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CERTAIN RESULTS ON RUSCHEWEYH OPERATOR

PARDEEP KAUR' AND SUKHWINDER SINGH BILLING?

ABSTRACT. In the present paper, we find certain results on Ruscheweyh operator using
differential subordination. We derive certain results for starlike, convex and close-to-convex
functions as particular cases to our main result.

1. INTRODUCTION

Let H denote the class of functions f, analytic in the open unit disk E = {z € C: |z| < 1}
in the complex plane C. Let A,, be the subclass of H, consisting functions f of the form

0o
f(z):z+ Z CLka, fOI‘TLEN:{]-, 2) 37 }a
k=n-+1

in E. A function f € A, is said to be starlike of order « if and only if

zf'(2)
3%( f(z)>>a’ 0<a<l, z€E.

The class of such functions is denoted by 8 («). A function f € A, is said to be convex of
order « in E, if and only if

2f"(2)
f'(2)

Let K, (), denote the class of all functions f € A, that are convex of order « in E.

§R<1—|— )>a,0<a<1,z€E.

A function f € A, is said to be in the class C(a) of close-to-convex of order « in E if it
satisfies

R <Z§£i§)> >a, z€E; 0<a<1and where g € §;.
Note that 87(a) = 8*(a), Ki(a) = K(ar) and €1 () = C(ar), 0 < v < 1 are the usual classes
of univalent starlike, convex and close-to-convex of order « respectively. Also note that
A = A.

Let f and g be two analytic functions in open unit disk E. Then we say f is subordinate to
g in E, denoted by f < g, if there exist a Schwarz function w analytic in E, with w(0) = 0
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and |w(z)| < 1, z € E such that f(z) = g(w(2)), z € E. In case the function g¢ is univalent,
then f < g if and only if f(0) = g(0) and f(E) C g(E).
The Taylor’s series expansions of f, g € A are given as

f(z) =2+ Z arz® and g(z) = z + Z bz~
k=2 k=2

Then the Hadamard product or convolution of f and ¢ is denoted by f * g and defined as

(fxg)(z) =2+ iakbkzk.

k=2

For f € A, Ruscheweyh [5] defined
z)/\+1 x f(z), A\>—1, z€E. (1.1)

A _
And for A =n € Ny = NU{0} where N= {1, 2, 3,...}, he observed that
2(z" L f(2)™

R"f(z) = py , z € E.
This symbol R*, X € Ny was named as Ruscheweyh derivative of f of order A\ by Al-Amiri
[3]. Lecko et al. [1] observed that for A\ > —1, the expression given in (1.1) becomes
A\ _ A+ D)A+2) ... (A+k-1)
Rf(Z)_Z+;€2::2 = 1)1 arz”, z € E,

and for every A > —1

RlRAf(z) = z(RAf)/(z) =z ((1_2;:)/\“ * f(z)>’ (1.2)

= (1_# * (Zf/(z)) _ R)‘(zf/(z)) _ R)\le(z)’ » c E.

We notice that
R f(2) =z, R°f(2) = f(2), R'f(2) = 2f'(2) and R*f(2) = 2f'(2) + ff”(z),
and so on. For A € Ny and for z € E, we have
2(RM)(2) = A+ DRMf(2) — ARMf(2). (1.3)

Note that, this identity also holds for A = —1.
In 2006, Wang et al. [7] studied the class Q(a, B, ) defined as:

Qa, B, 7) ={f € A:Rla(f(2)/2) +Bf(2)] >, (@, B) >0, 0<y<a+f <L z€E}

They provided the extreme points and radius of univalence for the members of this class.
Then in 2007, Gao et al. [2] studied the following subclass of A :

R(B, o) ={f € A: R(f'(2) + azf"(2)) > B, z € E},

where f < 1, a > 0. They determined the extreme points of R(3, «) and obtain sharp
bounds for R(f'(z)) and R(f(z)/z). They also determined the number $(a) such that
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R(B, «) C 8*, for certain fixed number « in [1, c0). Recently, Shams et al. [0] studied the
Ruscheweyh derivative operator for f € A, that satisfies the inequality given below:

R>\+2 . R)\_H 5 I R)\—l—l z pt+1
L) RN ATy

and obtained the values of M, «, § and u for which the function had become starlike of

<M,

order 4. In the present paper, we study the following operator for f € A given below as:

O R () R
RIC) ll * (mz)mﬂf(z) MU0 )]

where « is a non-zero complex number and A € Ny = NU{0, —1}, where N={1, 2, 3,...},
and obtain certain conditions for starlikeness, convexity and close-to-convexity.

