
Turkish J. Ineq., 4 (2) (2020), Pages 59 –78 .

Turkish Journal of

I N E Q U A L I T I E S

Available online at www.tjinequality.com

SOME INTEGRAL INEQUALITIES FOR FUNCTIONS WHOSE

ABSOLUTE VALUES OF THE THIRD DERIVATIVE IS CONCAVE

AND r−CONVEX

BAHTIYAR BAYRAKTAR

Abstract. In this paper, parameterized integral inequalities of the Hadamard and Simp-
son type are obtained for concave and r− convex functions. For some values of r, these
inequalities are obtained by using special tools for positive real numbers. It should be
noted that in special cases, some estimates are in the same order as the estimates existing
in the literature.

1. Introduction

It is known that the theory of convexity occupies an important place in optimization

problems. In recent years, much more attention has been paid to the refinements and

generalizations of the results obtained for classical convexity.

Hermite–Hadamard’s integral inequality has a very important place in the theory of

convexity. This double inequality is stated as follows in the literature (see [14]):

Let f : I ⊆ R → R be a convex function and let a, b ∈ I, with a < b. The following

double inequality

f

(

a+ b

2

)

≤ 1

b− a

∫ b

a
f(x)dx ≤ f(a) + f(b)

2
.

For this reason, the absolute majority of studies in convexity theory are devoted to finding

the upper bound for this inequality for various classes of convex functions. These estimates

were obtained mainly by using the properties of convex functions, the classical Hölder and

power mean inequalities, and through fractional integrals (e.g. [2–6, 9, 11, 12, 17, 20, 22, 26,

29,34] and the references therein).

Along with the inequality Hermite–Hadamard type, well known Simpson type inequality,

which is provided in the literature as follows:
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If f : [a, b] → R is a four times continuously differentiable function on (a, b) and |f (4)|∞ :=

sup
x∈(a,b)

∣

∣

∣f (4)(x)
∣

∣

∣ < ∞, then

∣

∣

∣

∣

∣

1

3

[

f(a) + f(b)

2
+ 2f

(

a+ b

2

)]

− 1

b− a

∫ b

a
f(x)dx

∣

∣

∣

∣

∣

≤ (b− a)4

2880

∥

∥

∥ f (4)
∥

∥

∥

∞
.

Few papers are devoted to the refinements and generalizations of Simpson–type inequali-

ties for the different classes convex functions (e.g. [10,16,19,27,28,30,31] and the references

therein).

The integral version of Jensen’s inequality in the literature (see [23] inequality (7.15) page

10) is given as follows:

φ

(

∫ b
a f(x)dσ(x)
∫ b

a dσ(x)

)

∫ b

a
dσ(x) ≤

∫ b

a
φ(f(x))dσ(x). (1.1)

Jensen inequality are true for all convex φ and f ∈ L(a, b) and σ a non–negative measure.

If the φ function is concave, then the inequality is reversed.

The literature studies various classes of convex functions. One of them is the class of

r−convex functions. The idea of the r−convex function is based on concepts that were

introduced independently by Martos in [21] and Avriel in [1].

The following definitions are well known in the literature:

Definition 1.1. [13] Let φ : [a, b] → R
+. If for all t ∈ [0, 1] and of positive numbers x, y

∈ [a, b] inequality

φ(tx+ (1 − t)y) ≤
{

[tφr(x) + (1 − t)φr(y)]
1

r , if r 6= 0
φt(x)φ1−t(y), if r = 0

(1.2)

is true, then we say that φ is r−convex function.

Remark 1.1. Obviously, for r = 0, we have log−convex functions, and for r = 1, we have

ordinary convex functions. In addition, if φ is r− convex in [a, b], then φr is a convex

function (r > 0).

The concept of r−convexity plays a very important role in mathematical programming [1].

A number of refinements of the estimates of the Hermite–Hadamard inequality for r−convex

functions can be found in some papers [7,8,15,18,24,25,32,33,35] and the references therein.

In the literature, there are studies in which functions are considered whose absolute values

of the third derivatives are convex (for example, [16,17,20,34]).

In [34] S. Wu et al. formulated the lemma:

Lemma 1.1. Let v ∈ R and let f : I ⊂ R → R be a thrice differentiable function on I◦(I◦

is interior of I) and a, b ∈ I with a < b. If f ′′′ ∈ L [a, b], then

(4 − v)f(a) + (2 + v)f(b)

6
− 1

b− a

∫ b

a
f(x)dx− b− a

12

[

vf ′(b) − (2 − v)f ′(a)
]

(1.3)

=
(b− a)3

12

∫ 1

0
t(1 − t)(2t − v)f ′′′(ta+ (1 − t)b)dt.
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Based on this lemma, parameterized Hermite–Hadamard type inequalities are obtained

for quasi–convex functions.

In this study, by introducing a parameter in the integration interval, several new para-

metric Hermite–Hadamard inequalities and Simpson–type inequalities are obtained for func-

tions, such that the absolute values of their third derivative are concave and r-convex func-

tions.

2. Preliminary Results

The results obtained are based on the lemmas below.

Lemma 2.1. Let f : I ⊂ R → R be a thrice differentiable function on I◦(I◦ is interior of

I) and a, b ∈ I with 0 ≤ a < b < ∞. If f ′′′ ∈ L [a, b] and h ∈ (0, 1] then we have

f(c) + f(b)

2
− 1

b− c

∫ b

c
f(x)dx+

b− c

12

[

f ′(b) − f ′(c)
]

(2.1)

=
(b− a)3

12h

∫ h

0
t(h− t)(2t − h)f ′′′(ta+ (1 − t)b)dt,

where c = ha+ (1 − h)b.

Proof. It’s obvious that
∫ h

0
t(h− t)(2t − h)f ′′′(ta+ (1 − t)b)dt =

∫ h

0
(−2t3 + 3ht2 − h2t)f ′′′(ta+ (1 − t)b)dt.

By integrating this integral by parts thrice, we get:
∫ h

0
(−2t3 + 3ht2 − h2t)f ′′′(ta+ (1 − t)b)dt

= − 1

a− b

∫ h

0
(−6t2 + 6ht − h2)f ′′(ta+ (1 − t)b)dt

= − h2

(a− b)2

[

f ′(b) − f ′(c)
]

− 1

(a− b)2

∫ h

0
(−12t + 6h) f ′(ta+ (1 − t)b)dt

= − h2

(a− b)2

[

f ′(b) − f ′(c)
]

+
6h

(b− a)3
[f(c) + f(b)]

− 12

(b− a)3

∫ h

0
f(ta+ (1 − t)b)dt.

