
Turkish J. Ineq., 4 (2) (2020), Pages 50 –58 .

Turkish Journal of

I N E Q U A L I T I E S

Available online at www.tjinequality.com

SUBCLASS OF BI-UNIVALENT FUNCTIONS SATISFYING

SUBORDINATE CONDITIONS DEFINED BY FRASIN DIFFERENTIAL

OPERATOR

TIMILEHIN GIDEON SHABA1

Abstract. In this present paper, we introduce a newly defined subclass S
̺,ρ

E,k(λ, x, y :

α, ζ) of bi-univalent functions defined by Frasin differential operator satisfying subordinate
conditions in the unit disk ∇ = {z ∈ C : |z| < 1}. Fekete-Szego problem and the coefficient
estimates of |b2| and |b3| for functions of this new class are established. Results acquired
generalized some known results.

1. Introduction

Let A denote the class of functions of the form

f(z) = z +
∞
∑

a=2

baza (1.1)

which are analytic in the open unit disk ∇ = {z ∈ C : |z| < 1}. Let S be the subclass of A

consisting of functions which are holomorphic and univalent in ∇.

Let the function f(z) and g(z) be analytic in ∇. Given the function f(z), g(z) ∈ A, f(z) is

subordinate to g(z) if there exist a Schwarz function w ∈ ⋋, where

⋋ = {w : w(0) = 0, |w(z)| < 1, z ∈ ∇},

such that

f(z) = g(w(z)) (z ∈ ∇).

We denote this subordination by

f(z) ≺ g(z) (z ∈ ∇).

In particular, if the function g(z) is univalent in ∇, the above subordination is equivalent

to

f(0) = g(0), f(∇) ⊂ g(∇).

Key words and phrases. Pseudo-starlike function, Sakaguchi type function, Bi-univalent, Frasin differen-
tial operator, Fekete-Szego iniqualities.
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A function f(z) ∈ S has an inverse function f−1(z) satisfying the condition

f−1(f(z)) = z

and

f(f−1(w)) = w, (|w| < r0(f); r0(f) ≥ 1/4).

Also, the inverse function f−1 is given by

f−1(w) = g(w) = w − b2w2 + (2b2
2 − b3)w3 − (5b3

2 − 5b2b3 + b4)w4 + · · · (1.2)

An analytic function f(z) is said to be bi-univalent in ∇ if both f(z) and f−1(z) are

univalent in ∇. The class of bi-univalent functions is denoted by E. For more details, see

[7, 12,14,20,25,31,32].

Also several authors have investigated on the coefficient bounds for various subclasses of

bi-univalent function such as [3, 5, 8, 15,16,18,21,26,28,29,33].

A function f(z) of the form (1.1) is said to be in the class S(φ, x, y) if it satisfies the

condition

ℜ
(

(x − y)zf ′(z)

f(xz) − f(yz)

)

> φ

for some 0 ≤ φ < 1, x, y ∈ C with x 6= y, |x| ≤ 1, |y| ≤ 1 and for all z ∈ ∇. The class

S(φ, x, y) was introduced by Frasin [10]. Note that when x = 1 we have the class S(φ, 1, y)

studied by Owa et al. [17], also choosing y = −1 and x = 1 we have the class introduced

by Sakaguchi [19].

Frasin [11] (see also [1,2,22,27,30]) introduced the differential operator D̺
k,ρf(z) defined as

follows:

D0f(z) = f(z) (1.3)

D1
k,ρf(z) = (1 − ρ)kf(z) + (1 − (1 − ρ)k)zf ′(z) = Dk,ρf(z), ρ > 0; k ∈ N, (1.4)

D̺
k,ρf(z) = Dk,ρ(D̺−1f(z)) (̺ ∈ N). (1.5)

If f(z) is given by (1.1), then from (1.4) and (1.5) we see that

D̺
k,ρf(z) = z +

∞
∑

a=2

(

1 + (a − 1)
k
∑

d=1

(

k

d

)

(−1)d+1ρd

)̺

baza, ̺ ∈ N0 (1.6)

Using the relation in (1.6), we have

Ck
d (ρ)z(D̺

k,ρf(z))′ = D̺+1
k,ρ f(z) − (1 − Ck

d (ρ))D̺
k,ρf(z)

where Ck
d (ρ) :=

∑k
d=1

(k
d

)

(−1)d+1ρd.

Remark 1.1. We observe that

(a) When k = 1, we obtain the Al-Oboudi differential operator [4].

(b) When k = ρ = 1, we obtain the Salagean differential operator [23].
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In [6], Babalola defined the class of λ-pseudo starlike functions of order β and prove that

all Pseudo-starlike functions are Bazelivic of type
(

1 − 1
λ

)

, order β
1

λ are univalent in ∇.

