g'p)(m)dx< P /bp(f-p)(x)P(g.p)(x)dx

=~ p bp —aP o xl*p - bp — aP a xlfp
b P
. f@rt) b / gr) (@) - (2.16)
2 bp —a? Jg z1=p

Here, by substituting (2.10) in the inequality (2.16), we get

b b
P g(z) p Plyp) (@) Plgp) (7)
f (M) - i xl_pdx < bp — /a oy dx

f(a)+ f(b)
LI s e, o

0

IN
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From (1.3), we write

g < 2o [(98) g, < 9O 190 (2.18)

Multiplying by f (M,) the first inequality in (2.18) and multiplying by ! (a)+f ®) the second
inequality in (2.18), we have

b
p g ()

£ () 9 (M) < (M) 52— [ D8 (2.19)

and ; ) ; ;
F@E0) p o), f@+i0)g@ o) 220,

2 bp —ap J, zl=P 2 2

respectively. Using (2.16), (2.19) and (2.20), the inequality (2.11) is found. Similar to the
proof of the inequality (2.11), the inequality (2.12) is obtained. O

Remark 2.2. If we choose p = 1 in Theorem 2.2, then we get the results for symmetrical
convex function in Theorem 1.3. That is, the obtained results coincide with the results in

[4]-

Corollary 2.2. If we choose p = —1 in Theorem 2.2, then we get the following results for
symmetric harmonic conver:

! <“2ibb) ! (aQibb) =/ (aQibb) bciba /b géf)dm

< / fr (z x2

< f( ab /”g
@i W@ 0
- 2 2

and

f(azibb)g(;ibb) = g(azibb) ab /”fH(w)

fu (z
= b—a/
a)+g(b) ab T
S g<>2g<>b_a afb;g ) 1
< Jl+f®)gla)+g(®)
- 2 2 '
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