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DIFFERENTIAL SANDWICH THEOREMS FOR BAZILEVIC
FUNCTION DEFINED BY CONVOLUTION STRUCTURE

ABBAS KAREEM WANAS! AND HARI M. SRIVASTAVA 234

ABSTRACT. In this present paper, we obtain some applications of first-order differential
subordination and superordination results involving Hadamard product for multivalent
analytic functions with generalized hypergeometric function in the open unit disk. These
results are applied to obtain sandwich results.

1. INTRODUCTION AND PRELIMINARIES

Denote by H the collection of analytic functions in the unit disk U = {z € C: |z| < 1}
and assume that H [a,n] be the subclass of H consisting of functions of the form:

f(z)=a+anz" +ap1z" + .. (a€C, neN={1,2,..}).
Also, let A be the subclass of H consisting of functions of the form:

o0
f(z)=z+ Z anz". (1.1)
n=2
A function f € A is called Bazilevi¢ function, if it satisfies the condition
f72(2)

This class of functions was denoted by By (0 = A £ 1) and studied by Singh [6].
For the functions f € A given by (1.1) and g € A defined by

g(z) =z + Z bnzna
n=2

%{étﬁﬁﬁ}>OJO§A§LzeUy

we define the Hadamard product (or convolution ) f g of the functions f and g (as usual)

by
(f*9)(2) =2+ > anbp2" = (g% [)(2).
n=2

Key words and phrases. Analytic functions, Differential subordination, Differential superordination,
Hadamard product, Dominant, Subordinant, Generalized hypergeometric function.
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DIFFERENTIAL SANDWICH THEOREMS FOR BAZILEVIC FUNCTION 11

Now we recall the principle of subordination between analytic functions, let the functions
f and g be analytic in U. We say that the function f is subordinate to g, if there exists a
Schwarz function w, which is analytic in U with
w(0)=0  and lw(z)| <1 (ze€0),
such that

This subordination is indicated by

f=g o f(z) <g(2) (2€0)
It is well known that (see [3]), if the function g is univalent in U, then
f=<g (zel) < [(0)=g(0) and [f(U)C g(U).
Let k,h € 3 and ¥(r,s;2) : C2xU — C. If k and ¥(k(z), 2k’ (2), 22k" (2); 2) are univalent
functions in U and if k satisfies the first-order differential superordination
h(z) < ¢(k(2), 2K (2); 2), (1.2)
then k is called a solution of the differential superordination (1.2). (If f is subordinate to
g, then g is superordinate to f). An analytic function ¢ is called a subordinate of (1.2), if
q < k for all the functions k satisfying (1.2). An univalent subordinat ¢ that satisfies ¢ < ¢
for all the subordinants ¢ of (1.2) is called the best subordinant.
Very recently many authors, Rahrovi [1], Attiya and Yassen [1], Seoudy [5] and Wanas
and Majeed [7] have obtained sandwich results for certain classes of analytic functions.

The main object of the present work is to find sufficient condition for certain normalized
analytic functions f in U such that (f %« ¥)(z) # 0 and f to satisfy

AN (Y (2)\]
nlz) = <<<f*(\§> <z>)>1(—3> e

and
v

2 (£ 5 9)' (2)
X
(=) ()

where ¢ and g2 are given univalent functions in U with ¢;(0) = ¢2(0) = 1 and

o o
O(z) =2+ Z rp2’t, W(z) =2+ Z enz"
n=2 n=2

q(z)< |1+ =< q2(2),

are analytic functions in U with r, = 0,¢e, = 0. We obtain number of known results as
special cases.
To prove our main results, we will require the following definition and lemmas.

Definition 1.1. [3] Denote by @ the set of all functions f that are analytic and injective
on U\E(f), where

B(5) = {¢ € ous tm 1) = o0}
and are such that f'(¢) # 0 for ¢ € OU\E(f).
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Lemma 1.1. [3] Let q be univalent in the unite disk U and let 0 and ¢ be analytic in a
domain D containing q(U) with ¢(w) # 0 when w € q(U). set Q(z) = 2¢'(2)d(q(z)) and
h(z) = 0(q(2)) + Q(z). Suppose that

(1)Q(z) is starlike univalent in U,

(Q)R{Zg((;))} >0 for z € U.

If k is analytic in U, with k(0) = ¢(0), k(U) C D and

0(k(2)) + 2K'(2)¢(k(2)) < 0(q(2)) + 24’ (2)$(a(2)), (1.3)
then k < q and q is the best dominant of (1.3).