2. PRELIMINARY
To prove our main result, we shall make use of the following lemma of Miller Mocanu [4].

Lemma 2.1. Let F(z) = 1+ byz + bp2% + ... be analytic in E and h(z) be analytic and
convez function in E with h(0) = 1. If

1
F(z)+ EzF'(z) =< h(z), (2.1)
where ¢ # 0 and R(c) > 0, then
F(2) < ¢z~ / £ 1R (t) dt,
0

and czfc/ t"Lh(t) dt is the best dominant of the differential subordination (2.1).
0

3. MAIN RESULTS

Theorem 3.1. Let o be a non-zero complex number such that R(«) > 0 and h be analytic
and convex in E with h(0) = 1. If f € A satisfies

RM1f(z) RM2f(z) RM1f(z)
R Nf(2) ll —ata <()\ +2) RM1f(2) —(A+1) R f(2) )] < h(z),
then R/\+1 1 1
R)\f‘]gz(:;) < a/o té_lh(zt) dt, A E Nl, zeE.
Proof. Define u(z) = ]m, z € E.

On differentiating logarithmically, we get
2/ (z) _ 2(RMf(2)) 2(RM(2)
uz) RN RV
Using the equality (1.3), the above equation reduces to,

LG it (O BN it (C)
Wll a+a<()\+2)R)\+1f(Z) (A+1) I )] (3.1)

u(z) + azu/(2) =
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1
Taking ¢ = — and using Lemma 2.1, from (3.1), we get
a

R)“Hf(z) R>\+2f(z) R)‘—Hf(z)
e [1 —a+o <()\+2)R/\+1f(z) —(A+ 1)R’\f(z)>] < h(z),

then
R)‘+1f(z)

R f(2)

1 z 1 /1
<z / taLh(t)dt = —/ tath(zt) dt.
a 0 @« Jo
O
1+2z(a—B—apf)+ (26 —1)2?
(1-2)
« is same as given in this theorem, we obtain the following result:

On selecting h(z) =

in Theorem 3.1, where 0 < 8 < 1 and

Corollary 3.1. Let o be a non-zero complex number such that R(a) > 0 and let f € A

satisfies
M1, M2, AL,
. 1+22(a—B8—aB)+ (26 —1)22
-2y
then

RMf(z)  14(1-2p)
RMf(2) = 1—2z
Taking the dominant h(z) =1+ (1 + a)az, 0 < a <1 and « is same as in Theorem 3.1,
we have the following result from this theorem:

Z, 0<pB<1, AeNy, z€E.

Corollary 3.2. Let o be a non-zero complex number such that R(a) > 0 and let f € A
satisfy

RM1f(2) RM2f(2) R f(2)
W [1—0[-#04 <(A+2)R/\Hf(z)_()\+l)R>\f(2)>] —1<(l+aa
then A
|R*f{»§)2)_1 <a, 0<a<l1l AeNy, z€E.

4 2
In Theorem 3.1, when h(z) = 1+ §<1 + o)z + §(1 + 2a)2? is selected as a dominant,

where « is same as in this theorem, we get:

Corollary 3.3. Let a be a non-zero complex number such that ®(a) > 0 and let f € A
satisfy

RMILf(4 RM2f (2 R (2
w[l—a+a((A+Q)Jw%_<A+l)le(cz()))]
e Joeane

then

RM1f(2) 4 2,
—— =<1+ - AeN e k.
R (2) +3z+3z, 1, %
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4. CONDITIONS FOR STARLIKENESS, CONVEXITY AND CLOSE-TO-CONVEXITY

Setting A = —1 in Corollary 3.1, we obtain:

Corollary 4.1. Let o be a non-zero complex number such that R(«) > 0. If f € A satisfies

f(z) 1+22(a — B —ap) + (28 — 1)z

A== (12 ’

+af(z) <

then

1 1-2
f(z)< + 6)2,0§5<1,26E
z 1-=2
For A = —1 and replacing f(z) with zf’(z) in Corollary 3.1, we get:

