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ON A SUBCLASS OF BI-UNIVALENT FUNCTIONS APPLYING
@-RUSCHEWEYH DIFFERENTIAL OPERATOR

TIMILEHIN GIDEON SHABA' AND ABBAS KAREEM WANAS?

ABSTRACT. In this current research, we introduced a new subclass of holomorphic and
bi-univalent functions using g-Ruscheweyh differential operator in 4. For functions in the
class X7%(n,0,7), we determine estimates on the first two Taylor-Maclaurin coefficients.
Also, we derive another subclass of holomorphic and bi-univalent functions as a special
consequences of the results.

1. INTRODUCTION

Indicate by 2 the class of all holomorphic functions of the form
f(2) :z+ijzj (1.1)
j=2

in the open unit disk U ={z € C: |z| < 1}.

The famous Koebe one-quarter theorem [27] make sure that the image of 4l under all
univalent function f € 2 contains a disk of radius 1/4. Therefore, all univalent function f
has an inverse f~! satisfying f~!(f(2)) = 2, (z € U) and

FUHw)) = w, (lw] < ro(f),mo(f) = 1/4),
where
fH(w) = w — byw? + (203 — b3)w® — (5b3 — Hbobs + by)w* + - - - . (1.2)
Let ¥ = {f € A: f(2) and f~!(z) are univalent in the unit disk {4} denote the class of

bi-univalent functions. We have some of the functions in the class X2 which are given below
(for more details see Srivastava et al. [13]):

z 1 1+ 2
—log(1 — ~1 .
og(l=2), 17— 3 0g<1_z>
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The certain subclases of the bi-univalent function class X' which is similar to the familiar
subclasses of starlike and convex functions of order p was introduced by Brannan and Taha
[12], then in 2012, Ali et al. [9] extend the result of Brannan and Taha [12] by subordination.
Since then, numerous subclasses of the bi-univalent function class X were introduced. Several
studies has been done on the first two coefficients |by| and |bs| in the series expansion (1.1)

(see [11-18,20-24,29-32]).
Jackson [25,26] introduced the g-derivative operator D, of a function as follows:
flaz) — f(z)
D,f(z) = —"——= 1.3
‘Zf( ) (q _ ].)Z ( )

and D, f(z) = f/(0). In case f(z) = 2 for ¢ is a positive integer, the g-derivative of f(z) is
given by

2% — (29)?
D2 = = ¢-1
Asq— 17 and ¢ € N, we get
1—¢g?
[¢]q=1_qq:1+q+~-+q¢’—>¢ (1.4)
where (z # 0, ¢ # 0), for more details on the concepts of g-derivative (see [1,2,5-8,10,15,28]).

For two analytic functions n; and no we say that ny is subordinated to ng and symbolically
is written as mj < mng, if there is an analytic function v(z) in 4, with the properties that
v (0) =0 and |v(2)| < 1, such that ni(z) = na (v(2)), z € Y. In case if ny () € A then the
following relation holds;

ni(z) <na(z), zeUd <= n1(0) =n20) & ni(l) C na(Ll).

In 2014, Aldweby and Darus [3], introduced the g-analogue of Ruscheweyh operator which
can be defined has follows:

Definition 1.1. Let f € 2. Denote by R7 the g-analogue of Ruscheweyh operator defined
by

where [j],! given by

], = { Ulali = Ug---[A]gy G=12,---, (1.5)

o == s =G to-1) o
qhi)nlﬁiqf(z) _Z+qh—n)ll []2 W_l]z!bjzj Z—i—g (O’)‘(]—l)'b] J m f(Z),

where R? f(z) is Ruscheweyh differential operator defined in [1].
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Let v be an holomorphic function with positive real part in 4 such that v(0) =1, 9/(0) > 0
and () is symmetric with respect to real axis. Such a function has a series expansion of
the form

Y(z) =1+ Brz + Baz? + V32 +--- . (B >0). (1.6)

From our introduction above, we introduce the following class of bi-univalent functions and
obtain the coefficients estimates with the use of g-derivative.

Definition 1.2. Let 7> 1, ¢ > 0, n # 0, 0 > —1. A function f € X is said to be in te
class X7:¥(n, 0,7), if each of the following subordition condition holds true:

(1= 2 oo 02 + 2@, — 1| <4(), s e

1
1+ =
U

and

where g(w) = f~1(w).
Lemma 1.1. Let the function r € B be given by the following series:
r(z) =1+mz+rz? +r32® +---, (2 €40),

The sharp estimates yields
Irn] <2, (neMm),
holds true.