In this present paper, we introduce a new subclass of bi-univalent functions satisfying

subordinate conditions and defined by Frasin differential operator. Also, we obtain the

coefficient estimates for |b2| and |b3| and the Fekete-Szego problem for functions of the new

class.

Definition 1.1. A function f(z) ∈ E is said to be in the class S
̺,ρ
E,k(λ, x, y : α, ζ) if the

following subordination hold

(1 − α)
(x − y)z[(D̺

k,ρf(z))′]λ

D̺
k,ρf(xz) − D̺

k,ρf(yz)
+ α

(x − y)[(z(D̺
k,ρf(z))′)′]λ

(D̺
k,ρf(xz) − D̺

k,ρf(yz))′
≺ ζ(z)

(1 − α)
(x − y)w[(D̺

k,ρg(w))′]λ

D̺
k,ρg(xw) − D̺

k,ρg(yw)
+ α

(x − y)[(w(D̺
k,ρg(w))′)′]λ

(D̺
k,ρg(xw) − D̺

k,ρg(yw))′
≺ ζ(w),

where 0 ≤ α ≤ 1, x, y ∈ C with x 6= y, |x| ≤ 1, |y| ≤ 1, |λ| > 0 and g(w) = f−1(w).

Remark 1.2. We have the following remarks:

(a) Putting ̺ = 0 we get the class SE(λ, x, y : α, ζ) of function f(z) ∈ E which was

studied by Emeka and Opoola [9].

(b) Putting ̺ = 0, x = 1 and y = −1, we get the class SE(λ, 1, −1 : α, ζ) of function

f(z) ∈ E which was studied by Eker and Seker [24].

(c) Putting ̺ = 0, x = 1, y = 0 and λ = 1, we get the class SE(1, 1, 0 : α, ζ) of function

f(z) ∈ E which was studied by Ali et al. [5].

(d) Putting ̺ = 0 and α = 0 we get the class SE

(

λ, x, y :
(

1+z
1−z

)α)

of function f(z) ∈ E

which was studied by Emeka and Opoola [8].

(e) Putting ̺ = 0 and α = 0 we get the class SE

(

λ, x, y :
(

1+(1−2β)z
1−z

))

of function

f(z) ∈ E which was studied by Emeka and Opoola [8].

(f) Putting ̺ = 0, α = 0, x = 1 and y = 0 we get the class SE

(

λ, 1, 0 :
(

1+z
1−z

)α)

of

function f(z) ∈ E which was studied by Joshi et al [13].

(g) Putting ̺ = 0, α = 0, x = 1 and y = 0 we get the class SE

(

λ, 1, 0 :
(

1+(1−2β)z
1−z

))

of

function f(z) ∈ E which was studied by Joshi et al [13].

(h) Putting ̺ = 0, x = 1, y = 0, α = 0 and λ = 1, we get the class SE(1, 1, 0 : 0, ζ) of

function f(z) ∈ E which was studied by Ali et al. [5].

2. Coefficient Estimates

Let

ζ(z) = 1 + B1z + B2z2 + B3z3 + · · · (B1 > 0), (2.1)

be an analytic function with positive real part in ∇ with ζ(0) = 1 and ζ ′(0) > 0. Also, let

ζ(∇) be starlike with respect to 1 and symmetric with respect to the axis.
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Theorem 2.1. Let the function f(z) of the form (1.1) be in the class S
̺,ρ
E,k(λ, x, y : α, ζ).

Then

|b2| ≤ B1

√
B1

√

√

√

√

√

√

√

√

√

√

∣

∣

∣

∣

∣

(3λ − x2 − xy − y2)(1 + 2α)(1 + 2Ck
d (ρ))̺B2

1 + (1 + Ck
d (ρ))2̺

[

(1 + 3α)

(

(x + y)2 − 2λ(x + y − λ + 1)

)

B2
1 − (B2 − B1)(1 + α)2(2λ − x − y)2

]∣

∣

∣

∣

∣

(2.2)

and

|b3| ≤ B2
1

(1 + Ck
d (ρ))2̺(1 + α)2(2λ − x − y)2

+
B1

(1 + 2Ck
d (ρ))̺(1 + 2α)(3λ − x2 − y2 − xy)

(2.3)

Proof. Let f(z) ∈ S
̺,ρ
E,k(λ, x, y : α, ζ). Then there are analytic functions s, t : ∇ −→ ∇ with

s(0) = t(0) = 0, satisfying

(1 − α)
(x − y)z[(D̺

k,ρf(z))′]λ

D̺
k,ρf(xz) − D̺

k,ρf(yz)
+ α

(x − y)[(z(D̺
k,ρf(z))′)′]λ

(D̺
k,ρf(xz) − D̺

k,ρf(yz))′
= ζ(s(z)) (2.4)

