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SIMPSON TYPE INEQUALITIES FOR CONVEX FUNCTION BASED
ON THE GENERALIZED FRACTIONAL INTEGRALS

XU-RAN HAI' AND SHU-HONG WANG!

ABSTRACT. In the paper, based on the generalized fractional integrals Kg, f and *Kp_ f
with f € X%(a,b), authors establish some Simpson type inequalities for convex function.
The obtained inequalities generalize the corresponding results for Riemann-Liouville frac-
tional integrals by taking limits when a parameter p — 1.

1. INTRODUCTION

Fractional calculus is a field of applied mathematics and deals with derivatives and inte-
grals of arbitrary orders (including complex orders). Although the definitions for fractional
integrals are inconsistent and work in some cases but not in others, there are almost practi-
cal applications and profound impact in science, engineering, mathematics, economics, and
other fields.

Suppose that (a,b) is a finite or infinite interval of the real line R, where a < b and
a,b € [—oo,+0o0], and « is a complex number with Re(a) > 0. Let I'(-) be the Eulerafs

gamma function given by
o
I'(x) = / X le=T4r.
0

In [16], Podlubny introduced the left-side and right-side Riemann-Liouville fractional
integrals of order « of a function f as follows:

RarF(x) = F(la) /ax(x — ) f(r)ar (1.1)
and
b
Ro—f(x) = 1“(104)/X (1 —x)* " f(r)ar, (1.2)
respectively.
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In [18], Samko introduced the left-side and right-side Hadamard fractional integrals of
order « of a function f as follows

d
He f(x / (Iny —In7)* Lf(r )TT (1.3)
and
e f 7/ (In7 —Iny)*! f(r) (1.4)
T 8 X) gy .
respectively.

Suppose that X2(a,b) is the space of the complex-valued Lebesgue measurable functions
f on [a,b] with || f[|xr < oo, that is

X0(a,b) = {f : [a,b] = C[||fllxx < o0},

where the norm || f|[x» is

b dr 1/p
e = ([ o) for 1sp<oe and ceR

and
| fllxe = ess sup [7°|f(7)|]] for p=oo and ceR.
a<t<b
In the sense of the above function space, Katugampola in [13] introduced the left-side

and right-side fractional integrals of order « of a function f € X2(a,b) defined by

1 X (xP —TP a-l dr
P = — —_ >0 1.5
0= [ (5F) 105 w0 (15)
and
1 brrp — P a-l dr
Py = — > 0), 1.6
L0 = 5 [ () 1055 >0 (16)
respectively.
The newly defined fractional operators are known as Katugampola fractional integrals in
[13] or p—Riemann-Liouville fractional integrals in [6], which generalized fractional integrals

of Riemann-Liouville and Hadamard, respectively[l4]:

tim [, £ (0] = R4 () (L.7)
and
E_% [ngJrf(X)] = 9{2+f(x)- (1.8)

The similar results for right-sided fractionals integral also hold.

For more results on the fractional integrals please see [5,9, 10, 12,15, 17,22] and the
references therein.

Simpson’s inequality is indicated in [7].
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Theorem 1.1. The function f : [a,b] — R is supposed to be four times continuously
differentiable on the interval (a,b) with ||f® s = SUPy e (ab) 1@ (x)| < oo, then

fla )+4f(g“’)+f _a/ ir ‘

< sl -a)t (19)

Simpson’s inequality is the most famous on account of its rich geometrical significance and
applications. On more recent generalizations for Simpson’s inequality, please see previous
papers [1—1,8,11,19-21] and the references therein.

In the paper, based on the generalized fractional integrals X3, f and X} f with f €
XP(a,b), authors establish some Simpson type inequalities for convex function. The obtained
inequalities generalize the corresponding results for Riemann-Liouville fractional integrals
by taking limits when a parameter p — 1.