2. A SET OF MAIN RESULTS
Theorem 2.1. Let f € X7%(n,0,7) be of the form (1.5). Then

\J n[l+oly

B
1+ 0],

‘ 3/2
|bQ| < 713/2[2](1%1/

nB3[2+ olq(rql2lg + 2 Blgp + 1) + [2]4[1 + olq(q7 + [2g9 + 1)?(B1 — %2)1

and

B1in + [Q]q
[1+ U]q(QT + [Q]qSO +1)% 2+ U]q(TQ[Q]q +2- [3]61‘)0 +1)

|bs| <

where the coefficients B1 and Ba are given as in (1.6).

Proof. Let f € X7¥(n,0,7) and g = f~1. Then there are holomorphic functions s,t : ${ —
U with s(0) = ¢(0) = 0, satisfying the following conditions:

%7/ (2)

. (1= 7)==+ 7D(R7f(2)) + p2(Dg(R7 f(2))) — 1] =(s(2)), zed (23)

1+ =
U
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and
R7g(w) - Y
L= | (L= 7)——— + m0(Rgg(w)) + ¢2(Dy(Rgg(w))) — 1} =7(t(w)), weil (24)
Define the function u and v by
 14s(z) 9
u(z)_l_s(z)—1+U1z+ugz + ,

and
1+t
v(w) = ERaiC) (w)
1 —t(w)
Then u and v are analytic in Y with «(0) = v(0) = 1.
Since s,t : 4 — 4, each of the functions v and v has a positive real part in . Therefore,

=1+ vw+vow? + - .

in view of the above lemma, we get
lun| <2 and |u,| <2, (neM).

Solving for s(z) and t(w), we get

u(z)—1 1 u?\
_ _1 _ 2.
s(2) u(z) +1 2 w2 + (ug yE _ +-0, (zeW), (2.5)
and
v(w)—1 1 v\
_ _1 _ 2.
t(w) v(w)+1 2 v1z + (vg 5 | ? | +-, (zedl), (2.6)
By substituting from (2.5) and (2.6) into (2.3) and (2.4), respectively, suppose we make use

of (1.6), we obtain

141 [(1 2O o o) + e, 1) - 1]
ZVCLLEZ:) :1+%‘Blulz+ %%1 <uQ—uj> +i’32u% 24
and
0= T o o13000) + 0,080 -
zy(m) = 1—1—%%1?)1111—1— %%1 (’Uz-?) —i—%%gv% w? + -
Also
L0 T 087 2) + (0,08 (20 - 1]
14 [1+o]q(am + [2]gp + 1)b2z T 2+ o]q[1 + olg(Tq[2]g + 2 - [3]qp + 1)[)322 4.

7 12
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and
1 R g(w
1 T o miggw) + (0,00 1
n z
—1_ [1 4 olq(qr + [2q9 + 1)b2w i 2+ o]q[1 + olq(Tq[2]g + 2 [3]qp + 1)
Ui n(2]q
(203 — by + -
Now equating the coefficients in (2.3) and (2.4), we get
[1+0ol,(qr + [2]qg0+1)b2 _ l%lul 27)
n 2
2+ 0]4[1 + olg(7q[2]g +2 - [Blgp + 1) 1 u? 1 9
- = S O 2.
n[Q]q b3 2%1 U 9 + 4‘32u1 ( 8)
[+ alglgr + [2]gp + 1)b2 _ 1%11}1 (2.9)
n 2
2 1 2+2-[3 1 1 2\ 1
24 ol roly(Tal2g 2 Blap v D) pay Log (4, 1) g2 2
n(2]q 2 2) 4
From (2.7) and (2.9), we have
Uy = —v1 (2.11)
and ) )
20+ o|5(gT + 2|4 + 1 1
1+ oly(a 72 2y + 1) by = B (ui + v1). (2.12)
Now by adding (2.8) and (2.10), we have
2[2 4 oyl + 2], +2 [3p+1 1 ui + v} 1
2+ o4l U]q(;é% Jg 1Bl )bg = 5B (uz +v2) — ( L 5 1) + ZSBQ[u% +0f]
q

By using (2.12), we have

7*[2]283 (ug + v2)

b3 =

4n[1 + o],

nB3[2+ olq(rql2lg + 2 Blge + 1) + [2]g[1 + o]q (g7 + [2lg + 1)?(B1 - ‘32)1

(2.13)
Applying Lemma 1.1, we have

\J nl + ol

This gives us the bounds on |by| as asserted in (2.1).

