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NEW GENERALIZATIONS FOR s—CONVEX FUNCTIONS VIA
CONFORMABLE FRACTIONAL INTEGRALS

ALPER EKINCI' AND NAZLICAN EROGLU?

ABSTRACT. In this paper, we have obtained integral inequalities containing conformable
fractional integral operators for s—convex functions by separating the [a,b] interval to j
equal sub-intervals. These inequalities are the generalizations that vary with parameter j.
In this way, we give different examples of inequalities by changing this parameter.

1. INTRODUCTION

A function f : [a,b] — R is said to be convex, if we have
flaz+(1—a)y) <af(z)+(1-a)f(y)
for all z,y € [a,b] and « € [0, 1].

Definition 1.1. [11] A function f : Ry — R, where R = [0, 00), is said to be s—convex
in the first sense if
flaz + By) <o’ f(z) + B°f(y)
for all z,y € Ry, a, 8 > 0 with o® + 5° = 1 and for some fixed s € (0, 1]. We denote by
K} the class of all s—convex functions.

Definition 1.2. [1] A function f: Ry — R, where Ry = [0,00), is said to be s—convex in
the second sense if

flaz + By) <o’ f(z) + B°f(y)
for all 7,y € Ry, a, 8 > 0 with a + 8 = 1 and for some fixed s € (0,1]. We denote by K?
the class of all s—convex functions.

If we choose s = 1, both definitions reduced to ordinary concept of convexity.
A motivating inequality of Hadamard type has been proved by Latif and Dragomir in [9]
as following:
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Theorem 1.1. Let f: I C R — R be a differentiable function on I° such that f' € L]a,b],
where a,b € I with a < b. If |f’'| is convex on [a,b] then the following inequality holds:

|f(3a:b>+f(“z3b)_bia/”f<x>dx < (P [l @l aly ()]

2
la+b , a—|—3b)‘ , }
4 .
o (222 o
In [12], Ozdemir et al. presented the following generalization:
Theorem 1.2. Let f: I C R — R be a differentiable function on I° where a,b € I with
a <b. If |f'| is convex on [a,b] then the following inequality holds:
n—1
., amn—2k)+b(2k+1)\ n+1
o (M) a1 [
k=0 "
n—1
b—a 22: (4 f,(a(n—2k:)+b(2k:+1)>’
6(n+1) = n+1

,<a(n—2kn—:_11)+b(2k))‘ N

+2

f,<a(n—2k—1)+b(2k+2)>’)

n+1

where n 1s an odd number.

In [¢], Khalil et al. gave a new definition that is called "conformable fractional derivative".
They not only proved further properties of this definitions but also gave the differences
with the other fractional derivatives. Besides, another considerable study have presented by
Abdeljawad to discuss the basic concepts of fractional calculus. Scientists stated that these
definitions of this new fractional derivative and integral are an understandable, feasible
and effective definitions. In [l], Abdeljawad gave the following definitions of right-left
conformable fractional integrals:

Definition 1.3. Let « € (n,n+1], n = 0,1,2,... and set § = a — n. Then the left and
right conformable fractional integral of any order o > 0 is defined by respectively

¢
1'/tl‘ — )’ f () da,

n

and

b
(b 1'/ z—1)"(b—2)""! f(2)dx.

n

Let us recall the Beta function defined as follows:

1
B(a,b) = W = O/t“_l (1—)"Ydt,  a,b>0,
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where I' (o) is Gamma function. The incomplete Beta function is defined by
B, (a,b) = /t“*l (1—t)>Lat
0

Based on the above definition, Set and Celik presented the following identity in [14]:

Lemma 1.1. Assume that a,b € R with a < b and f : [a,b] — R is a differentiable function
n (a,b). If f' € La,b] then the following equality holds:

U, (a,b)
1

/Bt(n—l—l,a—n)f’ (ta—l—(l—t) 3a:b>dt
0

—(b—a)a
16

+(1-1)

1
3 b b
—/Bl_t(a—n,n—i—l)f'(t ot ot )dt
0

1

+/Bt(n+1,a—n)f’(t

0

b b
a+ +<1_t)cH—?) )dt

a+ 3b

1
_O/Bl_t(a—n,n+1)f/<t +(1—t)b>dt]

for a € (n,n+1],n=0,1,2,... where By (.,.) is incompleted beta function and
v, (a,b)
= SBerta-n (r@+s(27))

+Ba—nn+1)(£(457)+70)] —W

A (557) + () (557) + (07 0) (7))« (=) )]

For the recent studies of inequalities including conformable fractional integrals, we can

refer the papers [2,3,06,10,13,15-19].