2. MAIN RESULTS
Now we give a interest equality.

Lemma 2.1. Suppose that f : [a?,b’] — R is differentiable with p >0 and 0 < a < b, and
f € XB(a”,bP). If the generalized fractional integrals exist, then for any o > 0, the equality
fla?) + 4f(x”) +f(0°)  pT(a+1) [PKL_f(a?) | PKEf()
2 (xP —ar)™ = (bP = xP)*
=0 [[0 =3 0 xS (L= 7) = (6 — @) (1 = )l + 70 ar
(2.1)

hold, where the fractional integrals are considered for the function f(x”) and evaluated at a
and b, respectively.

Proof. Using integration by parts, it easy to follow that
1
B[ 1 =3mm)e L[4 =X f (X + (1= 7)) = (= @) (1 = 79)a? + 7% ar
0

_2IOO) EIW) pa 1 e poye 4 (1 - 7o))ar

6 2
+ Qf(Xp)gL f(a’) — % ' P27 (1 = 7P)aP + PxP)dr
L@ OO W) _ Tl W) | ) 22)
) 6 R O N U O |
which completes the proof of Lemma 2.1. ]

In particular, taking limits when x — a and x — b respectively in the identity (2.1), and
using the L’Hospital rule, we have
2f(af) + f(b°)  p°T(a+ 1)["KG f(0°)]
6 2(bP — ar)™
p(bF — a?)

1
S /0 (1 = 3PP L (7PaP + (1 — 7P)bP)ar (2.3)
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and
2f (V) + f(a?)  p°T(a+1)["Kp f(a”)]

6 B 2(bP — ar)®
o) /01<3Tw — D (1= 70)a” + 70 ). (24)

Summing the identities (2.4) and (2.3) and substituting the integral variable, we obtain
fla) + f(7)  p*T(a+1)

("G f(OF) +° K5 f ()]

2 2(bP — ar)®
b — aPf) [l
:7”( 5 a’) /0 [(1—7P)*— Tﬂa]Tp—lf’(Tpap + (1 — 7P)b*)ar, (2.5)
which is Lemma 2.4 in [5].
Furthermore, taking x? = =2 in the identity(2.1), we obtain the Simpson type equality
fla”) +4f(455) + f(¥) 2a*1paF(a +1) tpgea b o
6 - (bp _ ap)a [ (/aerbp_f( ) + (/W ( ]

0 Mgyt [ (e (12 ) - (127 Y T
(2.6)

Also, taking limits when p — 1 in the equality (2.6), we immediately get the Simpson
type equality for Riemann- Liouville fractional integrals:

fla) +4f(“F2) + F(0) 227 T(a+1) 0 )
6 TG oap Rep f(0)+ Rin f()]

:b1—2a /01(13Ta)[f’(;a+ (1 ;)1;) f’(<1 ;>a+;b)]d7. (2.7)

In particular, taking limits when p — 1 with @ = 1 in the equality (2.6), we immediately
get the following Simpson type equality:

a+b
fla) +4f(%5°) + f(b) —a/f

6

:bl_2a 01(1 ~37) [f’(Qa—i— (1 - 2>b) —f’((l — ;)a—i- ;bﬂdr (2.8)

Next, we establish some Simpson type inequalities by the differentiability, the convexity
and Lemma 2.1.

If the function f’ is differentiable, then the following Simpson type inequality holds.

Theorem 2.1. Suppose that f : [a”,b°] — R is differentiable with p > 0 and 0 < a < b, and
f € XP(aP,bP). If ' is differentiable, then the inequality
f(ap) + 4f(#) + f(bp) 9a—1 ar(a + 1) ,
6 by |y [ @)+ XS rarmw J(F)]

(bp — ap)2 2\ 92/« 1/« "
< 4 —3a — 3 4 2)37/% =2 1
T 24(a + 1) (o + 2)32/ [< a=a’)30 +dala+2) oa+ 1) ge?;lpl,)bp) 7@

(2.9)
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holds for any o > 0.