If we make the change of variables at+ (1 − t)b = x, then we can write:
∫ h

0
(−2t3 + 3ht2 − h2t)f ′′′(ta+ (1 − t)b)dt

= − h2

(a− b)2
[f ′(b) − f ′(c)] +

6h

(b− a)3
[f(c) + f(b)] − 12

(b− a)4

∫ b

c
f(x)dx.

By dividing both sides of this equation by the expression (b−a)3

12h and taking into account the

fact that h = b−c
b−a , we get (2.1). The proof is completed. �

Remark 2.1. If we take the value of v parameters in identity (1.3) and h parameters in

identity (2.1) as 1, these two identities are equal.
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Corollary 2.1. Under the conditions of Lemma 2.1, the following inequality holds:
∣

∣

∣

∣

∣

f(c) + f(b)

2
− 1

b− c

∫ b

c
f(x)dx

∣

∣

∣

∣

∣

≤ b− c

12

∣

∣f ′(b) − f ′(c)
∣

∣ (2.2)

+
(b− a)3

12h
(|I1| + |I2|),

where

|I1| =

∫ h

2

0

(

2t3 − 3ht2 + h2t
)

∣

∣f ′′′(ta+ (1 − t)b)
∣

∣ dt,

|I2| =

∫ h

h

2

(−2t3 + 3ht2 − h2t)|f ′′′(ta+ (1 − t)b)|dt.

Proof. From Lemma 2.1 and triangle inequality, we obtain
∣

∣

∣

∣

∣

f(c) + f(b)

2
− 1

b− c

∫ b

c
f(x)dx

∣

∣

∣

∣

∣

≤ b− c

12

∣

∣f ′(b) − f ′(c)
∣

∣ (2.3)

+
(b− a)3

12h

∫ h

0
|t(h− t)(2t − h)|

∣

∣f ′′′(ta+ (1 − t)b)
∣

∣ dt.

Since the expression t(t− h)(2t− h) is positive for t ∈
(

0, h
2

)

and negative for t ∈ (h
2 , h),

the last integral in (2.3) will have the form:

∫ h

0
|t(t − h)(2t − h)|

∣

∣f ′′′(ta+ (1 − t)b)
∣

∣ dt = I1 + I2,

where |I1| =

∫ h

2

0

(

2t3 − 3ht2 + h2t
)

∣

∣f ′′′(ta+ (1 − t)b)
∣

∣ dt,

|I2| = −
∫ h

h

2

(

2t3 − 3ht2 + h2t
)

|f ′′′(ta+ (1 − t)b)|dt.

The proof is completed. �

Lemma 2.2. Let f : I ⊂ R → R be a thrice differentiable function on I◦ and a, b ∈ I with

0 ≤ a < b < ∞. If f ′′′ ∈ L [a, b] and h ∈ (0, 1], then we have

1

b− c

∫ b

c
f(x)dx− 1

3

[

f(c) + f(b)

2
+ 2f

(

c+ b

2

)]

=
(b− a)3

12h
(I1 + I2) , (2.4)

where

c = ha+ (1 − h)b,

I1 =

∫ h

2

0
t2(2t − h)f ′′′(ta+ (1 − t)b)dt,

I2 =

∫ h

h

2

(2t − h) (h− t)2 f ′′′(ta+ (1 − t)b)dt.
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Proof. By integrating the first integral by parts thrice, we get:

I1 =

∫ h

2

0
t2(2t − h)f ′′′(ta+ (1 − t)b)dt = − 1

a− b

∫ h

2

0

(

6t2 − 2ht
)

f ′′(ta+ (1 − t)b)dt

= − h2

2(a− b)2
f ′
(

b− b− a

2
h

)

+
1

(a− b)2

∫ h

2

0
(12t − 2h) f ′(ta+ (1 − t)b)dt

= − h2

2(a− b)2
f ′
(

b− b− a

2
h

)

+
4h

(a− b)3
f

(

b− b− a

2
h

)

+
2h

(a− b)3
f(b)

− 12

(a− b)3

∫ h

2

0
f(ta+ (1 − t)b)dt.

So as

− 12

(a− b)3

∫ h

2

0
f(ta+ (1 − t)b)dt =

12

(b− a)4

∫ b

b− b−a

2
h
f(x)dx,

we get

I1 = − h2

2(a− b)2
f ′
(

b− b− a

2
h

)

+
4h

(a− b)3
f

(

b− b− a

2
h

)

+
2h

(a− b)3
f(b) +

12

(b− a)4

∫ b

b− b−a

2
h
f(x)dx.

Similarly, for the second integral, we get

I2 =
h2

2(a− b)2
f ′
(

b− b− a

2
h

)

+
2h

(a− b)3
f (c) +

4h

(a− b)3
f

(

b− b− a

2
h

)

+
12

(b− a)4

∫ b− b−a

2
h

c
f(x)dx.

By summing these two integrals and taking into account that b− b−a
2 h = c+b

2 , we obtain

I1 + I2 = − 2h

(b− a)3

[

f(c) + f(b) + 4f

(

c+ b

2

)]

+
12

(b− a)4

∫ b

c
f(x)dx.

By dividing both sides of this equation by the expression (b−a)3

6h and taking into account

the fact that h = b−c
b−a , we get (2.4). The proof is completed. �

Corollary 2.2. Under the conditions of Lemma 2.2, the following inequality holds:
∣

∣

∣

∣

∣

1

b− c

∫ b

c
f(x)dx− 1

3

[

f(c) + f(b)

2
+ 2f

(

c+ b

2

)]

∣

∣

∣

∣

∣

≤ (b− a)3

12h
(|I1| + |I2|) , (2.5)

where

|I1| ≤
∫ h

2

0
t2 (h− 2t) |f ′′′(ta+ (1 − t)b)|dt,

|I2| ≤
∫ h

h

2

(2t − h) (h− t)2 ∣
∣f ′′′(ta+ (1 − t)b)

∣

∣ dt.

