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ABSTRACT. In this paper, some new inequalities for product of two convex functions have
been proved via non-conformable fractional integrals. We also establish several new integral
inequalities including non-conformable fractional integrals for quasi-convex functions and
s—Godunova-Levin functions by using two important integral identities. In order to obtain
our results, we have used fairly elementary methodology by using the classical inequalities
like power mean inequality and properties of modulus.

1. INTRODUCTION

In recent years, fractional calculus has become the center of attention of many researchers,
both with its theory and its applications in engineering, mathematical biology and modelling.
The new fractional derivative and integral operators have brought a new dimension to
mathematical analysis and applied mathematics with different features (See [1,06,7,12,18]).
The new operators have been used to generalize some known inequalities, besides they bring
out with new trends and calculations in inequality theory (See [1-3,5,8,13—17,19-21]). Let’s
start with the definition of the non-conformable integral operator, which has an important
place among the new operators.

Definition 1.1. [9] Let « € R and 0 < a < b. For each function f € L'[a,b], we define

i) = [T

u

for every x,u € [a, b].
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Definition 1.2. [9] Let a € R and a < b. For each function f € L, [a,b] let us define the

fractional integrals
x

@) = [ @ =07 fityd,

a

b
wJp f(a) = [ (=) s
for every x € [a, b].
The following remarkable different types of convex functions are used quite often in

inequality theory.

Definition 1.3. [10] Let real function f be defined on some nonempty interval I of real
numbers line R. The function f is said to be quasi-convex on I if inequality

fltz+ (1 —t)y) <max{f(z), f(y)}
holds for all z,y € I and t € [0, 1].
Definition 1.4. [11] We say that the function f : C' C X — [0, 00) is s — Godunova — Levin
type, with s € [0,1], if the following inequality holds:
flr+ Q1 =t)y) <t f(z)+ (1 -1)"f(y)
for allt € (0,1) and =,y € C.
The paper is organized as follows: Firstly, we prove some new inequalities for product of

two convex functions via non-conformable fractional integral operator. Then, we establish
two new integral identities and prove several new inequalities by using these new identities.

2. MAIN RESuULT

We will start with the following inequality that involves the product of two convex
functions.

Theorem 2.1. Let f,g : [a,b] — R be differentiable functions on (a,b). If f € La—1 |a, b
with « € R and f,g are convex functions on [a,b], then we have:
1 (0% (e
W [N Ty fa(a) +ng Jg+ fg(b)]

1 —2
5ot 62+ 1la_g| 9@+ fgO)

+c12—§oz—|—6[f(a)g(b) + f () g(a)].

<

Proof. Since f, g are convex on [a, b], we have

fb+ (1 —t)a) <tf(b)+(1—1t)f(a)
and
gtb+(1—t)a) <tg(b)+ (1 —-1t)g(a).
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If we multiply these inequalities, we get

Fb+ (1=t a)g(tb+(1—t)a) < fg(b)+(1—-1)°fg(a)
+t(1=1t)[f(a)g(b) + [ (b) g (a)].

By multiplying the above inequality by =%, we can write the following inequality

Tfg(tb+ (1 —t)a) < 27fg(b) +t (1 —1) fg(a)
HTO (L= t) [f(a) g (b) + f (b) g (a)].

Now, by integrating the resulting inequality with respect to t over [0, 1], we have
1 1 1
/ L (th+ (1= a)dt < / 270 g (b) dt +/ £ (1= )2 fg (a) dt
0 0 0
1
[ A=l @)+ )9 (@) ar

Namely,
1 1 1
/ g (th+ (1 —t)a)dt < fg(b)/ t2*adt+fg(a)/ (1 —t)dt
0 0 0
1
+1f (@) g (b) + £ (b) g (a)] /0 £170 (1 — 1) dt.

By computing the above integrals and changing the variables, we deduce

1 o 1 9
WN3Jb—fg(a) < g 79 (b) + P BT P 519 (a) (2.1)
+a2_;a+6 [f (a)g (b) + f(b)g(a)].