Lemma 1.2. [2] Let q be convex univalent in the unit disk U and let 6 and ¢ be analytic
in a domain D containing q(U). Suppose that
0'(q(2))
(1)5&{(15((1(2)) } >0 for z €U,
(2)Q(z) = 2q'(2)¢p(q(2)) is starlike univalent in U.

If k € H[q(0),1] N Q, with k(U) C D, 0(k(2)) + 2k'(2)p(k(z2)) is univalent in U and

0(a(2)) + 2¢'(2)¢(a(2)) < 0(k(2)) + 2K (2)¢(k(2)), (1.4)
then g < k and q is the best subordinant of (1.4).

2. SUBORDINATION RESULTS

Theorem 2.1. Let ®,V € A, p,0,n, 1,7y € C such that v # 0 and q be conver univalent in
U with q(0) =1 and assume that

3¢*(z) —n | 2q"(2)
R1+ + > 0. 2.1

{ 1q(2) q'(z) (21)
If f € A satisfies the differential subordination

QU (f, @, %, p,6,1, 1,7, A; 2) <p+5Q(2)+qL+u

where

o A (f20) (2 ) (((f*\m <z>>H>”
Q aq)allly 565 9 ) 7>‘7Z - 6
1(f 00,y [, Y, A 2) = p + (((f*\Il)(z))l_)‘ +1

L)) [ 2 ) ()
T ey PO (1 0 () ﬂ 23)

then

A7 (f @) (2 7
(((f ) <z>>H> )

and q is the best dominant of (2.2).

Proof. Let us define

2! )‘(f*cb)/(z )7
k(z) = , (z€0). 4
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Then the function k is analytic in U and k£(0) = 1.

By setting

O(w) =p+ow+ L and w)="L,
w w

it can be easily observed that 6(w) and ¢(w) are analytic in C\{0} and that ¢(w) # 0,
w € C\{0}. Also, we get

and

h(z) =0(q(2)) + Q(z) = p+ dq(2) + % + sz(lij)

In light of the hypothesis of Theorem 2.1, we see that Q(z) is starlike univalent in U and
2k (2) 0¢*(z) —n | 24" (2)
?R{ } =R<1+ + > 0.
Q(z { 1q(z) q'(z)

)
A simple computation using (2.4) gives

K (2) [zw V'), oy, (1 (e <z>>1 |

kz) | (Fx0) () (f*¥)(2)
Also, we find that

n . 2k(z) _ .
) + W) D (f, @, W, p,0,m, 1,7, \; 2), (2.5)

where Qi (f, ®, U, p,d,n, 1,7y, A; ) is given by (2.3).
By using (2.5) in (2.2), we deduce that

p+ 0k(z) +

U 2k (2) U 2q'(2)
p+ok(z)+ ——+pu <p+iqz)+—=+up .
ATE R ATE REE
Hence by an application of Lemma 1.1, we have p(z) < ¢(z). By using (2.4), we obtain the
result which we needed. U

By fixing ®(z) = ¥(z) = 1% in Theorem 2.1, we obtain the following Corollary:

Corollary 2.1. Let p,d,n, 1,y € C such that v # 0 and q be convex univalent in U with
q(0) =1 and assume that (2.1) holds true. If f € A satisfies the differential subordination

U 2q'(2)

Qo(f,p,0,m, 1,7, A5 2) < p+dq(2) + OO (2.6)
where
2 Y
Qo (f,p,0,m 1,7, X52) = p+ 6 (W) +1 (W)
+ z;:;(zz)) S (1-N) <1 - ZJ{;S)H , (2.7)
then FEVRG
((f(z))H> e

and q is the best dominant of (2.6).
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By taking A = 0 in Theorem 2.1, we obtain the following corollary:

Corollary 2.2. Let &,V € A, p,0,n,u,v € C such that v # 0 and q be convex univalent
in U with ¢(0) = 1 and assume that (2.1) holds true. If f € A satisfies the differential
subordination

Q3(f, @, W, p, 0,1, 11,75 2) < p+6q(z) + % - uzjé”;), (2.8)
where
(f * <I>>” () Z(f* v) (z)
+p |1+ (f @) (2) (f+9)(2) ], (2.9)
then
2(f+®) (2))]
( U0 ) =)

and q is the best dominant of (2.8).