Proof. The proof follows from Lemma 2.2 and the inequality of triangles. �
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3. Some New Results for Hadamard Type Inequalities

Theorem 3.1. Let f : I ⊂ R → R be a thrice differentiable function on I◦ and a, b ∈ I

with 0 ≤ a < b < ∞. If f ′′′ ∈ L [a, b] and |f ′′′| is a r−convex function on [a, b], then for all

h ∈ (0, 1] and for all r ∈ R\{−1, 0, 1}, we have

∣

∣

∣

∣

∣

f(c) + f(b)

2
− 1

b− c

∫ b

c
f(x)dx

∣

∣

∣

∣

∣

≤ b− c

12

∣

∣f ′(b) − f ′(c)
∣

∣ (3.1)

+
(b− a)3

12h
×



















h2P2 (r)
[

ϕ2+ 1

r (0) + ϕ2+ 1

r

(

h
2

)

+ ϕ2+ 1

r (h)
]

+6hP3 (r)
[

ϕ3+ 1

r (0) − ϕ3+ 1

r (h)
]

+12P4 (r)
[

ϕ4+ 1

r (0) − 2ϕ4+ 1

r

(

h
2

)

+ ϕ4+ 1

r (h)
]



















,

where

c = ah+ (1 − h)b,

ϕ(t) = |f ′′′(b)|r +
(∣

∣f ′′′(a)
∣

∣

r −
∣

∣f ′′′(b)
∣

∣

r)
t,

Pk (r) =
rk

[ϕ(0) − ϕ(1)]k
∏k

i=1(1 + ir)
.

Proof. Due to the fact that |f ′′′| is a positive r−convex function, then

|f ′′′(ta+ (1 − t)b)| ≤
[

t|f ′′′(a)|r + (1 − t)
∣

∣f ′′′(b)
∣

∣

r] 1

r = ϕ
1

r (t)

and in inequality (2.2) for integrals we can write

|I1| ≤
∫ h

2

0

(

2t3 − 3ht2 + h2t
)

ϕ
1

r (t)dt, |I2| ≤ −
∫ h

h

2

(

2t3 − 3ht2 + h2t
)

ϕ
1

r (t)dt.

By calculating first integral by parts thrice, we get:

|I1| ≤
∫ h

2

0

(

2t3 − 3ht2 + h2t
)

ϕ
1

r (t)dt

= − 1

[ϕ(1) − ϕ(0)]
(

1 + 1
r

)

∫ h

2

0
(6t2 − 6ht + h2)ϕ1+ 1

r (t)dt

= − h2P1(r)

[ϕ(1) − ϕ(0)]
(

2 + 1
r

) ×









(

−1
2ϕ

2+ 1

r

(

h
2

)

− ϕ2+ 1

r (0)
)

−
∫

h

2

0 (12t − 6h)ϕ2+ 1

r (t)dt









= h2P2(r)

[

1

2
ϕ2+ 1

r

(

h

2

)

+ ϕ2+ 1

r (0)

]

+ 6hP3(r)ϕ3+ 1

r (0)

− 12P4(r)

[

ϕ4+ 1

r

(

h

2

)

− ϕ4+ 1

r (0)

]

.
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Similarly enrolling, for the second integral, we can write:

|I2| ≤ h2P2(r)

[

ϕ2+ 1

r (h) +
1

2
ϕ2+ 1

r

(

h

2

)]

− 6hP3(r)ϕ3+ 1

r (h)

+ 12P4(r)

[

ϕ4+ 1

r (h) − ϕ4+ 1

r

(

h

2

)]

.

By summing the last two inequalities, we get:

|I1| + |I2| ≤ h2P2(r)

[

ϕ2+ 1

r (0) + ϕ2+ 1

r

(

h

2

)

+ ϕ2+ 1

r (h)

]

(3.2)

+ 6hP3(r)
[

ϕ3+ 1

r (0) − ϕ3+ 1

r (h)
]

+ 12P4(r)

[

ϕ4+ 1

r (0) − 2ϕ4+ 1

r

(

h

2

)

+ ϕ4+ 1

r (h)

]

.

By taking into account inequalities (3.2) from (2.2), we obtain inequality (3.1). The proof

is completed. �

Theorem 3.2. Let f : I ⊂ R → R be a thrice differentiable function on I◦ and a, b ∈ I with

0 ≤ a < b < ∞. If f ′′′ ∈ L [a, b] and |f ′′′| is a r−convex function on [a, b], then with r = 0

and |f ′′′(b)| 6= |f ′′′(a)| for all h ∈ (0, 1], we have
∣

∣

∣

∣

∣

f(c) + f(b)

2
− 1

b− c

∫ b

c
f(x)dx

∣

∣

∣

∣

∣

(3.3)

≤ b− c

12

{

∣

∣f ′(b) − f ′(c)
∣

∣ +
(b− a)2u1−h

(u− v)2 L2(u, v) × F

}

,

where

u = |f ′′′(b)|, v = |f ′′′(a)|,

F = 2A
(

uh, vh
)

− 6L
(

uh, vh
)

+ 3L2
(

u
h

2 , v
h

2

)

and A(ξ, τ) = ξ+τ
2 , L(ξ, τ) = ξ−τ

ln ξ−ln τ are respectively the arithmetic and logarithmic mean

of two distinct positive numbers.

Proof. Let R = |f ′′′(a)|
|f ′′′(b)| . Since the |f ′′′| is a positive log −convex function (see Remark 1.1),

we have

|f ′′′(ta+ (1 − t)b)| ≤
∣

∣f ′′′(a)
∣

∣

t ∣
∣f ′′′(b)

∣

∣

1−t
=
∣

∣f ′′′(b)
∣

∣Rt. (3.4)

By considering (3.4), for integrals in inequality (2.2), we can write

|I1| ≤ |f ′′′(b)|
∫ h

2

0

(

2t3 − 3ht2 + h2t
)

Rtdt and

|I2| ≤ |f ′′′(b)|
∫ h

h/2
(−2t3 + 3ht2 − h2t)Rtdt.
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By calculating both integrals by parts thrice, we get

|I1| ≤ |f ′′′(b)|
[

h2

ln2 R

(

1 − 0.5Rh/2
)

+
6h

ln3R
− 12

ln4R

(

Rh/2 − 1
)

]

,

|I2| ≤ |f ′′′(b)|
[

h2

ln2 R

(

Rh + 0.5Rh/2
)

− 6h

ln3 R
Rh +

12

ln4 R

(

Rh −Rh/2
)

]

.

By summing the last two inequalities, we obtain

|I1| + |I2| ≤ |f ′′′(b)|
ln2 R



h2
(

1 +Rh
)

+
6h
(

1 −Rh
)

lnR
+

12

ln2 R

(

Rh/2 − 1
)2



 .