Proof. Using the identity (2.6) and the differential mean value theorem for the function f’,
it can state that

PY 4 4f (LY 1 F(pp 20— 15T 1
Ha) + 45 + 1) _ (bg_ij)j; NPK e 1(0) 40K e S0

e R Tt (2.10)
where ((7) € (a”,b).
Namely,

PY 4 Af (LAY L f(pp)  ga—l,ar 1
) I ) (bﬁ_f;‘)j PR 0) K F09)

P _ aP)2 1
Y [* o1 o1 = o e
0
(bp — ap)2 2\ 92/« 1/a "
4—3a— 3 4 2)3 -2 1 .
“24(a+ 1) (a + 2)32/ [( o —a’) +dafa+2) o+ 1) gg?clj},)bp) 7@l
(2.11)
The proof of Theorem 2.1 is complete. O

Making limits when p — 1 in the inequality (2.9), we immediately get the Simpson type
inequality for Riemann-Liouville fractional integrals:

fla) +4f(“F) + f(b) 207 T(a+1)
6 (b—a)™

[Re0_f(0) +Rey, S0

_ _ 292/ 1/a "
S oi{a+ D) 5 2y (4~ 30— )3 4 dafa 2377~ 2a(a+ 1)] sup |£(0)]

(2.12)

In particular, taking limits when p — 1 with @ = 1 in the inequality (2.9), we get the
Simpson type inequality as following

4(b — a)?
<o (0] (2.13)
¢€(a,b)

a atb
f( )+4f(62 )‘i’f(b)_bia/abf(T)dT

If the function |f’| is convex, then the below result holds.
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Theorem 2.2. Suppose that f : [a”,b°] — R is differentiable with p > 0 and 0 < a < b, and
f € X(a”,bP). If |f'| is convex, then the inequality

’f(a”) +4f(X) + f()  pT(e+1) r%%—f(ap) p9<§+f(b’3)}
(x? —ar)> (b7 = xP)°

6 2
“(a+ e+ 2370 {0 =) [((a+ 30— )37+ 20(a +1)) /')

1
+ (4= 30— a?)3% 4 da(a + 23" — 2a(a + 1))/ ()]

+ (¢ — a”) | (44 30— a?)3%% + 20(a + 1)) | (¥°)|

+ (4= 80— 0?)3%% + da(a +2)3Y* = 2a(a + 1)) | f/(a”)]] } (2.14)
holds for any oo > 0 and any x € [a, b)].
Proof. Using Lemma 2.1 and the convexity of the function |f’|, we have
He) £ 45000+ S) _ e ) [f’foz_f(a”) ”ﬂ<§+f<bp>]
6 2 (x? —ar)™ = (bP = xP)*
P - X°) /01 P71 = 307 f1((1 = TP)F + 7PxP)|dr

P _ P 1
P’ —af) — )/ P71 = 37P%| £ (7PXP + (1 — 77)a?)|ar
0

_ 1
Sp(bp6 X’) /0 TP = 3P [(1 = )| ()] + 7P| (xP) [ dr

+ A=) [ gl o)+ (- )l @lar | (215)

_l’_

0

By simple computation, the inequality (2.14) is obtained which completes the proof of
Theorem 2.2. ([l

in the inequality (2.14), then we get a Simpson type inequality.
f(a?) +4F(#5) + (1) 207 p T+ 1) oy 2
6 (b —ar)e [fx Wﬁf(ap) + K WJrf(bp)] ’
(bp — a’p) _ o 2\92/a 1/a 1(.p N
S Mot at2ee [(4 —3a—a?)3%* +4a(a+2)3 20(c + )] [|f/(a”)] + | /()]

f’(ap;bp>‘}. (2.16)

Also, making limits when p — 1 in the inequality (2.16), we immediately get the Simpson type
inequalities for Riemann-Liouville fractional integrals:

a 47 (etd b a7 (g
HO LB IO 2 0t i, gy 4ms, 10

b—a 2\ 92/ 1/ , ,
524(a+1><a+2)32/a{[(4—3a—a )3%/° + dala +2)3Y* = 2a(a + D] [If'(a)] + | )]

f’(“;b)‘}. (2.17)

_aP+bP
If we take x” = 5>

+2[(4+ 3a — a?)3¥* + 2a(a + 1)

+2[(4+ 3a — a?)3¥* + 2a(a +1)]
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In particular, taking limits when p — 1 with a = 1 in the inequality (2.16), we get the Simpson
type inequality as following
f(a+b
5 .