The main aim of this paper is to prove a generalization of Lemma 1 and establish some
more general integral inequalities for convex functions by using conformable fractional
integral operators.

2. MAIN RESULTS

In order to prove the main results, we need the following integral identity that involve
conformable fractional integral operator.
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Lemma 2.1. [7] Let f : [a,b] — R is a differentiable mapping on (a,b) where a,b € R with
a <b. If f' € L|a,b], then the following identity holds:

1

<.
|

k

1
/[Bt(n+1,a—n)f’[t)\(k+l)+(1—t))\(k)]] dt
00

. j—1
j J

- Ly {B (n+ 10— n) fA(E+1)] - n! <b‘7)a (ML) (A (k))}

k=0

orae(n,n+1,n=0,1,2,..where j € and for kK € 4, ==(b—a)+a.
f 1 0,1,2,..wh 7+ and for k € Z, X (k ’;b

Theorem 2.1. Let f : I C R — R be differentiable on I° such that f’ € L{a,b] witha,b € I,

a<banda>0.If|f| is s—convex on [a,b] in the second sense with s € (0,1] , then the
following inequality holds for conformable fractional integrals:

j—1

b ! > {B (n+1La=n)fA(k+1)] —n! <b]a>a ()0 (k))}‘

k=0

j—1 B(n+1l,a—n)—B(n+s+2,a—n), ,

Bn+l,a—n+s+1), ,
Rt 7wl

where j € ZT,ae(n,n+ 1], n=0,1,2,... and for k € Z, A(k)z%(b—a)—i—a.

Proof. Using Lemma 2.1 and triangle inequality, we can write

7—1

bia Z{B(n+1,a—n)f[)\(k+l)] —n! (bja>a (’\(k+1)faf> ()\(k))}‘

k=0

1 1
< JZ/Bt(nJrl,a—n)\f’[t)\(k+1)+(1—t))\(k)]|dt.
k=07

Since | f’| is second sense s—convex, then we have

1
/[Bt(n—i—l,a—n)]f’[t/\(k—irl)—I—(l—t)/\(k:)]\]dt
0

1
< [ B+ La—w) [E1f 0+ D) + L0770 ®)]] de
0

Using the properties of Beta function and integrating by parts, we obtain;

1 1 1

t8+1
- /t” (1—¢)> "t dt
s+1
0 0

B(n+1l,a—n)—B(n+s+2,a—n)
s+1

s+1

t
B l,a—n)tdt = B 1. —
0/ r(n+1,a—n) r(n+ 1, « n)8+1
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and
1
/Bt(n—i—l,a—n)(l—t)sdt
0
1 1 1
- (1 - t)SJrl / a—n—1 " (1 - t)s+
- B La—n)———2 | — [ (11—t it
t(n+la—n) s+1 ( ) s+1
0 0
_ Bn+l,a—-n+s+1)
N s+1 '
We get the desired result. ]

Corollary 2.1. Under the conditions of Theorem 2.1, if we choose j = 2, we have

e {perranl (7)o
() [ @ () ()]

B(n+1l,a—n)-B(n+s+2a-n) {ff(“;bﬂﬂf’(b)ﬂ

s+1
()

Bn+l,a—n+s+1)
Corollary 2.2. In Theorem 2.1, if we set « =1 and n = 0, one can obtain

v I @]+

s+1

.1 . AED
J J
P Rk -l [ f@

I (1-B(s+21),, B(1,5+2) .,
< T e o PO o wl)

Theorem 2.2. Let f : I C R — R be differentiable on I° such that f’ € L{a,b] witha,b € I,
a<banda>0.If|f|?is s—conver on [a,b] in the second sense with s € (0,1] and ¢ > 1
then the following inequality holds for conformable fractional integrals:

= B T\ (atke+1) ‘
— n+l,a—n)fAXk+1)]—-—n!l— Iof) (A (K
i VG0 =t () (L) ()
1 v 11 L

< (/\Bt<n+1,a—n>l”dt) ()" T AP+ + 17 A,
0 k=0

where j € 77, %+%:1,o¢e(n,n+1],n:0,1,2,... and for k € Z, A(k)z?(bfa)Jra.
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Proof. By using Lemma 2.1 and Hélder inequality, we obtain