Given the fact that

h2
(

1 +Rh
)

= h2

[

1 +

(

v

u

)h
]

=
2h2

uh
A
(

uh, vh
)

,

6h
(

1 −Rh
)

lnR
=

6h2

uh

uh − vh

ln vh − ln uh
= −6h2

uh
L
(

uh, vh
)

,

12

ln2 R

(

Rh/2 − 1
)2

= 12

(

Rh/2 − 1

lnR

)2

=
3h2

uh

[

L
(

uh/2, vh/2
)]2

and

1

[ln u− ln v]2
=

1

(u− v)2
L2(u, v),

we can write

|I1| + |I2| ≤ h2u1−h

(u− v)2L
2(u, v) ×

[

2A
(

uh, vh
)

− 6L
(

uh, vh
)

+ 3L2
(

uh/2, vh/2
)]

. (3.5)

By taking into account (3.5), from (2.2) we get (3.3). The proof is completed. �

Theorem 3.3. Let f : I ⊂ R → R be a thrice differentiable function on I◦and a, b ∈ I with

0 ≤ a < b < ∞. If f ′′′ ∈ L [a, b] is a r−convex on [a, b], then with r = 1 for all h ∈ (0, 1],

we have
∣

∣

∣

∣

∣

f(c) + f(b)

2
− 1

b− c

∫ b

c
f(x)dx

∣

∣

∣

∣

∣

≤ b− c

12

∣

∣f ′(b) − f ′(c)
∣

∣ (3.6)

+
(b− c)3

384

[

h
∣

∣f ′′′(a)
∣

∣+ (2 − h)
∣

∣f ′′′ (b)
∣

∣

]

,

where c = ha+ (1 − h)b.

Proof. Since the | f ′′′| is an ordinary convex function (see Remark 1.1) on [a, b], for integrals

in (2.2), we can write

|I1| ≤ |f ′′′(a)|
∫ h/2

0
t2(t− h)(2t − h)dt +

∣

∣f ′′′(b)
∣

∣

∫ h/2

0
t(t− h)(2t − h)(1 − t)dt,

|I2| ≤ |f ′′′(a)|
∫ h

h/2
t2(h− t)(2t − h)dt +

∣

∣f ′′′(b)
∣

∣

∫ h

h/2
t(h− t)(2t − h)(1 − t)dt.
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By calculating all the integrals in these inequalities, we get

|I1| ≤ 7h5

960

∣

∣f ′′′(a)
∣

∣ +
(30 − 7h)h4

960

∣

∣f ′′′(b)
∣

∣ , |I2| ≤ 23h5

960
|f ′′′(a)| +

(30 − 23h)h4

960
|f ′′′(b)|.

By summing the last two inequalties, we obtain

|I1| + |I2| ≤ h4

32

[

h|f ′′′(a)| + (2 − h)|f ′′′(b)|
]

. (3.7)

By taking into account (3.7) from (2.2), we get (3.6). The proof is completed. �

Remark 3.1. If h = 1, then from (3.6), we get
∣

∣

∣

∣

∣

f(a) + f(b)

2
− 1

b− a

∫ b

c
f(x)dx

∣

∣

∣

∣

∣

≤ b− a

12

∣

∣f ′(b) − f ′(a)
∣

∣ (3.8)

+
(b− a)3

384

[∣

∣f ′′′(a)
∣

∣ + |f ′′′(b)|
]

.

Remark 3.2. If ‖f ′′′‖∞ := sup |f ′′′(x)|
x∈[a,b]

< ∞, then from (3.8), we get

∣

∣

∣

∣

∣

f(a) + f(b)

2
− 1

b− a

∫ b

a
f(x)dx

∣

∣

∣

∣

∣

≤ b− a

12

∣

∣f ′(b) − f ′(a)
∣

∣ +
(b− a)3

192
|f ′′′|∞.

An estimate of the same order was obtained by J. Materano, et al. in [20] ( Theorem 2.2).

Theorem 3.4. Let f : I ⊂ R → R be a thrice differentiable function on I◦and a, b ∈ I

with 0 ≤ a < b < ∞. If f ′′′ ∈ L [a, b] is a r−convex on [a, b], then with r = −1 and

|f ′′′(a)| 6= |f ′′′(b)| for all h ∈ (0, 1], we have
∣

∣

∣

∣

∣

f(c) + f(b)

2
− 1

b− c

∫ b

c
f(x)dx

∣

∣

∣

∣

∣

≤ b− c

12

∣

∣f ′(b) − f ′(c)
∣

∣ (3.9)

+
(b− a)3

96h
· G2(u, v)A(v, µ)

A2(u, v) −G2(u, v)

[

h2 +
G2(v, µ)

A2(u, v) −G2(u, v)
ln
H(v, µ)

A(v, µ)

]

,

where

v = |f ′′′(a)|, u = |f ′′′(b)|, µ = hu+ (1 − h)v, τ =
v

(u− v)2

and A(u, v) = v+u
2 , G(u, v) =

√
vu, H(u, v) = 2vu

v+u are respectively the arithmetic,

geometric and harmonic means of two distinct positive numbers.

Proof. Due to the fact that |f ′′′| is a positive r−convex function, then with r = −1, we

can write

|f ′′′(ta+ (1 − t)b)| ≤
(

t

|f ′′′(a)| +
1 − t

|f ′′′(b)|

)−1

=
vu

v + (u− v)t
.

Let ψ(t) = v + (u− v)t, then for integrals in (2.2), we can write:

|I1|
vu

≤
∫ h

2

0

2t3 − 3ht2 + h2t

ψ(t)
dt,

|I2|
vu

≤ −
∫ h

h

2

2t3 − 3ht2 + h2t

ψ(t)
dt.

By dividing a polynomial by a polynomial, we calculate both integrals, and then we sum

up the resulting inequalities. After simplification we get:
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|I1| + |I2| ≤ vu [hu+ (2 − h)v]

4(u− v)2

[

h2 +
4v [hu+ (1 − h)v]

(u− v)2
ln

4v [hu+ (1 − h)v]

[hu+ (2 − h)v]2

]

=
vu(v + µ)

4(u− v)2

[

h2 + 4
vµ

(u− v)2
ln

4vµ

(v + µ)2

]

.

