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ON REFINEMENT OF JENSEN’S INEQUALITY FOR 3-CONVEX
FUNCTION AT A POINT

TASADDUQ NIAZ', KHURAM ALI KHAN? AND JOSIP PECARIC?

ABSTRACT. In this paper, the refinement of Jensen’s inequality for convex function given
in [5] used to establish the inequalities for classes of 3-convex function at a point. Some
new improvements of these new inequalities are also given.

1. INTRODUCTION AND PRELIMINARY RESULTS

Convex function played a vital role in optimization. Also many important inequalities
are due to convexity of the function. One of them is Jensen’s inequality because the notion
of convex function widely use as classical Jensen’s inequality and refinement of Jensen’s
inequality and it has remain source of valuable results in the literature for many decades.
In [8, p. 43] discrete version of Jensen’s inequality is given as follows:

Let f: I — R, where I be an interval in R, is convex, for n > 2 suppose (z1,...,x,) € I"
and (py,...,pn) is a positive n-tuple and for k =1,...,n let P, := Y%, p;, then

1 & 1 &

For refinements and interpolations of Jensen’s inequality for the class of convex functions,
we refer [1-7] and references there in.

Divided difference is a helpful tool when we are dealing with the functions that have
different degrees of smoothness. In [3, p. 14] the divided difference is given as follows.

Definition 1.1. Let g be real valued function defined on [a, 8]. For r + 1 distinct points
uQ, U, - - - , Uy, the r-th order divided difference is defined recursively by

[ui; 9] = g(w;) i=0,1,...,m,

and

[Ul,UQ, s 7u7“;g] - [UOaula s 7u7"*1;g]

[u07u1,...,ur;g] =
Upr — UQ
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This is equivalent to

where
w(z) = H(:z: — ;).
§=0

The r-convex function is characterized by the rth-order divided difference as follows (see
[5, p. 14]).

Definition 1.2. A function g : [a, 5] — R is called r-convex function (r > 0) on [, f] if
and only if

[UOaula”'auT;g] ZO (11)

for all (r + 1) distinct choices on [«, 5].
If the inequality is reversed then g is n-concave on [«, f3].

In [5] L. Horvath and J. Pecari¢ give a refinement of Jensen’s inequality for convex
function. They define some essential tools to prove the refinement given as follows:
Let X be a set, and:
P(X) :=Power set of X,
| X |:= Number of elements of X,
N:= Set of natural numbers with 0. Consider ¢ > 1 and r > 2 be fixed integers. Define the
functions

Frg:{l,....q}" = {1,...,¢}"" 1<s<r

Frefta) =P (L)

and
T P{1,....¢)) = P({1,....a)" ")
by
FT,S(ila s 71'7‘) = (i17i27' : 'ai871,i5+17 s 7ir) 1<s<r
Fr(llv "LT) = U{Fr,s(ila Jr)}
r=1
and
b, I'= ¢;
T.(I) = U F(i,....ir), I#6. (1.2)
(ila---ﬂ:r)el

Next let the function
ari;{l,...,¢}" >N 1<i<gqg (1.3)
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defined by
ay.i(i1,...,1,) = number of occurences of ¢ in the sequence (iy,...,1%,).
For each I € P({1,...,q}") let
ari= Y aplin,....0) 1<i<r
(31,..0yir)ET

(H1) Let n,m be fixed positive integers such that n > 1, m > 2 and let I, be a subset of

{1,...,n}™ such that

ar,; =1 1<i<n.

Introduce the sets I; C {1,...,n}(m —1 > 1> 1) inductively by
Liy:=T(;) m>1>2.

Obviously, I1 = {1,...,n} by (H;) and this insures that oy, = 1(1 <i <n). From (1.3) we
have oy, ; > 1(m—1>1>1,1 <4 <n). For m > 1> 2, and for any (j1,...,5i—1) € I;_1.
Let

g{ll(jla ce. ajl—l) = {((7/17 cee )il)a k) X {]—7 o 7l}‘ﬂ,k(i17 o 7/il) = (jla o 7jl—1)}
With the help of these sets they defined the function 7z, ;: I; = N(m > 1> 1) by
nIm,m(ilv - ,im) =1 (i1, . ,im) € Im;