(1 − α)
(x − y)w[(D̺

k,ρg(w))′]λ

D̺
k,ρg(xw) − D̺

k,ρg(yw)
+ α

(x − y)[(w(D̺
k,ρg(w))′)′]λ

(D̺
k,ρg(xw) − D̺

k,ρg(yw))′
= ζ(t(w)) (2.5)

Define the functions q1 and q2 by

q1(z) =
1 + s(z)

1 − s(z)
= 1 + g1z + g2z2 + · · ·

and

q2(z) =
1 + t(z)

1 − t(z)
= 1 + h1z + h2z2 + · · ·

which is also equivalent to

s(z) =
q1(z) − 1

q1(z) + 1
=

1

2
g1z +

1

2

(

g2 − g2
1

2

)

z2 + · · · (2.6)

t(z) =
q2(z) − 1

q2(z) + 1
=

1

2
h1z +

1

2

(

h2 − h2
1

2

)

z2 + · · · (2.7)

Also q1 and q2 are both analytic in ∇ and q1(0) = q2(0) = 1, since s, t : ∇ −→ ∇, the

function q1 and q2 have positive real part in ∇ and hence |hi| ≤ 2 and |gi| ≤ 2. From (2.4),

(2.5), (2.6) and (2.7), we have

(1 − α)
(x − y)z[(D̺

k,ρf(z))′]λ

D̺
k,ρf(xz) − D̺

k,ρf(yz)
+ α

(x − y)[(z(D̺
k,ρf(z))′)′]λ

(D̺
k,ρf(xz) − D̺

k,ρf(yz))′

= 1 +
1

2
B1g1z +

(

1

4
B2g2

1 +
1

2
B1

(

g2 − g2
1

2

))

z2 + · · · (2.8)
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(1 − α)
(x − y)w[(D̺

k,ρg(w))′]λ

D̺
k,ρg(xw) − D̺

k,ρg(yw)
+ α

(x − y)[(w(D̺
k,ρg(w))′)′]λ

(D̺
k,ρg(xw) − D̺

k,ρg(yw))′

= 1 +
1

2
B1h1w +

(

1

4
B2h2

1 +
1

2
B1

(

h2 − h2
1

2

))

w2 + · · · (2.9)

From (2.8) and (2.9), we get

(1 + Ck
d (ρ))̺(1 + α)(2λ − x − y)b2 =

1

2
B1g1 (2.10)

(1 + 3α)

(

(x + y)2 − 2λ(x + y − λ + 1)

)

(1 + Ck
d (ρ))2̺b2

2 + (3λ − x2 − xy − y2)(2α + 1)

(1 + 2Ck
d (ρ))̺b3 =

1

4
B2g2

1 +
1

2
B1

(

g2 − g2
1

2

)

(2.11)

− (1 + Ck
d (ρ))̺(1 + α)(2λ − x − y)b2 =

1

2
B1h1 (2.12)

[(

(6λ − 2x2 − 2xy − 2y2)(1+ 2α)

)

(1+ 2Ck
d (ρ))̺ +

(

(x + y)2 − 2λ(x + y − λ + 1)

)

(1+ 3α)

(1+Ck
d (ρ))2̺

]

b2
2 − (3λ−x2 −xy −y2)(2α +1)(1+2Ck

d (ρ))̺b3 =
1

4
B2h2

1 +
1

2
B1

(

h2 − h2
1

2

)

(2.13)

It follows from (2.10) and (2.12) that

g1 = −h1 and 2(1 + Ck
d (ρ))2̺(1 + α)2(2λ − x − y)2b2

2 =
1

4
B2

1(g2
1 + h2

1) (2.14)

Adding (2.11) and (2.13) we have

[

(6λ − 2x2 − 2xy − 2y2)(1 + 2α)(1 + 2Ck
d (ρ))̺ + 2(1 + 3α)

(

(x + y)2 − 2λ(x + y − λ + 1)

)

(1 + Ck
d (ρ))2̺

]

b2
2 =

1

4
(g2

1 + h2
1)(B2 − B1) +

1

2
B1(g2 + h2) (2.15)

By using (2.14) and (2.15), we get

b2
2 =

B3
1(g2 + h2)

2(6λ − 2x2 − 2xy − 2y2)(1 + 2α)(1 + 2Ck
d (ρ))̺B2

1 + (1 + Ck
d (ρ))2̺

[

4(1 + 3α)

(

(x + y)2 − 2λ(x + y − λ + 1)

)

B2
1 − 4(B2 − B1)(1 + α)2(2λ − x − y)2

]

(2.16)
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For the well known inequalities |h2| ≤ 2 and |g2| ≤ 2 for functions with positive real part,

we have

|b2| ≤ B1

√
B1

√

√

√

√

√

√

√

√

√

√

∣

∣

∣

∣

∣

(3λ − x2 − xy − y2)(1 + 2α)(1 + 2Ck
d (ρ))̺B2

1 + (1 + Ck
d (ρ))2̺

[

(1 + 3α)

(

(x + y)2 − 2λ(x + y − λ + 1)

)

B2
1 − (B2 − B1)(1 + α)2(2λ − x − y)2

]
∣

∣

∣

∣

∣

(2.17)

which gives us the desired estimate for |b2|, as asserted in (2.2) .