Similarly, we obtain
1 1 1
/ t7fg(ta+ (1 —t)b)dt < fg (a)/ t27dt + fg (b)/ (1 —t)dt
0 0 0
1
H @B+ Bg@) [ B -var

That is
ey JSSo0) < fg(a)+ ) (22)
(b—ay o, eI = g =ald a3 — 602+ 1la—6"7 '
1
t T ra g @9+ f(B)g(a)].
By adding the inequalities (2.1) and (2.2), we get the proof. O

We proceed by giving an important identity involving non-conformable fractional Inte-
grals:
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Lemma 2.1. Let « < 1,a < b and f : [a,b] — R be a differentiable function on (a,b). If
1" € La—1]a,b], then

a|m gt ) + NI )]
_ (2.3)

+9=a e fi- fla) + na g f(D)]

where

1

1
n :/ 11— )" (ta+ (1 — Ob)dt, I :/ H(1— )" (1 — ) a + th)dt.
0 0

Proof. 1t’s obvious that:

I = /115(1 I (ta 4 (1 — t)b)dt
_/ (1 =) f(tb+ (1 — t)a)dt

= / = — 27 7 (th + (1 — t)a)dt.
0

Integration by parts twice gives that the first integral is equal to:

tl—oc _ t2—0¢

L= b+ (-l

b - a /01((1 — )t = (2= )t ) f(th+ (1 — t)a)dt

—a)t—Y—(2—a l—a
] Ut 2 @oo)t2 f(4h 1 (1 — t)a) [} ]

—5a Jo (@l = @)t = (1= a) (2= @) ™) f(tb+ (1 t)a)dt
1 (1-a) [ —afy (b + (1 - ta)dt

—(2-a) it O‘f(tb+(1—t) )dt
, (1) —aff(ﬁ) (2)52; }

| —2-a) ) (ﬁ)‘“ﬂx)b%

[ o by e de
L g L | TR
(b—a) (b—a) _ f(bii)fi_aaﬂ Yz —a)" f(x)dx
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Similarly, for the second integral, we can write:
1 1
L - / H1 = ) (1 = ) a + th)dt = / £ — )" (ta + (1 — ) b)dt
0 0
1
= / (1 — 2 (ta + (1 — t)b)dt
0

and integration by parts, we get:

1 Lo | el (a1 - tb)dt
L = mf(a)Jr (b—a)? _ ot t (1 — £)b)dt
TR () e
- (b_la)Qf(a) - (bl_;)(;a {aNgjaJrlf(b) + i:: NSJ(‘lﬂf(b)} ,

Summing these integrals, we get:

f(a)+ f(b) 1—« @ {stz?—ﬂf(a) + N3Ja+1f(b)}

2 2—a
(b—a) (b—a) (i:z) (N fla) + ny IS f(D)]

L+ 1=

Multiplying both sides of the last equality by the expression (b_2a)2, we obtain (2.3). The

proof is completed. ]

Theorem 2.2. Let f : I C R — R be a differentiable function on I° where a,b € I. If
e L[a,b] and ‘f”’ 1s s— Godunova-Levin type function, then for alla < xz <y < b and
a<l1,s€l0,1), we have:

|f<a>+f<b> 1-a { o [n JE fla) + w2 )] }l

2 20b-a) | +ED [T @) + 8, ()]

"

(@) +

< [6(2_5?2_0‘)'{'5(272_(1_5)]

" ’

f(b)
where (B (z,y) = fol t*= 11 —t)¥=Ldt, = > 1, y > 0 is modify of j3.

Proof. From Lemma 2.1, we have
‘/ Vo f (ta 4 (1= £)b dt+/ _pylay” (tb—i—(l—t)a)dt‘
7/ t(l—t)l_o“f (ta+(1—1)b) dt+/ o1 =0 |7t + (1~ t)a) d.
0 0
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Since ’ f"‘ is s—Godunova-Levin type function, by computing the integrals, respectively,
we get

/lt(l—t)l °Jf" (ot (1 - )| e

<|f"(a ‘/ — a1 )/ #)l-a—s gy

—[[F@|B@-s2-a)+|f @ )ﬁz,z—a—s>]

and

/Olt(l—t)l_a’f" (tb+(1—t)a)‘dt§ (|77 ®

[BER=52-0)+|f(@)|sE22-a-5)].

Finally, we have

f@+f0) 1—a [ ol fa) + x5 0]
+0-2) (v T fla) + ng 2 f(D)]

BER-52-0)+822-a-s)]|f (@)]+

" ‘

;).
O

Theorem 2.3. Let f : I C R — R be a differentiable function on I° such that f € Lla, ],
where a,b € I, a <b. If ‘f”’q is quasi-conver on la,b] C I and q > 1, then the following
inequality for fractional integrals holds:

fl@)+f0)  1-a { o [ne JE F () + g IS 0)] }l

2 S 2(b—a) | 42 [ Je fa) + a Y f(D)]
(b—a)’

S ae-a (@

)

7o)

" )q

where o < 1.