N d—1(J15 -+ -5 J1-1) = > Nt (015 -+ -5 01)-
((ilv"'vil)vk)eg{ll (j17~~-7.jl—1)
And they define some special expressions as follows for m <[ < 1, as follows

m—1)! . .
Am,l(Imaxapvf) = *Am,l(lmamla vy Ty Ply - 7pn7f) = g Z n[m,l(zb cee 7Zl)

—1)!
(0= 1! (i1, i) €Dy
NP
l . : Q’Im]i L
O ) R JIW
jil alm,ij ! Pij
= QI i
Theorem 1.1. Let f : C' — R be a convex function where C' be a convex subset of real
n
vector space X. Let p1,pa,...,pn are positive real numbers such that > p; = 1, then
i=1
n n
f (Zpsxs> < -Am,m < Am,m—l <...< Am,Q < Am,l = Zpsf (935) (15)
s=1 s=1

In [2], I. A. Baloch et al. introduced the new classes of functions that are X{(I) and
K5(I) given in the following definition.

Definition 1.3. Let f : I — R and a € I° (I° denote the interior of ). Consider the
classes

B
K{(I) := {f : their exist a real number B such thatf(x) — Exzis concave on (16)

I N (—o0,ajand convex onl N [a,c0)}
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and

B
Ks(I) := {f : their exist a real number B such thatf(x) — 5:1/‘218 convex on (L)

I N (—o0,aland concave onl N [a,00)}.

The function f € K¢(I) is called 3-convex function at a point and if f € K§(I)) is 3-concave
function at a point.

They also show that the K{(I)(K$(I)) is larger class of function than the class of all
3-convex(3-concave) functions in the following result (see [2], Theorem 2.4).

Theorem 1.2. If g € K{(I)(g € KG(I)) for every a € I, then g is 3-convexr (3-concave).

It was also noted that the converse of Theorem 1.2 is not valid in general. For instance
t* € K3(—1,3) but t* is not 3-convex at (-1, 3).
The Levinson inequality was generalized by replacing with weaker assumption by A. Mercer
et al. [10]. After that A. Witkowski et al. [I 1] gave further weaker assumption than Mercer
to prove Levinson inequality. Then I. A. Baloch et al. [2] generalized the result of Mercer
and Witkowski by defining a larger class of function that is K{(I) and X§(I). After that S.
I. Butt et al. [12] generalized Popoviciu inequality for K§(I) and X§(I) classes. These work
motivates us and give an idea to generalize refinement of Jensen’s inequality for K¢ (/) and
K4(I) classes.
M. Adeel et al. [1] later generalized the Levinson inequality for higher order convex function.
Butt et al. [3] gave some applications to information theory by finding some new bounds
for Shannon, relative and Mandelbrot entropies by using discrete and cyclic refinement of
Jensen’s inequality, and similar type of application to information theory can be find in [9].

2. MAIN RESULTS

In this section, we use the refinement of Jensen’s inequality for convex function given
in (1.5) and establish the inequalities for classes of functions X{(I) and X§(I) instead of
convex function f. We also improve these inequalities.

For this first we define the functional by the differences of refinement of Jensen’s inequality
given in (1.5) as follows:

O1(f) = Amr—f (Zn:psa;s) ,  r=1,...,m, (2.1)
O2(f) = Am,T—Amj:I 1<r<k<m. (2.2)
Remark 2.1. Under the assumption of Theorem 1.1, we have
©i(f)>0, i=1,2. (2.3)
And the inequalities (2.3) are reversed if f is concave on C.

Note. In the rest of paper we consider r < k.
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Theorem 2.1. Assume (Hy), let I = [a, 5] be an interval. Consider © = (x1,...,x5) €
[, B]° and y= (y1,...,ys) € [a, B]°. Also let there exists a € I such that

max r; < a < miny;.
i J

Suppose p = (p1,...,ps) € (0,00)°, ¢= (q1,-..,qs) € (0,00)° such that lej = Zlqi =1
J= i=
and
A (I, @, p,id*) = A (I, x, p, id*) =
-Am,r(Imy Y, q, Zd2) - ‘Am,k(In’m Y, q, Zdz) (24)
If f € X$(I), then
Am,r(Im7 CB, p) f) - ‘Am,k(m7 p7 f) S ‘Am,’l’(y) q7 f) - ‘Am,k(yv q7 f) (25)
holds.