Given the fact that

v + µ = 2A(v, µ),

vu(v + µ)

4(u− v)2
=

1

2

vuA(v, µ)

(u− v)2 =
1

8

vuA(v, µ)
( v+u

2

)2 − vu
=

1

8

G2(u, v)A(v, µ)

A2(u, v) −G2(u, v)
,

4vµ

(u− v)2 =
4vµ

(u− v)2 =
G2(v, µ)

A2(u, v) −G2(u, v)
and

ln
4vµ

( µ+ v)2 = ln

(

2vµ

µ+ v
· 2

µ+ v

)

= ln
H(v, µ)

A(v, µ)

we get:

|I1| + |I2| ≤ 1

8

G2(u, v)A(v, µ)

A2(u, v) −G2(u, v)

[

h2 +
G2(v, µ)

A2(u, v) −G2(u, v)
ln
H(v, µ)

A(v, µ)

]

. (3.10)

By taking into account (3.10) from (2.2), we get (3.9). The proof is completed. �

Corollary 3.1. If the conditions of Theorem 3.4 are fulfilled, then with h = 1, we get
∣

∣

∣

∣

∣

f(a) + f(b)

2
− 1

b− a

∫ b

a
f(x)dx

∣

∣

∣

∣

∣

(3.11)

≤ b− a

12

∣

∣f ′(b) − f ′(a)
∣

∣ +
(b− a)3

96
× G2(u, v)A(u, v)

A2(u, v) −G2(u, v)

×
{

1 +
G2(u, v)

A2(u, v) −G2(u, v)
ln
H(u, v)

A(u, v)

}

,

where v = |f ′′′(a)|, u = |f ′′′(b)|.

Proof. With h = 1 from Theorem 3.4, we get (3.11). The proof is completed. �

Theorem 3.5. Let f : I ⊂ R → R be a thrice differentiable function on I◦ and a, b ∈ I

with 0 ≤ a < b < ∞. If f ′′′ ∈ L [a, b] is a concave on [a, b], then for all h ∈ (0, 1], we have
∣

∣

∣

∣

∣

f(c) + f(b)

2
− 1

b− c

∫ b

c
f(x)dx

∣

∣

∣

∣

∣

≤ b− c

12

∣

∣f ′(b) − f ′(c)
∣

∣ (3.12)

+
(b− c)3

144

[∣

∣

∣

∣

f ′′′
(

2ha+ (5 − 2h)b

5

)∣

∣

∣

∣

+

∣

∣

∣

∣

f ′′′
(

3ha+ (5 − 3h)b

5

)∣

∣

∣

∣

]

,

where c = ha+ (1 − h)b.
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Proof. From Lemma 2.1 and triangle inequality, we can write
∣

∣

∣

∣

∣

f(c) + f(b)

2
− 1

b− c

∫ b

c
f(x)dx

∣

∣

∣

∣

∣

(3.13)

≤ b− c

12

∣

∣f ′(b) − f ′(c)
∣

∣ +
(b− a)3

12h

∣

∣

∣

∣

∣

∫ h

0
t(h− t)(2t − h)f ′′′(ta+ (1 − t)b)dt

∣

∣

∣

∣

∣

.

Considering that t(h − t)(2t − h) = −t(t − h)2 − t2(t − h), then for the integral on the

right-hand side of last inequality, we can write:

∣

∣

∣

∣

∣

∫ h

0
t(h− t)(2t − h)f ′′′(ta+ (1 − t)b)dt

∣

∣

∣

∣

∣

≤ |I1| + |I2| ,

where

|I1| =

∣

∣

∣

∣

∣

∫ h

0
t(t− h)2f ′′′(ta+ (1 − t)b)dt

∣

∣

∣

∣

∣

, |I2| =

∣

∣

∣

∣

∣

∫ h

0
t2(t− h)f ′′′(ta+ (1 − t)b)dt

∣

∣

∣

∣

∣

.

For each integral, we use the Jensen inequality (1.1) for concave functions f ′′′on [a, b]:

|I1| ≤
∣

∣

∣

∣

∣

∫ h

0
t(t− h)2dt

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

f ′′′

(

∫ h
0 [at+ (1 − t)b]t(t − h)2dt

∫ h
0 t(t − h)2dt

)∣

∣

∣

∣

∣

(3.14)

and calculate the integrals:
∣

∣

∣

∣

∣

∫ h

0
t(t− h)2dt

∣

∣

∣

∣

∣

=
h4

12
and

∫ h

0
[at+ (1 − t)b]t(t− h)2dt =

∫ h

0

[

(a− b)t4 + (b− 2ha+ 3hb) t3

+
(

h2a− h2b− 2hb
)

t2 + bh2t

]

dt

=
h4

6
· 2ha+ (5 − 2h) b

10
.

By substituting the obtained values of the integrals in the inequality (3.14), we get

|I1| ≤ h4

12

∣

∣

∣

∣

f ′′′
(

2ha+ (5 − 3h)b

5

)∣

∣

∣

∣

. (3.15)

Similarly, for the second integral, we can get

|I2| ≤
∣

∣

∣

∣

∣

∫ h

0
t2(t − h)dt

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

f ′′′

(

∫ h
0 [at+ (1 − t)b]t2(t − h)dt

∫ h
0 t

2(t− h)dt

)∣

∣

∣

∣

∣

(3.16)

=
h4

12

∣

∣

∣

∣

f ′′′
(

(3ha+ (5 − 3h)b

5

)∣

∣

∣

∣

.

By taking into account (3.15) and (3.16) from (3.13), we obtain (3.12). The proof is com-

pleted. �
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Corollary 3.2. Let f : I ⊂ R → R be a thrice differentiable function on I◦and a, b ∈ I

with 0 ≤ a < b < ∞. If f ′′′ ∈ L [a, b] and is concave on [a, b], then we have
∣

∣

∣

∣

∣

f(a) + f(b)

2
− 1

b− a

∫ b

a
f(x)dx

∣

∣

∣

∣

∣

(3.17)

≤ b− a

12

∣

∣f ′(b) − f ′(a)
∣

∣ +
(b− a)3

144

[∣

∣

∣

∣

f ′′′
(

2a+ 3b

5

)∣

∣

∣

∣

+

∣

∣

∣

∣

f ′′′
(

3a+ 2b

5

)∣

∣

∣

∣

]

.

Proof. With h = 1 from (3.12), we obtain (3.17). The proof is completed. �

Remark 3.3. If ‖f ′′′‖∞ := sup |f ′′′(x)|
x∈(a,b)

< ∞, then from (3.17), we get

∣

∣

∣

∣

∣

f(a) + f(b)

2
− 1

b− a

∫ b

a
f(x)dx

∣

∣

∣

∣

∣

≤ b− a

12

∣

∣f ′(b) − f ′(a)
∣

∣ +
(b− a)3

72

∥

∥f ′′′
∥

∥

∞ .