By subtracting (2.13) from (2.11) and applying (2.14), we get

b3 =
B2

1g2
1

4(1 + Ck
d (ρ))2̺(1 + α)2(2λ − x − y)2

+
B1(g2 − h2)

4(1 + 2Ck
d (ρ))̺(1 + 2α)(3λ − x2 − y2 − xy)

(2.18)

applying |h2| ≤ 2 and |g2| ≤ 2 again, we have

|b3| ≤ B2
1

(1 + Ck
d (ρ))2̺(1 + α)2(2λ − x − y)2

+
B1

(1 + 2Ck
d (ρ))̺(1 + 2α)(3λ − x2 − y2 − xy)

(2.19)

�

Remark 2.1. If we put ̺ = 0 in Theorem 2.1 we obtain the corresponding result study by

Emeka and Opoola[9].

Remark 2.2. If we put ̺ = 0, x = 1 and y = −1 in Theorem 2.1 we obtain the corresponding

result study by Eker and Seker[24].

Remark 2.3. If we put ̺ = 0, x = 1, λ = 1 and y = 0 in Theorem 2.1 we obtain the

corresponding result study by Ali et al [5].

Remark 2.4. If we put ̺ = 0, x = 1, α = 0 and y = 0 in Theorem 2.1 we obtain the

corresponding result study by Eker and Seker[24].

3. Fekete-Szego Problem

Theorem 3.1. Let the function f(z) of the form (1.1) be in S
̺,ρ
E,k(λ, x, y : α, ζ), then

|b3 − µb2
2| ≤







B1|h(µ)|, |h(µ)| ≥ 1
(3λ−x2

−y2
−xy)(1+2α)(1+2Ck

d
(ρ))̺

B1

(3λ−x2
−y2

−xy)(1+2α)(1+2Ck
d

(ρ))̺ , |h(µ)| ≤ 1
(3λ−x2

−y2
−xy)(1+2α)(1+2Ck

d
(ρ))̺

(3.1)
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where

h(µ) =
B2

1(1 − µ)

(3λ − x2 − xy − y2)(1 + 2α)(1 + 2Ck
d (ρ))̺B2

1 + (1 + Ck
d (ρ))2̺

[

(1 + 3α)

(

(x + y)2 − 2λ(x + y − λ + 1)

)

B2
1 − (B2 − B1)(1 + α)2(2λ − x − y)2

]

(3.2)

Proof. By subtracting (2.13) from (2.11) and applying (2.14), we have

b3 = b2
2 +

B1(g2 − h2)

4(1 + 2Ck
d (ρ))̺(1 + 2α)(3λ − x2 − y2 − xy)

(3.3)

From (3.3) and (2.16), we get

b3 − µb2
2 =

B1

4

[(

h(µ) +
1

(3λ − x2 − y2 − xy)(1 + 2α)(1 + 2Ck
d (ρ))̺

)

g2

+

(

h(µ) − 1

(3λ − x2 − y2 − xy)(1 + 2α)(1 + 2Ck
d (ρ))̺

)

h2

]

,

where

h(µ) =
B2

1(1 − µ)

(3λ − x2 − xy − y2)(1 + 2α)(1 + 2Ck
d (ρ))̺B2

1 + (1 + Ck
d (ρ))2̺

[

(1 + 3α)

(

(x + y)2 − 2λ(x + y − λ + 1)

)

B2
1 − (B2 − B1)(1 + α)2(2λ − x − y)2

]

For all Bi are real and B1 > 0, claim (3.1) follows. �

Putting ̺ = 0 in Theorem 3.1, we have the following corollary.

Corollary 3.1. Let the function f(z) of the form (1.1) be in SE(λ, x, y : α, ζ), then

|b3 − µb2
2| ≤

{

B1|h(µ)|, |h(µ)| ≥ 1
(3λ−x2

−y2
−xy)(1+2α)

B1

(3λ−x2
−y2

−xy)(1+2α) , |h(µ)| ≤ 1
(3λ−x2

−y2
−xy)(1+2α)

where

h(µ) =
B2

1(1 − µ)
[

(λ − 2λ(x + y − λ) − xy) + α((x2 + 4sy + y2)

− 6λ(x + y − λ))

]

B2
1 − (B2 − B1)(1 + α)2(2λ − x − y)2

which is the results obtain by Emeka and Opoola [9].

Acknowledgements. The author wish to express his sincere thanks to the referees of this
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