Theorem 2.2. Let &,V € A, p,d,n,u,v € C such that v # 0 and q be conver univalent
in U with ¢(0) = 1 and assume that (2.1) holds true. If f € A satisfies the differential
subordination

) i/
Qu(f, @, 9, p,0,m, 1,77, \;2) < p+0q(2) + 209) + ) (2.10)
where
Qu(f, 2, %, p,0,m, 11,7, A; 2)
(s q)n (sz @) '
=pto|l+ 17,\
(= (£« w) (2 2(F0) () 2 () (2)
2(f*®)" (2) 2 (f x /(Z
SRV RS2 32\ 2.11
”“l(f*@)()“ et ] -
then
A0 () |
1+ , Y <q(2)
(= (f <0 (2))
and q is the best dominant of (2.10).
Proof. Let us define
v
Koy = |14 2U*P) (Z_)A , (zeU). (2.12)

(%9 ()
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Then the function k is analytic in U and k£(0) = 1.
After some calculations from (2.12), we conclude that

U 2k (2)
ok —
p+0k(z) + OO
where Qu(f, @, ¥, p,d,1n, 1,7y, A; z) is given by (2.11).

In view of (2.13), the subordination (2.10), can be written as

- Q4(f7(b7\1}7p7 57”7”7’}/7)‘;2)7 (213)

U zk'(2) U 2q'(2)
m‘i‘#k(z) %,O—F(Sq(z)—i-@—i-,uq(z).
By setting 6(w) = p + 0w + L and ¢(w) = £, it is easily observed that 6(w) and ¢(w)
are analytic in C\{0} and that ¢(w) # 0, w € C\{0}. Hence the result now follows by an
application of Lemma 1.1. O

p+o0k(z) +

By fixing ®(z) = ¥(z) = 7% in Theorem 2.2, we obtain the following corollary:

1—2z

Corollary 2.3. Let p,d,n, 1,7 € C such that v # 0 and q be convex univalent in U with
q(0) =1 and assume that (2.1) holds true. If f € A satisfies the differential subordination
U 2q'(2)

Q ) 565 ) [y 7>‘;Z < +6 z +—+ )
5(f,0,0,m, 1,7, A 2) < p+6dq(2) ORI

(2.14)

where

2722 ) ( (= ()" )
Q 7 757 ) ) 7)\;2 - 5 1
5(f Py 0515 [, 7Y ) p+ ( + (Zf,(z))lf)\ +n (Zf/(z))lf)\ _|_Z2—)\f/l(z)
Zfl/l(z)

2"z o
17(2) +3 2)\] ) (2.15)

f'(2)
227)‘]”/(2:) )7 .
(1 ) 1

+(1-N)

+w[

then

and q is the best dominant of (2.14).
By taking A = 0 in Theorem 2.2, we obtain the following corollary:

Corollary 2.4. Let &,V € A, p,d,n,u,v € C such that v # 0 and q be convex univalent
in U with ¢(0) = 1 and assume that (2.1) holds true. If f € A satisfies the differential
subordination

Q6(f, @, W, p,0,m,1,7;2) < p+0q(z) + % + MZ;I;S)7 (2.16)
where
Qs(f, @, ¥, p,0,m,p1,7;2) =p+6 (1 + —z((;:;)), (i§)> +n ((f » \I,)/((J;)*fz ((;)* ) (Z)>

A" () | 22 (2)
”"l G0 () T (e ) ”’]’ 2.17)
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then

) 9
<1+ <fw>’<z>> =< 4)

and q is the best dominant of (2.16).

3. SUPERORDINATION RESULTS

Theorem 3.1. Let &,V € A, p, 0,1, 1,y € C such that v # 0 and q be convexr univalent in
U with q(0) =1 and assume that

(0g°(2) =) d'(2)
&e{ e } > 0. (3.1)

—_ !/ f\/
Suppose that f € A, <W) € 9[g(0),1] N Q and D (f, D, W, p, 6,1, 11,7, \; 2) as

defined by (2.3) be univalent in U. If

U 2q'(2)
p+dq(z) + @ +u )

B A7A(f D) (2 )7
1) = (((f*m ()

< (f, @, 9, p, 0,1, 1,7, A; ), (3.2)

then

and q is the best subordinant of (3.2).