Proof. By using Lemma 2.1 and power-mean inequality with properties of modulus, we can
write:

a[n gt ) + n S A )]

2 b—a) -
2(b—a) + o) [0 e Fa) 4 N F(D)]

b-ap [ JtA=0e|f ot (1 - 0p)|d
T2 +f0(—t)1a [(th+ (1 - t)a)]| dt
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From Lemma 1, it’s obvious that:

ap [ (e =0ea)' (e = | o = o) )

2 +(Jyta - t)l—adlt)ké (Jfo t1 —pyt-e ‘f” (th+ (1 — t)a)‘q dt)
(b—a)?

- 5 o of o)

which completes the proof. Here, we used the quasi-convexity of |f”
be easily checked that

1
q

Ul <

Qi

|7 on [a,b] and it can

/1(t1—“ — 127 dt = 1
0 2—a)3—-a)

Similarly, we can prove the following lemma that is generalization of Lemma 2.1.
Let n € N and a,b € R and let @ < b, n > 1. The interval [a,b] with a uniform

n
step h = b_T“ is divided into n subintervals: [a,b] = U [€x—1,&k|, where & = a + ih,
k=1

1=20,1,2,...,n.

Lemma 2.2. Let a < 1,a < b and f : [a,b] — R be a differentiable function on (a,b). If
1" € La—1]a,b], then

S f(E-) + )] 1-a
> [ ] — (2.4)

~ 2 2h-o

@ [ M 6m) + I )]

X

k= — o «
R [z e + w2 6]
k k—1
hZ
= 3 > Tk + Ing)
k=1
where
b—a

h = T’ 52 :a+ih,i:0,1,2,...n,
1

Iy = /0 (1= ) (1 + (1 = £)&)dt,
1

I, = /0 (L= )7 (1 — 1) Emr + t€p)dL.

Proof. It’s obvious that
1

1
I = /O t(1 =) (#gr + (1 — t)&g)dt = /O 71 =) (1 = t)Epy + t&p)dt
1
o G VA (R TR
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Integration by parts twice gives that the first integral can be calculated as:

tafl _ t2fa

Iy, = ﬁf/((l —)&k—1 + tgk)|(1)
1 ! 1
S / (1= )t — (2= ) ) /(1 = £)p_1 + t6p)dt
o 0
| (=)@ f(1 — 1)y + 16
= T h—a
| —ik (el —a)t T = (1= @) (2 — ) ) f((1 — )€1 + &) dt
[ e e (- )6+t dt
= (b_la)2 J(&k) + ((1b_a?)
T w2 | (2= a) fo T f (1= B + t&)dt
[ & (&) )
) (1 ) O e 1( bchL ) f(x)b;a
= (b—a)2 f(gk) + (b—a)2 W
- - .
1 (1_a) (b;a) £k 1( gk‘ 1) f(l‘) €Z
= Wf(fk) oa?
R w2 —<2)7%+1 Jeb (@ = &on) " f(z)da

- 12f<sk>—“‘§‘)a[ 3J§f1f<gk_1>+2,,‘f‘N3J§f<fk_1>].
(%) o

Similarly, for the second integral, we can easily have:
1
Ly = / t)' (1 — ) €1 + tEx)dt = / (L — ) (o1 + (1 — 1) )t
0
/0 (tl o t2 a)f//(tfk 1+ (1 o t)ék)

and integration by parts, we get:

1 1—a [ oy O (€ + (1 — 1&g dt
Iy, = ﬁf(ﬁkq) + ey
(%a) (%a) | - (2-q) fol tTYf (-1 + (1 — t)&)dt
i —a—1
| . aff () s
_ ﬁf(gk 1) + ?Cg B
<7> 5| o, (1) s
1—«

- [aNsJa+1f(b) + Qbijaa N3Jg+f(b)‘|

n
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Necessary actions should be taken by considering the sum from 1 to n, we obtain:

JO‘_—H _ Ja++1
Fe)+f6)  1-a Oé|:N3 € f(€r-1) + Ny 5klf(fk)]

Ly + Iop = b2 N2
(%) ()| g [NS‘J?; f(&-1) + ng f(&)}
Multiplying both sides last equality by the expression @, we obtain (2.4). The proof is
completed. O

Theorem 2.4. Let f : I C R — R be a differentiable function on I° where a,b € I with
€ [0,1]. If f" € Lo_1[a,b] and ’f”‘ is s— Godunova-Levin type function. then for all
a<z<y<band a <1, se€l0,1) we have

PRSI I B [Ngﬂflf(ﬁm + NJJ““f(fk)}
= 20075 | 252 (v F6m) + g F(6)
< gg (2-5,2-0a) + 522~ as)]|f" G| +|f" (&)
where B (z,y) = [y t* "Y1 — t)v='dt, = > 1, y > 0 is modify of 5.
Proof. From Lemma 2.2, we have
/Olt( OOt + (1= 1)&) dt+/ O (e + (1 — )& 1)dt‘