4. Some New Results for Simpson Type Inequalities

Theorem 4.1. Let f : I ⊂ R → R be a thrice differentiable function on I◦ and a, b ∈ I

with 0 ≤ a < b < ∞. If f ′′′ ∈ L [a, b] and |f ′′′| is a r−convex function on [a, b], then for all

h ∈ (0, 1] and for all r ∈ R\{−1, 0, 1}, we have
∣

∣

∣

∣

∣

1

b− c

∫ b

c
f(x)dx− 1

3

[

f(c) + f(b)

2
+ 2f

(

c+ b

2

)]

∣

∣

∣

∣

∣

(4.1)

≤ (b− a)3

12h
×



















h2P2 (r)ϕ2+ 1

r

(

h
2

)

+2hP3 (r)
[

ϕ3+ 1

r (0) − ϕ3+ 1

r (h)
]

−12P4 (r)
[

ϕ4+ 1

r (0) − 2ϕ4+ 1

r

(

h
2

)

+ ϕ4+ 1

r (h)
]



















,

where

c = ah+ (1 − h)b,

ϕ(t) = |f ′′′(b)|r +
(∣

∣f ′′′(a)
∣

∣

r −
∣

∣f ′′′(b)
∣

∣

r)
t,

Pk (r) =
rk

[ϕ(0) − ϕ(1)]k
∏k

i=1(1 + ir)
.

Proof. Given the fact that |f ′′′| is a positive r−convex function on [a, b], then

|f ′′′(ta+ (1 − t)b)| ≤
[

t|f ′′′(a)|r + (1 − t)
∣

∣f ′′′(b)
∣

∣

r] 1

r = ϕ
1

r (t)

and in inequality (2.5) for integrals, we can write

|I1| ≤
∫ h

2

0
t2 (h− 2t)ϕ

1

r (t)dt, |I2| ≤
∫ h

h

2

(2t − h) (h− t)2 ϕ
1

r (t)dt.

By integrating both integrals by parts thrice, we get:

I1 ≤ h2P2(r)

2
ϕ2+ 1

r

(

h

2

)

+ 2hP3(r)

[

2ϕ3+ 1

r

(

h

2

)

+ ϕ3+ 1

r (0)

]

+ 12P4(r)

[

ϕ4+ 1

r

(

h

2

)

− ϕ4+ 1

r (0)

]

,
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|I2| ≤ h2P2(r)

2
ϕ2+ 1

r

(

h

2

)

− 2hP3(r)

[

ϕ3+ 1

r (h) + 2ϕ3+ 1

r

(

h

2

)]

− 12P4(r)

[

ϕ4+ 1

r (h) − ϕ4+ 1

r

(

h

2

)]

.

By summing the last two inequalities, we get:

|I1| + |I2| ≤ h2P2(r)ϕ2+ 1

r

(

h

2

)

+ 2hP3(r)
[

ϕ3+ 1

r (0) − ϕ3+ 1

r (h)
]

(4.2)

− 12P4(r)

[

ϕ4+ 1

r (h) − 2ϕ4+ 1

r

(

h

2

)

+ ϕ4+ 1

r (0)

]

.

By taking into account inequalities (4.2) from (2.5), we obtain inequality (4.1). The proof

is completed. �

Theorem 4.2. Let f : I ⊂ R → R be a thrice differentiable function on I◦and a, b ∈ I with

0 ≤ a < b < ∞. If f ′′′ ∈ L [a, b] and |f ′′′| is a r−convex function on [a, b] and r = 0, then

for all h ∈ (0, 1], we have
∣

∣

∣

∣

∣

1

b− c

∫ b

c
f(x)dx− 1

3

[

f(c) + f(b)

2
+ 2f

(

c+ b

2

)]

∣

∣

∣

∣

∣

(4.3)

≤ (b− a)3

12h
× hu1−h

(u− v)2L
2(u, v) ×D,

where

c = ha+ (1 − h)b, u = |f ′′′(b)|, v = |f ′′′(a)|,

D = G
(

uh, vh
)

+ 2L
(

uh, vh
)

− 3L2
(

u
h

2 , v
h

2

)

and G(ξ, τ) =
√
ξτ , L(ξ, τ) = ξ−τ

ln ξ−ln τ are respectively the geometric mean and logarithmic

mean of two distinct positive numbers ξ and τ .

Proof. Since the |f ′′′| is a positive log −convex function (see Remark 1.1) by considering

(3.4), for integrals in inequality (2.5), we can write

|I1| ≤
∣

∣f ′′′(b)
∣

∣

∫ h

2

0

(

−2t3 + ht2
)

Rtdt,

|I2| ≤
∣

∣f ′′′(b)
∣

∣

∫ h

h

2

(

2t3 − 5ht2 + 4h2t− h3
)

Rtdt.

By calculating both integrals by parts thrice, we get

|I1| ≤
∣

∣f ′′′(b)
∣

∣

[

h2

2 ln2R
Rh/2 − 2h

ln3 R

(

2Rh/2 + 1
)

+
12

ln4R

(

Rh/2 − 1
)

]

,

|I2| ≤
∣

∣f ′′′(b)
∣

∣

[

h2

2 ln2R
Rh/2 +

2h

ln3 R

(

Rh + 2Rh/2
)

− 12

ln4R

(

Rh −Rh/2
)

]

.

By summing the last two inequalities, we obtain

|I1| + |I2| ≤ |f ′′′(b)|
ln2R



h2Rh/2 +
2h
(

Rh − 1
)

lnR
− 12

ln2 R

(

Rh/2 − 1
)2



 .
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Because of

h2Rh/2 = h2
(

v

u

)h/2

=
h2

uh
(u · v)h/2 =

h2

uh
G
(

uh, vh
)

,

2h
(

Rh − 1
)

lnR
=

2h2

uh

vh − uh

ln vh − ln uh
=

2h2

uh
L
(

uh, vh
)

,

12

ln2 R

(

Rh/2 − 1
)2

= 12

(

Rh/2 − 1

lnR

)2

=
3h2

uh

[

L
(

uh/2, vh/2
)]2

,

1

[ln u− ln v]2
=

1

(u− v)2
L2(u, v)

we can write

I1 + I2 ≤ h2u1−h

(u− v)2L
2(u, v) ×

[

G
(

uh, vh
)

+ 2L
(

uh, vh
)

− 3L2
(

uh/2, vh/2
)]

. (4.4)

By taking into account (4.4) from (2.5), we get (4.3). The proof is completed. �

Theorem 4.3. Let f : I ⊂ R → R be a thrice differentiable function on I◦and a, b ∈ I with

0 ≤ a < b < ∞. If f ′′′ ∈ L [a, b] is r−convex on [a, b] and r = 1, then for all h ∈ [0, 1] we

have
∣

∣

∣

∣

∣

1

b− c

∫ b

c
f(x)dx− 1

3

[

f(c) + f(b)

2
+ 2f

(

c+ b

2

)]

∣

∣

∣

∣

∣

(4.5)

≤ (b− c)3

1152

(

h
∣

∣f ′′′(a)
∣

∣ + (2 − h)
∣

∣f ′′′ (b)
∣

∣

)

,

where c = ha+ (1 − h)b.