Proof. Let the function k be defined by (2.4). By a straightforward computation, the
superordination (3.2) becomes

n_ o 2q(2) n_ ., ()
+8¢(2) + —— + 4 .
T R TS Wa) TG
By setting 6(w) = p + 0w + L and ¢(w) = £, it is easily observed that §(w) and ¢(w) are

analytic in C\{0} and that ¢(w) # 0, w € C\{0}. Also, we have

%{HI(Q(Z))} _ %{ (6¢%(2) —n) Q’(Z)} >0

< p+0k(z) +

¢(q(2)) 1q(z)
Now Theorem 3.1 follows by applying Lemma 1.2. O
By fixing ®(z) = ¥(2) = 1% in Theorem 3.1, we obtain the following corollary:

Corollary 3.1. Let p,d,n, 1,7 € C such that v # 0 and q be convex univalent in U with
q(0) =1 and assume that (3.1) holds true. Suppose that f € A,

Zl)\fl(Z)>,y

———=| €HJq(0),1]NQ

((f(Z))l v) €O

and Qa(f, p,0,m, 1,7y, \; 2) as defined by (2.7) be univalent in U. If
n 2q (2)

p+5q(z)+@+u )

< QZ(f7P757777M7%)\§Z)7 (33)
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then

and q is the best subordinant of (3.3).
By taking A = 0 in Theorem 3.1, we obtain the following corollary:

Corollary 3.2. Let &, W € A, p,d,n,u,v € C such that v # 0 and q be convex univalent
in U with ¢(0) = 1 and assume that (3.1) holds true. Suppose that f € A,

( (f * ) (2) ) € H[q(0),1]NQ

and Qs(f, @, Y, p,0,n, u,v; 2) as defined by (2.9) be univalent in U. If

2q'(z
p+0q(z) + % + u% < Q3(f,®,%,p,6,1,1,7; 2), (3.4)

(2 Y
alz) = ( 0 () )

then

and q is the best subordinant of (3.4).

Theorem 3.2. Let &,V € A, p,0,n, 1,y € C such that v # 0 and q be convexr univalent in
U with q(0) =1 and assume that (3.1) holds true. Suppose that f € A,

2 x2)" (2)

, 1-X
(= (f+w) (2))
and Qu(f, @, U, p,0,n, 1, v, A; 2) as defined by (2.11) be univalent in U. If

1+

€ Hlq(0),1]NnQ

p+0q(z) + % + szég) < Qu(f, @, 9, p,0,n, 11,7, A; 2), (3.5)
then .,
o) < |14 YD @
(= (f <0 (2))

and q is the best subordinant of (3.5).

For the choice of k(z) = <1 + (ZQ(JCA(\IJJ;—TE())))E&) , the proof of Theorem 3.2 is line similar
zZJ* z
to the proof of Theorem 3.1 and hence we omit it.
z

By fixing ®(z) = ¥(z) = % in Theorem 3.2, we obtain the following corollary:

1—z

Corollary 3.3. Let p,d,n,i,v € C such that v # 0 and q be convex univalent in U with
q(0) =1 and assume that (3.1) holds true. Suppose that f € A,

(1 N Z27>‘f”(2)

(zf’(Z))H> “ooLnne
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and Qs (f, p,0,m, 1,7y, \; 2) as defined by (2.15) be univalent in U. If

/
Pt 6a(z) + — 4 p )

q(z) q(z)

ZZ—)\f//(Z) v
(Zf’(Z))1A>

< Qs5(f, 0,1, 11,7, A; 2), (3.6)
then
q(z) < (1 +
and q is the best subordinant of (3.6).
By taking A = 0 in Theorem 3.2, we obtain the following corollary:

Corollary 3.4. Let @,V € A, p,6,n,u,v € C such that v # 0 and q be convex univalent
in U with ¢(0) =1 and assume that (3.1) holds true. Suppose that f € A,

<1+z0*@y@>
(f* W) (2)
and Qg(f, ®,V,p,0,n, 1,v;2) as defined by (2.17) be univalent in U. If

. 2q(2)
P 0a(z) + oy T

) € Hlq(0),1]n@Q

= Q6(faq)a\ll,pa 6/’7’/‘7/7; Z)a (37)

then .,
) (F*9) (2)
q()<<l+ U*WY@)>

and q is the best subordinant of (3.7).

4. SANDWICH RESULTS

Concluding the results of differential subordination and superordination, we arrive at the
following "sandwich results".