(2.18)

If we consider the convexity of |f’| in Equation (2.6), another Simpson type inequality also is
derived.

6

fla) +4f(%2) + f(0)
b—a/f = 324

{ [17@) +1F )] + 11

Theorem 2.3. Suppose that [ : [a?,b’] — R is differentiable with p > 0 and 0 < a < b, and
feXxe(a”,b?). If |f'] is convex, then the inequality

F(@) +Af(SF) + F(0P) 2971 T(a+1) p

LI e D e S0+ )
(b"—a")(Q—a—i—Qa?)_l/o‘) - Lop
< e [1£/(@)] + 170 (219)

holds for any o > 0.

Proof. Using the identity (2.6) and the convexity of the function |f’|, it note that

H A 02O s ) 4 e il
G [omnewmlr (G (150 )| (- F o 50 o
SMW’W’)\ +11(00)]] /0 1 L= 3r0%ar
_ (- aﬂ)g(—ait)m?rl/a) (7@ + 1700, (2.20)

which complete the proof of Theorem 2.3. -

Specially, making limits when p — 1 in the inequality (2.19), we immediately get the Simpson
type inequalities for Riemann-Liouville fractional integrals:

fla) +4f (%) + f(0) 207 T(a+1)

[Ress_f(a) +Resn, (D))

6 (b—a)~
(b—a)(2—a—|—2a3_1/0‘) , ,
e i+ o). (2.21)

Also, taking limits when p — 1 with & = 1 in the inequality (2.19), we get the Simpson type
inequality as following

fla) +47(“5°) +
: b—a/ fr

If the function |f’|?(¢ > 1) is convex, then the below Simpson type inequality holds.

)

[1F' (@) + 1 ®)]]. (2.22)

(=}
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Theorem 2.4. Suppose that [ : [a?,b’] — R is differentiable with p > 0 and 0 < a < b, and
fexe(a”,b?). If |f'19(q > 1) is convex, then the inequality

’ fla?) +4f (S + F(0°) 2971 p°T (a4 1)

6 o (bp—ar)® [ a{/w_f(ap) +° O%/W F(7)]

r+r—1

<Mmaﬂm1V1“(%m@1)+BMqﬂquD+2vlﬂf“M*>)11”
T gl [p(g—r)+r—1p(g—7)+ pa(g—1) +r—1]

(p=Dr+p+1
y { 2pa+ [2p—1)r+p(2—a)+2)3° s

[(p=1)r+p+1][(p— D+ pla+1) +1] EACRl

+ <4pa31 +202(p— r —pa+ 23"
[(o— r + l(p — Dr + pa + 1]
2p0 + 20— Vr+p(2 - ) + 35 ) 1/q
T le=Dr+p+1[(p—1)r+pla+1)+ ]>|f(b)|]

(p=D)r+p+1
a

(o= Vr +1l(p— Ur + pa+ 1]

(p— 1)7+p+1

+ [(4/)0433 +2[2(p — D)1 — pa +2]3

~ 2pa+ 2(p—Dr+p(2—a)+2]3 >|f (a?)]
[(p=Dr+p+1l(p—Dr+pla+1)+1]

(p=Dr+p+1 1/q
200+ 2(p—D)r +p(2—a) +2]3° e
po+ [2(p = r + p(2 ) +7) |f®@P] }

(p—1)r+p+1[(p—)r+pla+1)+1] (2.23)

holds for any o >0 and 0 < r <gq.

Proof. Using the identity (2.6), Holder’s inequality and the convexity of the function |f'|?(¢ > 1),
we have

f(ap) + 4f(M) + f(bﬂ) 2a71po¢1—w(a + 1) .
‘ 62 (b —ar) Vﬂ{@/w f(a )+p3<;</m f ()]
p(b” — a”)

1
<2 P=H1 — 3P
LS [
(T p ! T’ d
. 1— 2 e 1——)a”+ —b")||d
[ (-2l
0 _ P L o 1ygr 1=1/q
Sf’“"”(/ “‘)13Tpa|d7)
12 o
1 P o 1/q
x H/ ey — 3Tpa|(72f'(ap)|q + (1 - 72>|f’(b’))lq>d7}
0
1 P P 1/4q
w| [ se (1= T i@+ Firenr)er] ). 220
0