Proof. Since the | f ′′′| an ordinary convex function (see Remark 1.1), then in inequality

(2.5) for integrals, we can write

|I1| ≤
∣

∣f ′′′(a)
∣

∣

∫ h

2

0
t3 (h− 2t) dt+

∣

∣f ′′′(b)
∣

∣

∫ h

2

0
t2 (h− 2t) (1 − t)dt and

|I2| ≤
∣

∣f ′′′(a)
∣

∣

∫ h

h

2

t(h− t)2 (h− 2t) dt+
∣

∣f ′′′(b)
∣

∣

∫ h

h

2

(h− t)2 (h− 2t) (1 − t)dt.

By calculating all integrals, we get

|I1| ≤ h5

320

∣

∣f ′′′(a)
∣

∣ +
h4(10 − 3h)

960
|f ′′′(b)|, |I2| ≤ 7h5

960

∣

∣f ′′′(a)
∣

∣+
h4(10 − 7h)

960
|f ′′′(b)|.

By summing the last two inequalities, we get

|I1| + |I2| ≤ h4

96

[

h|f ′′′(a)| + (2 − h)
∣

∣f ′′′(b)
∣

∣

]

. (4.6)

By taking into account (4.6) from (2.2), we obtain (4.5). The proof is completed. �

Remark 4.1. With h = 1 from (4.5), we get
∣

∣

∣

∣

∣

1

b− a

∫ b

a
f(x)dx− 1

3

[

f(a) + f(b)

2
+ 2f

(

a+ b

2

)]

∣

∣

∣

∣

∣

≤ (b− a)3

1152

(∣

∣f ′′′(a)
∣

∣+
∣

∣f ′′′ (b)
∣

∣

)

.

This estimate was obtained by S. Hussain and S. Qaisar in [16] ( Theorem 2).
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Theorem 4.4. Let f : I ⊂ R → R be a thrice differentiable function on I◦ and a, b ∈ I

with 0 ≤ a < b < ∞. If f ′′′ ∈ L [a, b] is a r−convex on [a, b], then with r = −1 and

|f ′′′(a)| 6= |f ′′′(b)| for all h ∈ [0, 1], we have
∣

∣

∣

∣

∣

1

b− c

∫ b

c
f(x)dx− 1

3

[

f(c) + f(b)

2
+ 2f

(

c+ b

2

)]

∣

∣

∣

∣

∣

(4.7)

≤ (b− a)3

96h
· G2(u, v)A (µ, v)

A2(v, u) −G2(u, v)

×
[

3h2 +
1

A2(u, v) −G2(u, v)

(

v2 ln
A(µ, v)

v
− µ2 ln

µ

A(µ, v)

)]

,

where

c = ah+ (1 − h)b, v = |f ′′′(a)|, u = |f ′′′(b)|, µ = hu+ (1 − h)v

and A(u, v) = v+u
2 , G(u, v) =

√
vu are respectively the arithmetic and geometric means of

two distinct positive numbers.

Proof. Due to the fact that |f ′′′| is a positive r−convex function, then with r = −1, we

can write

|f ′′′(ta+ (1 − t)b)| ≤
(

t

|f ′′′(a)| +
1 − t

|f ′′′(b)|

)−1

=
vu

v + (u− v)t
.

Let ψ(t) = v + (u− v)t, then in inequality (2.5) for integrals, we get

|I1|
vu

≤
∫ h

2

0

−2t3 + ht2

ψ(t)
dt and

|I2|
vu

≤
∫ h

h

2

2t3 − 5ht2 + 4h2t− h3

ψ(t)
dt.

By dividing a polynomial by ψ(t), we calculate both integrals, and then we sum the results.

After simplification, we get:

|I1| + |I2| ≤ vu (v + µ)

4(u− v)2

[

3h2 +
4v2

(u− v)2
ln

(

v + µ

2v

)

− 4µ2

(u− v)2
ln

(

2µ

v + µ

)

]

.

Given the fact that

vu (v + µ)

4(u− v)2
=

1

8

G2(u, v)A(µ, v)

A2(u, v) −G2(v, u)
,

4v2

(u− v)2
=

v2

A2(u, v) −G2(u, v)
,

v + µ

2v
=
A(v, µ)

v
,

2µ

v + µ
=

µ

A(v, µ)
and

4µ2

(u− v)2
=

µ2

A2(u, v) −G2(u, v)
,

we can write:

|I1| + |I2| ≤ 1

8

G2(u, v)A(v, µ)

A2(u, v) −G2(v, u)





3h2 + v2

A2(u,v)−G2(u,v) ln A(v,µ)
v

− µ2

A2(u,v)−G2(u,v) ln µ
A(v,µ)



 . (4.8)

By taking into account (4.8) from (2.5), we get (4.7 ). The proof is completed. �
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Corollary 4.1. If the conditions of Theorem 4.4 are fulfilled, then with h = 1, we get
∣

∣

∣

∣

∣

1

b− a

∫ b

a
f(x)dx− h

3

[

f(a) + f(b)

2
+ 2f

(

a+ b

2

)]

∣

∣

∣

∣

∣

(4.9)

≤ (b− a)3

96
× G2(u, v)A(u, v)

A2(u, v) −G2(u, v)

×
{

3 +
1

A2(u, v) −G2(u, v)

[

v2 ln
A(u, v)

v
− u2 ln

u

A(u, v)

]}

,

where v = |f ′′′(a)|, u = |f ′′′(b)|.

Proof. Indeed, with h = 1, from Theorem 4.4, we get (4.9). The proof is completed. �

Theorem 4.5. Let f : I ⊂ R → R be a thrice differentiable function on I◦and a, b ∈ I with

0 ≤ a < b < ∞. If f ′′′ ∈ L [a, b] is a concave on [a, b], then for all h ∈ [0, 1], we have
∣

∣

∣

∣

∣

1

b− c

∫ b

c
f(x)dx− 1

3

[

f(c) + f(b)

2
+ 2f

(

c+ b

2

)]

∣

∣

∣

∣

∣

(4.10)

≤ (b− c)3

1152

(∣

∣

∣

∣

f ′′′
(

3ha+ (10 − 3h)b

10

)∣

∣

∣

∣

+

∣

∣

∣

∣

f ′′′
(

7ha+ (10 − 7h)b

10

)∣

∣

∣

∣

)

,

where c = ha+ (1 − h)b.

