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A NEW VERSION OF INTEGRAL INEQUALITIES FOR A LINEAR
FUNCTION OF BOUNDED VARIATION

TANVEER HUSSAIN', MUHAMMAD AAMIR MUSTAFA®, AND ATHER QAYYUM!

ABSTRACT. In this paper, some new integral inequalities are developed by using a 7-step
linear kernel for the function of bounded variation. Applications of quadrature rule and
probability density function are also provided. We also constructed some generalized
trapezoid and midpoint inequalities for the linear functions of bounded variations.

1. INTRODUCTION

In 1938, the integral inequalities are established by Ukrainian Mathematician A. M.
Ostrowski [1] named as Ostrowski’s inequality. Dragomir gave the first generalization of
integral inequalities for the function of bounded variation [12—17]. Several authors have
worked on the Ostrowski’s type inequalities for the function of bounded variation (see for
example [9-11,18-20]). Recently some researchers [2, 8] also worked on function of bounded

variation. In this paper, we extend the work of Budak et al. [7,5] by using 7-step kernel.

2. MAIN RESULTS

With the help of 7-step kernel, we develop a new version of integral inequalities for a
function of bounded variation.
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Theorem 2.1. Consider £ : [4,é] — R be such that L is a continuous function of bounded
variation on [, é], then we obtain
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and \/(L) indicates the total variation of L on [, €].

Proof. To prove our required result, first we introduce a mapping
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for all 4 € [a, é;é}

Integrating by parts, by using (2.2) we get the following identity
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Again by using (2.2), we have
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It is familiar that if h,g : [4,é] — R are such that h is continuous on [d,é] and ¢ is of
bounded variation on [, é], then [ h(Z)dg(%) exists and

é

< sup |h(Z) \/(g)- (2.4)
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By using (2.4) for each term in (2.3), we get
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for all 4 € {d, “T“‘e} Hence proved our result (2.1). O
Corollary 2.1. By putting 4 = a in Theorem 2.1, we get the result of Dragomir [11].

Corollary 2.2. By putting 4 = “T"‘e in Theorem 2.1, we get
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Corollary 2.3. By putting 4 = % in Theorem 2.1, we get

1 154 + é 1 T4+ é 34+ ¢ 1 T4 + 5é
EL< 16 )*’L( 3 ) L( 1 >+4L( 1 )

8
1 /a+7¢\ 1. [+ 15¢ 1 e
) ) _ L(3)d3
*3 ( 8 )+8 ( 16 ) é—d/d ()dz

é
a
Corollary 2.4. By putting 4 =

1 34+ 1 1 a+1 1 1
=y Y SL(G) + LG+ é— 1
‘8 ( 1 )+8 ( 5 >+4 (u)+4 (G6+é—1)

1. /a+2é—1 1. [/a+4é—1 1 é
L — =L — L(2)dz
+8< 2 >+8( 1 ) é—d/d (2)d2
1 6
<5 V()
a
Corollary 2.5. Let £ € C[a, €], then we have the inequality
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for all 4 € [d, ‘i;é}, where |||, is the L; norm.

3. AN APPLICATION TO QUADRATURE RULE

Suppose that the random division I, : ¢ = g < 91 < Uy < ..oooo.. < U, = é with
hi = tGi41 — 1; and v(h) = max { h;| i =0,1,2.....n — 1} . Then the following result holds:

Theorem 3.1. Suppose L : [, é] — R be as L' is continuous function of bounded variation
on [G,€] and & € [uz ,%] (1=0,1,..n — 1), then
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and the remainder R (I, L,€) satisfies
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Proof. Applying Theorem 2.1 for the interval (4;, %;41), we get
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Corollary 3.1. By using Theorem 3.1 for & = 1;, we have

/L(g)dﬁg: Z () + £ (tigs)] hi + R (In, £),
@ i=0
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where
v (h)

é
A
a

|R (In, £)] <

4. AN APPLICATION TO PROBABILITY DENSITY FUNCTION

Let X be an arbitrary variable with finite interval [, €], with the probability density
function £ : [G,é] — [0, 1] and with the cumulative distribution function
@
F () = Pr(X < ) :/ £ (%) dz
a
then the following result holds:

Theorem 4.1. With the assumption of Theorem 2.1, we have

Lt o
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8 4 2
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for all i € { “—H} , where E (X) is the assumption of X.

Proof. If we apply Theorem 2.1 for which is monotonic non-decreasing, we get
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Thus the proof is completed. O

Corollary 4.1. By putting 4 = ié in Theorem 4.1, we have
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Corollary 4.2. By putting 4 = % in Theorem 4.1, we have
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5. SOME NEW TRAPEZOID AND MIDPOINT INEQUALITIES

In this section, we introduce linear integral inequalities by using ¢ < ¢ < 9 < é in R with
aG+é=c¢+0.

Theorem 5.1. Let £ : [4,é] — R be a function of bounded variation on [G,é]. Then we
obtain
e ¢—a 3G+ ¢ a+¢
[ pma{(50) 2 (55) < (57)
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for all 4 € [a, %}

Proof. Consider the kernel P, (i) as follows
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Integration by parts gives us

From (5.2), we have
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Corollary 5.1. With the assumption of Theorem 5.1 with ¢ = (1 —X)a + A\é and 0 =
(L= A)a+ N with 0 < X< 3, then
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Corollary 5.2. Choosing \ = % in Corollary 5.1, we get
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Corollary 5.3. Choosing A = i in Corollary 5.1, then
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Corollary 5.4. By taking Theorem 5.1, suppose that £ € C'[a, €], then we have
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Corollary 5.5. By taking Theorem 5.1, let £ : [a,¢é] — R be a Lipschitzian with the constant
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6. CONCLUSION

In this paper, we presented some new Ostrowski type inequalities by using a special type
of peano kernel. Some related results are also discussed in details.
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