By direct calculation, we obtain the inequality (2.23) which completes the proof of Theorem 2.4. O
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In particular, making » = 0, r = 1 and r = ¢, respectively, then

‘f(aﬂ) A () +F0) 207 peT (a4 1)

6 T e —ar)e [K?/%_f(ap) +p5<</m F")]

_ PP —aP)(g =)'V (2palg — 1) +[2pg — pa(g — 1) — 2j37eti=m \ 17
Il S (pg — 1)[pg + pa(q — 1) — 1]

4

200+ [2+ p(2 — )37

G @l

1 p+1 p+1 1/‘1
4pads +2(2 — pa)dea  2pa+ [p(2 — a) + 2|37 g

+< pa+1 ~ (p+Dlpla+1)+1] )'f(b”]

4poz3é Jr2(2fpoz)3p%a1 2pa+[p(2—a)+2}3p7v1 '
+[< pat1 BTESECEDES )'f(“ )

pt1 1/q
2pa+[2+p2—a)]3 e,

+ (p+ Dpla+1) +1] L1 (7)] ] } (2.25)

and
fla? —|—4fM + f(b° 9a—1,aP(q 4 1 . X
AT IO 2 R P s 1) 495, )
b —ar (204 (2-a)3 N\ [ 20 4 (4 - a)32/e
e H( 7o ) Sy @
Saa 4 2)3* — 2a(a 4 1) — 3(4 — a — a?)3%/@
+< 2(a+1)(a+2) >f ()] ]
2004 (4 — )3
e T (]
/q
S8a(a 4 2)3* —2a(a 4+ 1) — 3(4 — a — a?)3%/>\ . !
i ( 2(a+1)(a+2) )f (a”)] (2.26)
and

F@) +4f(SF) + f(0P) 2271 T (a+1) p

G T emae SR g T0)]
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p(b? — a”) <2pa +(2- pa)3/%ﬂ ) 1-1/a

- 24q+1 Q(uz;)Jrl p(l-'—l

X <2po‘+[2(f’1)‘1+P(2oz)+2]3(p”p‘if”+1
[(p—1Da+p+1(p—Dg+platl)+1]

(p—1)g+p+1

N (4pa3(1x +2[2(p—1)g— pa+2]3 e
[(p=Dg+1[(p — Vg + par +1]

(p—1)atp+1

1/q
_2p0+ (o= D+ p(2 - a) + 237 ) f,(bp”q}

[/ (a”)]?

(0 =Dg+p+1[(p—1)g+ pla+1)+1]

(p=1)g+tp+1

Kgpa T+ 1200 —D)g+p(2 —a)+ 2|3 #a

(=D +p+1lp—TDatparn+ @

(p—1)g+p+1

N (4pa3i +22(p—1)g — pa+ 23" =
[(p—Dg+1[(p— 1)g + po + 1]

200+ [2p~D)a+ pl2 - ) + 2377 ) (@) N
(=g +p+1l(p—Dg+plat+i)+1] '

(2.27)

Also, making limitss when p — 1 in the inequality (2.23), we immediately get the Simpson type
inequality for Riemann-Liouville fractional integrals:

’f(a) +4f(FY) + () 207 'T(a+1)
6 (b—a)~

b—a 200+ (2 — @)3% 1-1/q
S 2941 g(atl)+1 1
270 3" s Ta

£SO +93‘32+b+f(b)]‘

403% +2(2 —a)3a 20+ (4- )3
a+1 2(a+2)

IKCE

2 1/q 1 2 2
20+ (4 —-a)3s 4a3a +2(2—-a)35 20+ (4 —a)3a) Ny
(IR0l ] n [( 22 i)
2 1/q
+ Wf’(b)ﬁ] } (2.28)

Specially, taking limits when p — 1 with o = 1 in the inequality (2.23), we get the Simpson type
inequality as following

a ath b
'f( )+4f(62 )+ /() _bia/a f(r)dr

g;‘(;)/{ (o1 ®9+2007@e] "+ 2017 @F +ourer] ) @29)