Proof. For each integral in inequality (2.5), we use the Jensen inequality (1.1) for concave

functions f ′′′on [a, b]:

|I1| ≤
∣

∣

∣

∣

∣

∫ h

2

0
t2(2t − h)dt

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

f ′′′





∫

h

2

0 [at+ (1 − t)b]t2(2t− h)dt
∫

h

2

0 t2(2t − h)dt





∣

∣

∣

∣

∣

∣

(4.11)

and calculate the integrals:

∫ h

2

0
t2(2t − h)dt = −h4

96
and

∫ h

2

0
[at+ (1 − t)b]t2(2t − h)dt = −3ha+ (10 − 3h)b

10
.

By substituting the obtained values of the integrals in the inequality (4.11), we get:

|I1| ≤ h4

96

∣

∣

∣

∣

f ′′′
(

3ha+ (10 − 3h)b

10

)∣

∣

∣

∣

. (4.12)

Similarly, for the second integral, we get:

|I2| ≤

∣

∣

∣

∣

∣

∣

f ′′′





∫ h
h

2

[at+ (1 − t)b](2t − h)(h − t)2dt
∫ h

h

2

(2t − h)(h − t)2dt





∣

∣

∣

∣

∣

∣

(4.13)

×
∣

∣

∣

∣

∣

∫ h

h

2

(2t − h)(h− t)2dt

∣

∣

∣

∣

∣

≤ h4

96

∣

∣

∣

∣

f ′′′
(

7ha+ (10 − 7h)b

10

)∣

∣

∣

∣

.

By taking into account (4.12) and (4.13) from (2.5), we obtain (4.10). The proof is com-

pleted. �
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Corollary 4.2. Let f : I ⊂ R → R be a thrice differentiable function on I◦ and a, b ∈ I

with 0 ≤ a < b < ∞. If f ′′′ ∈ L [a, b] and is concave on [a, b] then we have
∣

∣

∣

∣

∣

1

b− a

∫ b

a
f(x)dx− 1

3

[

f(a) + f(b)

2
+ 2f

(

a+ b

2

)]

∣

∣

∣

∣

∣

(4.14)

≤ (b− a)3

1152

(∣

∣

∣

∣

f ′′′
(

3a+ 7b

10

)∣

∣

∣

∣

+

∣

∣

∣

∣

f ′′′
(

7a+ 3b

10

)∣

∣

∣

∣

)

.

Proof. With h = 1 from (4.10), we obtain (4.14). The proof is completed. �

Remark 4.2. If ‖f ′′′‖∞ := sup |f ′′′(x)|
x∈(a,b)

< ∞, then from (4.14), we obtain

∣

∣

∣

∣

∣

1

b− a

∫ b

a
f(x)dx− 1

3

[

f(a) + f(b)

2
+ 2f

(

a+ b

2

)]

∣

∣

∣

∣

∣

≤ (b− a)3

576

∥

∥f ′′′
∥

∥

∞ .

An estimate of the same order was obtained by S. Hussain and S. Qaisar in [16] (Corollary

7).

5. Examples of functions satisfying the conditions of Theorems 3.1 and 4.1

Example 5.1. It is easy to show that a positive definite linear function ϕ(x) = px+ q, p > 0,

q ≤ 0 is a 2−convex function.

Really, for r = 2 from inequality

ϕ(xt+ (1 − t)y) ≤ [tϕr(x) + (1 − t)ϕr(y)]1/r ,

we get:

t(px+ q) + (1 − t)(py + q) ≤ [t(px+ q)2 + (1 − t)(py + q)2]1/2 =⇒
[t(px+ q) + (1 − t)(py + q)]2 ≤ t(px+ q)2 + (1 − t)(py + q)2 =⇒

t(1 − t)[p(x − y)]2 ≥ 0,∀t ∈ [0, 1],∀x, y ∈ R.

Given that the third derivative must be r−convex, then from f ′′′(x) = ϕ(x), we get a

polynomial function

f(x) =
4
∑

k=0

akx
k, ak ∈ R and a3 ≤ 0, a4 > 0.

Example 5.2. Taking into account that the function ϕ(x) =
√
px+ q, p > 0, q ≤ 0 is

4−convex (the reader can easily verify this himself) using the equality f ′′′(x) = ϕ(x),we

get:

f(x) =
8

105p3
(px+ q)7/2 +

2
∑

k=0

akx
k, ak ∈ R.

This function’s on any interval from [0,+∞) satisfies the conditions of Theorem’s 3.1 and

4.1, and thus, the inequalities (3.1) and (4.1).

For simplicity of calculations, consider the function f(x) = x4

24 , x ∈ [0, 1].

The third derivative of this functionf ′′′(x) = x and this function is a 2−convex.

We calculate the left and right sides of the inequality (3.1) for this function.
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Since a = 0, b = 1, c = ah+ (1 − h)b = 1 − h, then for the left side of the (3.1) we get:

L.side =

∣

∣

∣

∣

∣

f(b) + f(c)

2
− 1

b− c

∫ b

c

x4

24
dx

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

f(1) + f(1 − h)

2
− 1

h

∫ 1

1−h

x4

24
dx

∣

∣

∣

∣

∣

=
1

240h
|(1 − h)4(3h+ 2) − 2|.

For convenience, we write the right-hand side of inequality (3.1) in the form:

R.side = R1 +
(b− a)2

12h
[R2 +R3 +R4],

where

R1 =
b− c

12
|f ′(b) − f ′(c)| =

h

12

∣

∣f ′(1) − f ′(1 − h)
∣

∣ =
h

12

∣

∣

∣

∣

∣

1

6
− (1 − h)3

6

∣

∣

∣

∣

∣

=
h2(h2 − 3h+ 3)

72
.

And, since the ϕ(t) = 1 − t, then

ϕ(0) = 1, ϕ(1) = 0, ϕ

(

h

2

)

= 1 − h

2
and ϕ(h) = 1 − h

R2 =
4h2

15

[

1 +

(

1 − h

2

)2,5

+ (1 − h)2.5

]

,

R3 =
48h

105
[1 − (1 − h)3.5],

R4 =
12 · 24

15 · 63

[

1 − 2

(

1 − h

2

)4,5

+ (1 − h)4.5

]

.

The correctness of the inequality is proved by numerical calculations. The calculation results

are shown in the table
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Using the function f(x) = x4

24 , calculations are made for Theorem 4.1 in a similar way.

The results are shown in the table.

As can be seen from the tables (the last column), the difference between the right and

left sides of the inequalities (3.1) and (4.1) for all h is positive, i.e. inequalities holds for

any h ∈ (0, 1].
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