Proof. Since H(z) := f(z) — 222 is concave on I N [, a], therefore from Remark 2.1, we
have

0 Z Am,r(xa val) _-Am,k(xapaHl)
B .
= ‘Amm (X, P, f) - ‘Am,k(x7 p, f) - 5 ‘Amﬂ‘ (X7 p, Zd2)
- ‘Am,k(x7p7id2) : (26)

As Hs(y) := f(y) — gyg is convex on [a, 8], therefore from Remark 2.1, we get

0 S Am,r(y7p7H2)_Am,k(yvpuHQ)

B .
= (3P f) = A 32 )~ g Ao (v i)

_ Am,k<y,p,id2>] (2.7)

From (2.6) and (2.7), we have

B ) .
‘Am,’r’(xa P, f) - Am,k(x7 p, f) - 5 [Am,r (X, P, Zdz) - ‘Am,k(xa P, Zd2>:|

B ) .
< -Am,r(y, p, f) - Am,k(Yv P, f) - 5 |:-Am,r(Y7 P, Zd2) - Am,k(Yv P, 2d2):| .

Using the assumption (2.4), we get (2.5). O

Corollary 2.1. Assume (Hi), let I = [0,2a] be an interval, € = (z1,...,x5) € [0,qa]®,
S

Y= (y1,...,Ys) € [a,2a]® and p = (p1,...,ps) be positive n-tuple such that 3 p; =1, If
j=1

f € X{(I), then the inequality (2.5) holds for n = m and p = q and x1 +y1 = ... =
Ts + ys = 2a.
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Proof. Note that

k k
) 1pijy’i]’ 'Zl Pij (C - wi]')
-2 | J= _ 2| =
e | | = | (2.8)
> Di > Dij
j=1 j=1
k k 2
2 Pij % ,21 DPi; Xi;
= 62—26]7]6 + Fk (2.9)
> pi; > Di;
j=1 j=1
We can observe that
-Am,r (X7 p, id?) - -Am,k:(xa P, Zd2) = -Am,r (Ya P, Zd2) - -Am,k (Ya p, 2d2)
On following the same step of Theorem 2.1, we get (2.5). O

Remark 2.2. Using (2.6) and (2.7) from proof of Theorem 2.1, we have
‘Am,T(Xv P, f) - 'Am,k(x7 P, f)
B
< ) [Amw(x, p, idz) — Amyk(x,p,id2) (2.10)

and
— A (y P 'd2 —A y,pP 'd2
9 m,r\Y,P,? ) m,kz(a 2 )
S-Am,T(Y7paf) ‘Ame()’pa.])' (211)

Using (2.10) and (2.11), we have the refinement of (2.5) given by
B , .
‘Amﬂ“(xa b, f) - Am,k(xa P, f) < 5 |:‘Am,T(X7 P, 'LdQ) - ‘Am,k(xa b, ZdQ)}

< = g [Am,r(y, p,id?) — Apmi(y, P, z’dz)} ) < Ame(y, P, f) = Ami(y, P, ).

The next result is the generalization of Theorem 2.1, with weaker assumptions on (2.4).

Theorem 2.2. Assume (Hy), let I = [a, 8] be an interval, € = (x1,...,75) € |a, B]%,
y=(y1,...,¥s) € [, B]° with
max x; < minyj. (2.12)
i J
Also let p = (p1,...,ps) € (0,00)%, = (qu,...,qs) € (0,00)% such that > pj = > ¢; =1
j i=1

7=1
and f € X{(I) for some a € [max x;, miny;|. Then if

(1):
1" (max z;) >0

and

‘Amﬂ"(mv D, ZdQ) - 'Am7k:(w7 D, ZdQ) < ‘Am,r(ya q, Zdz) - ‘Am,k’(ya q, Zd2)
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(ii):
Y minyy) <0
and
A (9, 1) — Ay (@, p,id%) = A (Y, 4,1d%) = A iy, ¢, id?)
(iii): f”(maxz;) <0 < fY(miny;) and f is 3-convez,
then (2.5) holds.