J gf{Bop+La—nyﬂAw+¢ﬂ—nwij)a@@ﬂn¢ﬂ(xw»}@1)
b—a = b—a
i-1 ]
< Z/Bt(n+1,a—n)|f’[t)\(k:+1)+(1—t))\(k)]|dt
k=07
1 %];1 1 q
< (/Bdn+La—nWﬂQ }:(/UWAw+1y+u—wAuﬂPﬁ)
0 k=0 \p
Since |f/|? is second sense s—convex, we can write
1
/ﬂfﬁxw+4g+(y—oanwﬁ
O1
< [IE1 O+ DI+ (=01 (k)] de
0
= PGP O®)-
O

Writing these results in (2.1) completes the proof.

Corollary 2.3. Under the conditions of Theorem 2.2, if we choose j = 2, we have

Qa{Bor+La—n)p(“;b>+fwﬂ

() (@ o) (SO
< (fmoern-ora) ()
{lr (=) rET

Corollary 2.4. In Theorem 2.2, if we set « = 1 and n = 0, we obtain the following

@] i

inequality;

i1 A(k+1)

STk - [ f@a

) () S

ST O D)7 | R
k=0

J
b—a

(1
p+

S =
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Theorem 2.3. Let f : I C R — R be differentiable on I° such that f' € L|[a,b] with a,b € I,
a<banda>0.If|f'|?is s—convex on [a,b] in the second sense with s € (0,1] and ¢ > 1
then the following inequality holds for conformable fractional integrals:

j—1

biakz:%{B(n—I—l,a—n)f[)\(k:+1)] —nl (bja) (/\(k+1)]af> (A(k))}‘

It n a—n)—B(n+s a—n
{B( +1, ) B( +s5+2, )|f/()\(k‘+1))|q

1—1

< (B(n+1l,a—n+1)) qkz::O P
Bn+l,a—n+s+1) 7
p— G

where j € ZT, ae(n,n+1], n=0,1,2,... and for k € Z, A(k:)z%(b—a)—l—a.

Proof. By using Lemma 2.1 and power mean inequality, we have

i e T\ (2041 |
Bn+La—n)fr(k+1)] —n [ —— If) O\ (k
b_ag%{ ( PG+ 1] =t () ( ) )}
i-1 7
< Z/Bt(nJrl,a—n)|f’[t)\(k:+1)+(1—t))\(k:)]]dt
k:OO
1 1—5- A
< Bi(n+1,aa—n)dt Bin+1,a—n)|f tA(k+1)+ (1 —t)A(k)]| dt
(J ( ) ) ko(/ ) )+ (1= A®) )

By using integrating by parts, we get

1 1
/Bt(n—i—l,a—n)dt = Bi(n+1,a—n)tl— /t”“ Yl
0 0

= B(n+l,a—n)—B(n+2,a—n)
= Bn+l,a—n+1)

Since | f’|? is s—convex in the second sense then we have

By(n+1,a—n)|f [tA(k+1) + (1 — t) A (k)]|” dt

By (n+1,a—n) [t*|f (A (k+ D))"+ (1= 6)" [ (A (k))|] dt

IN
vy O\H O\H

B(n+l,a—n+s+1)
s+1

(n+l,a—n)—B(n+s+2,a—n)

_ ) — ’ If Ok + 1)) + I (AR

Combining these results, the proof is completed. O

Corollary 2.5. Under the conditions of Theorem 2.3, if we choose j = 2 , we have
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bza{BOV+La—n)P<a;b>+f®4

n;(bfa>a[(ﬁfnﬁj(@4@%f)<a;b>}}

< Bn+la—n+1)'s

B(n+l,a—n)—B(n+s+2,a—n)|, (a+b\|" Bn+l,a—n+s+1) q%
X{[ s+1 )l s+ 1 (@)l

B(n+l,a—n)—B(n+s+2,a—n),, ,.q Brh+l,a—n+s+1)],/a+b oK
+[ s+1 O+ s+1 I '

Corollary 2.6. In Theorem 2.3, if we take a =1 and n =0, we have

i1 A(k+1)
J J
P - [ f@de
k=0 Alk)
< (L 1—%;‘2—5 M|f/()\(k+1))|‘1+B(1’78"'2)|f/()\(k))|q i
- 2 = s+1 s+1
3. CONCLUSION
In this study we give generalizations as in [7] for s—convex functions. Also by using these

generalizations, we give some new inequalities by choosing parameter.
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