Corollary 4.2. Let a be a non-zero complex number such that ®(a) > 0. If f € A satisfies

1+2z2(a—B—aB)+ (28 —1)22
(1—-2)? ’

f'(z) + azf"(2) <

then
1+(1-20)z
1—2z

f'(z) < ,0<B8<1, z€E.
Hence f € C(B).
Selecting A = 0 in Corollary 3.1, we obtain:

Corollary 4.3. Let a be a non-zero complex number such that ®(a) > 0. If f € A satisfies
/ 1 / _ A3 _ _ 2
SOy (14 508 LOY] L 2elop-0d) 29 1)

f(2) =) f(z) (1—2)? ’
then ) ( )
2f'(z 1+ (1-28)z
) =< T , 0<8<1, z€E.
i.e. fe€8*P).

Putting A = 0 and replacing f(z) with zf’(z) in Theorem 3.1, we get the following result:

Corollary 4.4. Let a be a non-zero complex number such that ®(a) > 0. If f € A satisfies

() )]
L1 2z(a — ﬁ(l—_oz,f))2+ (28 — 1)227

then

2"(:) 1+ (1-28)

z
< 1 E.
702) T , 0<8<1, z€

1+
i.e. feX(p).

Selecting A = —1 in Corollary 3.2, we have:
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Corollary 4.5. Let o be a non-zero complex number such that R(a) > 0 and let f € A
satisfy

-l a1 <a+ae
then
‘f(;)—l‘<a, 0<a<l, z€eE.

For A = —1 and replacing f(z) with zf’(z) in Corollary 3.2, we get:
Corollary 4.6. Let a be a non-zero complex number such that ®(a) > 0. If f € A satisfies
|f'(z) + azf"(z) = 1] < (1 + @)a,

then
If'(z) =1 <a, 0<a<1, z€E.

Taking A = 0 in Corollary 3.2, we obtain:

Corollary 4.7. Let « be a non-zero complex number such that R(a) > 0. If f € A satisfies

e T )| < o

{1 + a (1 +
then

2f'(2)
f(2)

Selecting A = 0 and on replacing f(z) with zf/(z) in Corollary 3.2, we get the following
result:

—1‘<a7 0<a<l, z€E.

Corollary 4.8. Let a be a non-zero complex number such that R(«) > 0. If f € A satisfies

21(2) 2:(2) + 21" ()]
(1+ f’(Z)>l1+a< F1(2) 1 2"(2) f’(@)] !

< (1+aa,

then
zf"(z)
f'(2)

Selecting A = —1 in Corollary 3.3, we have:

<a, 0<a<l, z€E.

Corollary 4.9. Let o be a non-zero complex number such that R(a) > 0 and let f € A
satisfy
2

4
+af'(z) <1+ g(l +a)z + g(l + 2a)2?,

f(2)

1— o)

(-l

then
@41—%%,2—#%22,261}3.
z 3 3

For A = —1 and replacing f(z) with zf’(z) in Corollary 3.3, we get:



56 PARDEEP KAUR AND SUKHWINDER SINGH BILLING

Corollary 4.10. Let o be a non-zero complex number such that R(«) > 0. If f € A satisfies
4 2
fl'(2) +azf'(z) <1+ 5(1 + )z + 5(1 + 2a)2?,
then
! 4 2 2
f(z)<1+§z+§z , z € E.
Hence f € C.
Taking A = 0 in Corollary 3.3, we obtain:

Corollary 4.11. Let o be a non-zero complex number such that R(«) > 0. If f € A satisfies

zf'(2) zf"(z)  2f'(2) 4 2 2
) {1—1—04(14— 702) 8 )}41—1—3(14—@)2—1-3(1—1-204)2,
then
zf'(2) éz 222 .
) <1+3 +3 , z€E.
ie. f€ 8.

Selecting A = 0 and on replacing f(z) with zf/(z) in Corollary 3.3, we get the following
result:

Corollary 4.12. Let « be a non-zero complex number such that ®(«) > 0. If f € A satisfies

(1 N Zf”(z)) [1 ta <2Zf”(z) + 22" (2) zj‘"”(Z))

4 2
<1+ 5(1 +a)z+ g(l +2a)2%,

f'(z) e +2f"(z)  f(2)
then
zf"(z) 2
1+ f/(Z) -<1+§ +§ , 2z €E
ie. feX.
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