Furthermore, utilizing Lemma 2.1 reduces to the below inequality.
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Theorem 2.5. Suppose that [ : [a?,b’] — R is differentiable with p > 0 and 0 < a < b, and
fexe(a”,b?). If |f'19(q > 1) is convex, then the inequality

‘f(a”) +4f0P) + f)  poT(a+ 1) [PKY_f(a”) ”9<§+f(bp)] ‘
6 2 (x? —ar)> = (bP = xP)*

plg—r)+r—1 _
<p(q -y { 2p(q —7) = palg =1) +2(r = D)]3 »=GD " +2pafg —1) }1 e

et [o(g =7) +r—1]lplg =) + palg = 1) +r —1]
(p=D)r+p+1
{ { (p=Dr+p2—a)+2]3 »a —|—2pa}f ok
(p=Dr+p+1(p—1)r+pla+1)+
(p=1)r+p+1
< - 1 rfpa+2]3 23 + 2pa3t/«
r+1][(p — 1)7“+pa+ 1]

—r+p+1

2(p 71)7’+p(27a)+2]3p7a + 2pa ) 1/q
e I

PP 2(p—Dr+p2—a)+ 2]3(/]13;% + 2pa
T ){[(P—1)T+P+1][(p—1)r+p(a+1 ‘f |
. ([2(p —1r — pa+ 2]3% + 2pa3l/e
[(p—Dr+1][(p— Dr+ pa+1]
200 — Dr+p2—a) + 235" 4 2p0 1/q
=D +p+1llp—Dr+pla+1)+ )’f gl } } (2:30)

holds for any o> 0, 0 <7 < ¢ and x € [a,b].

Proof. Employing Lemma 2.1, Holder’s inequality and the convexity of the function |f'|9(¢ > 1), we
have

‘ fa?) +4f(x") + f(b*)  p°T(a+1) {"Kif(a") ”9<”‘+f(b”>} ‘
6 2 (x? —ar)> ~ (b¥ —xP)*
p(b” —x*)

1
Siﬁ / P71 = 379 | /(1 — 7P)b° + 7P xP)|dr
0

p(x? —a”)
6

p_ P Lo e 1-1/q
Sip(b X )[/ 7'('031)((11)|1—37'pa|d7'}
0

1
+ / Tp71|1—3Tp°‘||f'(7'pxp+(1—Tp)ap)|d7
0

6
1 1/q
Fp=1r | _ 3P — A ()T 72| £ ()| N ar
[/ 1 30 [(L— ) [ F 00| + |f<x>\]d}

P _ gP 1 ger 1-1/q
42— a) — )[/ TMH|1—3TP“|dT}
0

1 1/q
x [ /0 OO = 3| (e O] (1 rf’)\f’(af’)\")dr] : (2:31)

By integration, we obtain the inequality (2.30) which prove Theorem 2.5. |
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In particular, making » = 0, r = 1 and r = ¢ in the inequality (2.30), respectively, we have

’f(a”) +4f() + F0°)  pT(a+1) er;f(aﬂ) N pj{%f(b”)}
2

6 (x? —ar)* — (bP —xr)*
_plg—1)'~Ye { [20g — palq — 1) — 2375 + 2palg — 1) }11/q
T o x gt (pg — Dlpg + pa(q —1) —1]
o p (2—pa)31ﬂ+7p + 2pa3a B [p(2—a)+2)3% = +2pa )
Aol (e e el
(2 — @) + 2J3%= +2pa 1a
e e e
b g (2—pa)3 et + 2pa3s (2 - )—|—2}3 = —|—2pa
(X )K pa+ 1 (p+ Dlpla+ 1) + 1] >|f gl
[p(2 — )+2]3W+2p0¢ 1a
e e el (232

and
Fa?) +4f(°) + f(07)  p°T(a+ 1) [”%;‘zﬂa") N ”ﬂ%f(bp)}
6 2 (x? —ar)> = (bP = xP)*
1 (2—a)3% +2a) 74
Tttt { a1l }
(4—3a —a2)3s +4a(a+2)3s —2a(a+1),,,. . g
* {(bp_xp){ (@t D)(a+2) 7®)]
4— )32 1/q 4 )32
E 22 o] 4 b - )| 2B 2 e
(4—3a —a?)3a +4a(a+2)35 — 2a(a+1) 1/
@+ D@+2) e 23
and