< [FH0— 00|y e + (1 g+ / (1= )7 |77 (0 + (1 = 1)) | d
0 0

Since ’ f”‘ is s—Godunova-Levin type function and by computing the above integrals, we
get:

/ 1| (s (1 - 060

&1]/ — )t dt 4 | gk'/ £ et
‘5 2-52—a)+ ’f §k’ﬁ 2,2—a—s)]

I

and

[t 0e | e+ (- ] a
= f”(&)‘ B(2—52—a)+ \f”(gk_l)‘ B22-a-s).
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Finally, we have

n 3 1—a n o N3Ja_+1f(€k71) + N3Ja+1f(€k)
Z f(€—1) + f(&) - Z (2—{(1) }
|+ { No g (1) + Mg f(ﬁk)}

z”: B2-=s52—a)+p(2,2—a—2s)

! (&4)‘ +\|f (&)‘-

O

Theorem 2.5. Let f : I C R — R be a differentiable function on I° such that f~ €
Lo_1a,b] ;where a,b € I , a <bwitht € [0,1]. If ’f"‘q is quasi-convezr on [a,b] C I and
q > 1, then the following inequality for fractional integrals holds:

zn:f(gkfl)‘i‘f(fk) l-a & { O‘[Najg;lf(gkl) + M,J““f(@)}
k=1 1 +

2 207 5| +252 [ ) + wdd S8
(n? ¢ “al” 1 |
SMM;[max(f @[ |7 @[]

for a < 1.

Proof. By using Lemma 2.2 and power-mean inequality with properties of modulus, we can

write,
vy H) + f&) _ 1-a z": “ [ g 6 + NJJgif(&“)}
k=1 2(h) " i3 J¢ f(ﬁk 1) + N3 §+ f(ﬁk:)}
@ fol t1 — )|t + (1 — t)ik)‘ dt
Vi< 2 ,;1 + ot = (g + (1 t)fk—l)’ dt

It’s obvious that
1 1
L= [Hl=n" o e+ (1= 0w = [ 11— 16+ (1= Og)dr
1
= [+ (- Oge)d

and
1 1
I = /0t(l—t)l*af”((l—t)fkfl+t£k)dt=/o L =) (tgr + (1 — 1) & )dt
1
= [ s+ (1 -
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1

" (t&h1 + (1 - t)gk)\q dt)”
£ (g + (1= e[ dt)

V| < @ En: (fo t(1 -0t adt) (fol t(1 — )i
= 1-a _E 1 I
k=1 + (fo t(l - t) dt) (fO t(l _ t)

Q=

= S [ (| ()| 117 0]
2-a)3-a) &= k1)
which completes the proof. ]

Theorem 2.6. Let f:[a,b] — R be a differentiable function on [a,b]. If f € La—1 [a,b] with
a € R and f is convex on |a,b], then we have

f <a+b> = 2(61—_6:;1—& NaTi f (@) + NoTo f (0)] <

/@) + f ()

; (2.5)

2
Proof. Since f is convex on [a,b] , we have f (‘T—gy> < M If we choose x = ta +
(1—=t)bandy = (1 —t) a + tb and multiplying both sides of the inequality by = , we can
write the following simple inequality

2f<a+b>t_aSt—af(ta+(1_t)b)+t_af((1—t)a+tb).

Now, by integrating the resulting inequality with respect to ¢ over [0, 1] , we can obtain

12af<“";b) < /1tO‘f(ta+(1—t)b)dt+/()1to‘f((l—t)a+tb)dt

0

b b
= (b_i)l_o‘ /a (b—x)_af(x)dx—i-/a (z —a)~ f (z) dz
= (b_i)l_a [N3J£-f (a) + N3J2y f (b)] .

For the proof of the second inequali"cy, we can write
flta+ 1 =1)b) <tf(a)+(1—1) f(b)
f(A=t)a+1tb) < (1 —1t)f(a)+1f (b).
By adding these inequalities, we obtain
flta+ @ =0)b)+ f((1—t)a+1tb) <if(a)+ (1 —1) f(b)+ (1 —1t)f(a)+1f(b).

Now, if we multiply the resulting inequality by ¢t~“and integrating with respect to ¢ over
[0,1] we obtain the following required inequality.

ey B @) N O] < £ @) 47 0)
3y NS @)+ N2 )] < 5 7 (@) + 7 0

which prove the second inequality of (2.5). O
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Corollary 2.1. If we choose o = 0 in (2.5) then the inequality (2.5) reduces to the following
inequalities

f(a)+ f(b)
e

f (a;b) < 2(b1_ 2 [Nngtf(a) +N3Jf;+f(b)} <
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