Proof. Since f € K{[«, ,6’] for sorne a € [max z;, max y;|, therefore their exists a constant B
such that Hy(z) := f(z) — 57, is concave on [a, a], such that for z1,...,zs € I N[a,a], we
have

0 Z ‘Am,T(X7 P, Hl) - -Am,k(xu P, Hl)a
that is

B
o Am,r (X, p; Zd2)

0 > Am,r(X,Rf)—Am,k(X,Paf)_ 9

- ‘Am,k(x’pvid2) : (213)

Also Hs(y) == f(y) — By?* is convex on [a, 8], for y1,...,ys € [a, ], we have
0 S Am,r(y7 P, HQ) - -Am,k(Ya p, H2)>
that is

B .
0 Z ‘AmJ‘(Ya p, f) - 'Am,k(y’ P, f) - 5 |:‘Am,7“(ya b, Zd2)

- ‘Am,k(y)p7Zd2):| . (214)
From (2.13) and (2.14), we have
B ) .
-Am,r(xa P, f) - *Am,k(xv p, f) - 5 {‘Am,r(xv P, Zd2) - ‘Am,k(xa p, ZdQ)}
B ) )
S ‘Amﬂ“(y7 P, f) - ‘Am,k(Y7 P, f) - 5 [-Am,r(}ﬁ P, id ) - ‘Am,k(yu P, id )} .

So
2 [ A 5 D%) — A5, D2%) — Ao (5, i) — A (3, )]
< Ame (Y525 f) = Am (¥, P, ) = Amr (%P, f) = Am (%, P, f)- (2.15)
Now due to concavity of H; and convexity of Hy for every distinct point Z; € [o, max x;]
and g; € [miny;, 8], j = 1,2,3, we have
[Z1, 22, 23, f] < B < [#1, T2, J3, f]- (2.16)

Letting &; / maxx; and §; \, miny;, we get the inequalities if derivatives exists

ff(maxz;) < B < f)(miny;). (2.17)
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Since from assumption (a), f”(maxxz;) > 0, therefore B > 0, so using the assumption
{‘Am,r (Ya P, Zdz) - ‘Am,k(ya p, ,LdQ) - 'Am,r (Xa p, Zd2) - ‘Am,k (X7 P, ZdQ)} > 07

the expression

B . . . .
5 {‘Am,T (y7 p, Zdz) - ‘Am,k’(Y7 P, Zd2) - -Am,r (X7 b, Zd2) - 'Am,k (X7 P, 2d2)}

is non-negative and on using it on left side of (2.15) we have the result (2.5). And similarly
for assumption (b), the inequality f7(miny;) < 0 gives B < 0, so the expression with
assumption of (b) is also non-negative, this gives the result (2.5). Under the assumption of
(¢), f and f are both left and right continuous respectively and both are nondecreasing
with f” < f%, so their exists a point @ € [maxz;, miny;| such that f € K%[a, ] with
constant B = 0, and thus we have the inequality (2.5). O

Remark 2.3. From the proof of Theorem 2.2, we have

B . :
‘Amﬂ”(xv pa f) - ‘Am,k(xv p) f) S 5 {Am,r (X7 pv Zd2) - Am,k(xa pa ’Ld2)}

and

B . .
-Am,T(ya P, f) - 'Am,k(ya P, f) > = |:~Am,7“(ya b, Zd2) - ‘Am,k(yv p, ’Ldz)} .

2
In Theorem 2.2, B is positive, negative and zero for the assumptions (a), (b) and (c)
respectively as discussed in proof. Therefore, we have the better improvement of (2.5) than
(2.12) given as

| &

Am,r (X7 P, f) - ‘Am,k (Xa p, f) S [-Am,r (Xa p, Zdz) - ‘Am,k(x) P, Zd2):|

QN

B . .
< o [ A (v, P, i2) = A i (v, i) | < A (v, P, ) = A k(P f).

-2
If the assumptions of Theorem 2.1 with f € K§[«, 8], the reverse of inequality (2.5) holds.

The generalization of this result is proven in the following result.