Theorem 4.1. Let g1 and g2 be convexr univalent in U with q1(0) = q2(0) =1, p,d,n, u,y €
C such that v # 0 and let g2 satisfies (2.1) and q1 satisfies (3.1). For f,®, ¥ € A, let

(Zl_A (f @) (2)
((f*®) ()
and Q(f, 2, U, p,0,m, 1,7, A; 2) as defined by (2.3) be univalent in U. If

)763{[1,1]062

2q) (2
p+5q1('z)+ 7 +,LL ql( ) _<Ql(f7(p7\1}7p757n7u777)\;z)
q1(2) q(2)
2q5(2)
< p+ 8ga(2) + + :
p+0ga(2) 20 T

then

A (fx®) (2))]
o0« (TG ) <nte

and q1, qo are respectively the best subordinant and the best dominant.
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Theorem 4.2. Let g1 and g2 be convexr univalent in U with q1(0) = q2(0) =1, p,d,n, u,y €
C such that v # 0 and let g2 satisfies (2.1) and q1 satisfies (3.1). For f,®, ¥ € A, let

2+ 2)" ()

, 1-X
(= (f «0) (2))
and Qu(f, @, U, p,0,m, 1, v, A; 2) as defined by (2.11) be univalent in U. If

/
p+5q1('z)+ 7 +:uzq1(2) _<Q4(f7(b7\p7p757nau777)\;2
q1(2) q1(2)

=< p+0g2(z) +

1+

eH[L1NEQ

)
2q5(2)
q2(2)

+

)

q2(2)

then
y

2272 * D) (2
IRV RS
(= (9 (2)

and q1, qo are respectively the best subordinant and the best dominant.

a(z)< |1+

By making use of Corollaries 2.1 and 3.1, we obtain the following corollary:

Corollary 4.1. Let ¢1 and g2 be convex univalent in U with q1(0) = q2(0) =1, p,d,n, p,y €
C such that v # 0 and let g2 satisfies (2.1) and q1 satisfies (3.1). For f € A, let

(iﬁigawe%uij

(f)t2
and Qa(f, p,0,m, 1, v, A; 2) as defined by (2.7) be univalent in U. If
" 2¢1(2) U 2q5(2)
+0q1(2) + + < Qo (f,p,0,m, 1, v, A;2) < p+dga(z) + + ,
p+06q1(2) ORI 2(f, 00,5 11,7, A 2) < p+ 6g2(2) 2

then

A=A gl v
w9 () <ot

and q1, qo are respectively the best subordinant and the best dominant.
By making use of Corollaries 2.2 and 3.2, we obtain the following corollary:

Corollary 4.2. Let q1 and g2 be convex univalent in U with q1(0) = ¢2(0) =1, p,d,n, u,y €
C such that v # 0 and let g2 satisfies (2.1) and q1 satisfies (3.1). For f,®, ¥ € A, let

2(f+9) ()
2L ex[L,1NQ
( (F0) (2 .
and Qs(f, ®,V,p,0,n, 1u,v;2) as defined by (2.9) be univalent in U. If
" 2¢1(2) U 2q5(2)
+5 z) + + _<Q 7¢7\Ila 757 s, 2) < +5 z)+ + ’
p+06q1(2) ORI 3(f P, 6,1, 1,75 2) < p 4 6g2(2) 2 0

then

0(z) < (%) < a:(2)
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and qq, qo are respectively the best subordinant and the best dominant.
By making use of Corollaries 2.3 and 3.3, we obtain the following corollary:

Corollary 4.3. Let 1 and g2 be convex univalent in U with ¢1(0) = q2(0) =1, p,d,m, p,y €
C such that v # 0 and let qo satisfies (2.1) and q satisfies (3.1). For f € A, let

2—X\ g1 v
1+ 2 LB caepgng
(2f'(2))
and Qs(f, p,0,m, 1,7y, \; 2) as defined by (2.15) be univalent in U. If
n 2¢1(2) n 2q5(2)
+0q1(2) + + < Qs5(f,p,0,m, 11,7, A 2) < p+0g2(z) + + ;
p+oqi(z) o TP 5(f,0,0,m, 11,7, A 2) < p+0ga(2) 2@ T

then

22=A e\
ot < (1l ) <ot

and q1, qo are respectively the best subordinant and the best dominant.
By making use of Corollaries 2.4 and 3.4, we obtain the following corollary:

Corollary 4.4. Let 1 and g3 be convex univalent in U with ¢1(0) = q2(0) =1, p,0,m, p,y €
C such that v # 0 and let qo satisfies (2.1) and q1 satisfies (3.1). For f,®, ¥ € A, let

" v
L) <z>> i
1+ F5rS) emnng

and Qg(f, ®,V,p,0,n, 1,v;2) as defined by (2.17) be univalent in U. If

n 2q1(2) , 2q5(2)
p+0oq1(z) + oo TP o Qs(f, @, ¥, p, 6,1, p,7;2) < p+0ga(z) + 2 T e
then , y

q1(z) << <1 + %) < q(2)

and q1, qo are respectively the best subordinant and the best dominant.
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