fla?) +4f(x") + f(b*)  p°T(a+1) [PKF_f(a”) p9<“+f(b”)]
6 2 (x? —ar)> (P —xP)*
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IA

p {(Z—pa)?)ﬂla +2pa}11/q

at1)+1
2 % 37(1( qa) jye’ +1
gtp+l

P _ P [Q(P—l)q—pa+2]3<”’T+2pa3%

X {(b X )|:( [(p—1Dg+1][(p—1)g+ pa+ 1]

2p=Vg+p2—a)+ 23T +2pa>|f )|
(p—Dg+p+1(p—Lg+platl)+1]

2(p — 1)g+p(2 — ) + 235 + 2pa‘f w“q
[(p—1)g+p+1(p— g+ pla+1)

+ (¢ — a®) K 2(p — 1)g — pa + 2]3% + 2pa3ds
[(p—1)g+1][(p — g + pa +1]

(p—1)g+p+1

20— 1)g+p(2—a)+2]37 s +2,0a) @)
[(p—=Dg+p+1][(p—1)g+pla+1)+

200 — g+ p(2 — a) + 23" 52" +2pa 1/q
- Datptle—Daiparnn X } } (2.34)

. . PP
Meantime, taking x” = %

inequality:

in the inequality (2.30), we obtain the following Simpson type

‘f(ap) FAF(EE) + f(00) 227 T (@ + 1)

6 T —ar) [X?/wff( )“KW F(v ]‘

1-1/q(pp 0 pla=n)dr—l 1-1/q
Pla— 1) (b —a) { 2p(a —7) = palg =1) +2(r = |3 00" +2pafg —1) }
- % 31 [plg —r)+r—1][plg —7) + palg — 1) + 7 —1]
(p—=1)r+p+1
x{[( flrfpa+2]3 e 4 2pa3l/®
(p—Dr+1][(p—1)r+ pa + 1]

q] 1/q

20 1)r+p(2a)+2}3(‘”22*”“+2pa>|f )"

[(p=Dr+p+1]l(p—r+pla+1) +

[2(p—1)r+p(2—a)+2}3% + 2pa f,(a"+bp>

[(p—l)r+p+1][(p—1)r+p(a+1)+1] 2

+[ 2(p —1r—pa+2]3%+2pa31/“

p—Ur+1][(p—1)r+ pa+1]

20— 1)r+p(2 — ) +2]3<p?133$ +2,0a> (@)

[(p=Dr+p+1(p—Dr+pla+1)+1]

20p = 1)r+p(2—a) + 23 + 2pa f,(ap+bp>

[(p—Dr+p+1(p—Dr+pla+1)+1] 2

q] l/q}. (2.35)
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Also, making limits when p — 1 in the inequality (2.35), we immediately get the Simpson type
inequality for Riemann-Liouville fractional integrals:

‘f(a)+4f(“2+b) +f(b) 207 T(a+1)

[ atb f()-l-fRaer f( )]‘

6 (b—a)~
__b-a  [(2=a)37+2a"VIf[((2—a)3% +203Y%  (4-a)3% +2a 7o)
_4x3% 14+« a+1 2(a+ 2)
(4 — @)3% + 20 P a+b\|74 N (2 — )3+ + 203/ (- a)3% 4 2a )"
2(a+2) 2 a+1 2(a+2)

4 — % 2 a1/q
(4 - a)3a 4 2« f a+b - (2.36)
2(a+2) 2
Specially, taking limits when p — 1 with o = 1 in the inequality (2.35), we get the Simpson type
inequality as following

fla) +4f(%5*) + f(b)
’ 6 b—a/f

h— 1-1/q b q b
Szwiu(g)) {{16|f/(b)|q+29 ’(H) ,<a+ )
270 60 \2 2 2
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V94 [16] £ (a)|* + 29 q] l/q}.

(2.37)
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