Theorem 2.3. Assume (Hy), let I = [a, 5] C R be an interval, € = (x1,...,2zs) € |, 5]°,
y= (y1,---,¥Ys) € [, B]° with

max z; < miny;. (2.18)
i J
Also let p = (p1,...,ps) € (0,00)°, g = (q1,...,¢s) € (0,00)* such that > p; =1= 3 ¢
=1 i=1

and f € KX§(I) for some a € [max z;, miny;|. Then if

():

f(maxz;) <0

and

‘Amﬂ"(mv D, ZdQ) - 'Am,k:(w7 D, ZdQ) < ‘Am,r(ya q, Zdz) - ‘Am,k’(ya q, Zd2)
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(ii):
 (ming) > 0
and
-Am,r(m7 D, Zdz) - ‘Am,k(w7 D, ZdZ) 2 ‘Am,r(ya q, Zdz) - -Am,k(.% q, ZdQ)
(iii): f”(maxz;) < 0 < f)(miny;) and f is 3-concave,

then the inequality

A (2,0, f) — Amp(z, D, [) 2 A (Y @ f) — A (Y @, f) (2.19)
holds.

Proof. Since f € X§[a, ] for some a € [max x;, max y;], therefore their exists a constant B
such that Hy(x) = f(x)—%xz, is convex on IN(—o0, a], such that for z1,...,xzs € IN(—00,al,
we have

0 S Am,T‘(Xv p, Hl) - ‘A’m,k(xa p, H1)7
that is

C .
O S Am,r(xa P, f) - ‘Am,k(x7 p, f) - 5 Am,r(xy P, Zdz)

- Am,k(xvp7id2) . (220)

Also Ha(y) = f(y) — gyz is concave on I N [a, o), for y1,...,ys € [a,00), we have

0> Am,r(}’»f’a HZ) *‘Am,k(}’a p,Hz),
that is

B .
0 2 Am,r(ya p, f) - ‘Am,k(Y7 P, f) - 5 |:-Am,r(y’ P, Zd2)

- Am,k(YapyidQ):|- (2.21)
From (2.20) and (2.21), we have

B . .
'Am,’r‘(xv p, f) - ‘Am,k(x7 p, f) - 5 |:‘Am,7“(x7 P, Zd2) - ‘Am,k(xa P, /Ld2):|

2
B . .
Z Am,r(y, P, f) - ‘Am,k(Y7 P, f) - 5 |:-Am,7“(Y7 P, id ) - Am,k(Yv P, ud ):| .
So
B . . . .
5 |:‘Am,’r (y7 P, Zd2) - ‘Am,k (Y7 P; Zd2) - -Am,v" (X7 P; Zd2) - ‘Am,k(xv P, ZdQ)}

Z -Am,T(Ya p, f) - ‘Am,k(ya P, f) - Am,r(x7 b, f) - ‘Am,k(xv P, f) (2'22)

Now due to convexity of H; and concavity of Hy for every distinct point Z; € [o, max ;]
and g; € [miny;, ], j = 1,2,3, we have

[Z1, %2, T3, f] > B > [91, J2, U3, []. (2.23)
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Letting &; " maxx; and g; \, miny;, we get the inequalities if derivatives exists
fI(max z;) > B > f{(miny;). (2.24)
Since from assumption (a), f”(maxxz;) < 0, therefore B > 0, so using the assumption

A (v, 9, 10%) = A (9, 9, %) = A (%, D, 12) = Ay (%, P, id%)] > 0

we have

g {Amﬂn(y,p,idz) — Anmi(y, P, id?) — Amr (X, P, id?) — A (X, p,z'dQ)}

is negative and on using it on left side of (2.22) we have the result (2.5). And similarly
for assumption (b), the inequality f7(miny;) > 0 gives B > 0, so the expression with
assumption of (b) is also positive, this gives the result (2.5). Under the assumption of (¢),
f and fY are left and right continuous respectively and both are decreasing with f” > f/,
so their exists a point @ € [max x;, min y;] such that f € K%[a, 8] with constant B = 0, and
thus we have the inequality (2.19). O

Remark 2.4. In Theorem 2.3, B is negative or positive or zero under the assumption (7), (i7)
and (iii) respectively as discussed earlier in the proof of the Theorem 2.3. Therefore we get
the improvement of (2.19) as follows.

*Amﬂ“(xv P, f) - ‘A'm,k‘(x7 P, f) > Am,r(xa p, Zd2) - ‘Am,k(xv P, Zd?)
> A (¥, a,1d?) — A (7, Q,id%) > A (v, 9, F) — Ami(y, q, f)-

Remark 2.5. Theorem 2.1, Remark 2.2, Theorem 2.2, Remark 2.3 and Theorem 2.3 are
also valid for the differences given in (2.1) and (2.2) forr =1,...,mand 1 <r <k <m
respectively.
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