3/2
/2(2),8Y

|ba| <

nBI[2 + olg(Tq2]q +2- Blgp + 1) + [2]4[1 + olg(qm + [2]gp + 1)%(B1 — %2)]

(2.14)

Furthermore, for us to get the bound on |b3|, we substrate (2.10) from (2.8) and also from
(2.11), we have u? = v?, hence

B11[2]q(u2 — v2)

202+ lg[1 + oy (rql2lg + 2 [Blgp + 1) (bs — b3) = 5
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Using (2.12) and applying Lemma 1.1 once again, we have

B17) B1n 2]
bs| < + . 2.15
S o, [T olar + B+ 17 T B olralle+2 Blp+ ) O
This completes the proof of Theorem 2.1. ]

Putting ¢ — 1 in Theorem 2.1, we have the following corollary.

Corollary 2.1. Let f € X7%(n,0,7) be of the form (1.5). Then

\ln(l + o)

|b3| <

27]3/253?/2

|ba| <

nB2(2+ )21 +6p+ 1) +2(1 + o) (T + 20 + 1)2(B; — ‘32)1

and
Bin Bin n 2
(I4+0)|(1+0)(T+20+1)2  (2+0)2T7+6p+1)

where the coefficients B1 and By are given as in (1.6).

3. APPLICATIONS OF THE MAIN RESULT

If we ) |95
vy = =22 g p<s <),

z
in Definition 1.2 of the bi-univalent functions class Z;"P(n,a, v), we obtain a new class

X7¥(n,0,6) given by Definition 3.1.

Definition 3.1. A function f € X' is said to be in the class Y7%(n, 0,d) , if the following
contions hold true:
) > 5

5 (1 1 l(l 2l | o 037 5(2)) + (0, F ()Y 1
) >4

n z
Using the parameter setting of Definition 3.1 in the Theorem 2.1, we get the following
corollary:

and

R <1 + 717 [(1 - T)mgi(w) + 1704(RTg(w)) + 02(Dy(R7g(w))) — 1

where z,w € $f and g(w) = f~H(w).

Corollary 3.1. Let the function f € X7%(n,0,0) be of the form (1.1). Then

[n[2]q(1-9) 0<§<1— — Falelart2get1)?
|by| < 2[240lq[1+0lq(rq2]g+2[Blqp+1)> 7 =7 = Inl[2+0lq(Ta[2]q+2-[3]gp+1)” (3.1)
B 2|n|(1-9) 1 [L+olg(ar+2get1)? 5

— Inll2+0lq(rql2lg+2-Blap+1)

277[2]11(1 —9)
24 olg[l + olg(Tq[2]g + 2 Blgp + 1)

[1+0]q(gm+[2]qp+1)°
and

|b3| <
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Remark 3.1. When o = 0, Corollary 3.1 gives us the following corollary below.

Corollary 3.2. Let the function f € X7%(n,0,0) := X7%(n,d) be of the form (1.1). Then

 [g(gr+2lqe+1)?
nl[2lq(7a2]q+2-[Blgp+1) (3.2)

lq(gr+[2]g0+1)2

qq(TQ[z]q“rqz'[S]quJ,-l) S (5 < 1.

—_

In|(1-9)
|bQ’ < 2\/2[1]q(7(][2}q+2-[3]q¢+1)7 0< 1) <
a _2nl(1=8) ) 1
1] (g7+2]gp+1)’ ]

_ 1
In[[2

and
2n(1 — 6
bs| < n(1—9) '
[Hq(Ta[2]g +2- [38]qp + 1)
Remark 3.2. When ¢ — 1, Corollary 3.1 gives us Theorem 2 [19], which was studied by

Bulut and Wanas.

If we set
1+ 2
1—2

1) = (

in Definition 1.2 of the bi-univalent functions class X7¥(n,0,7), we obtain a new class
X% (n,0,p) given by Definition 3.2.

p
). <psizew

Definition 3.2. A function f € Y is said to be in the class Eg""’(n, o,p) , if the following
contions hold true:

arg (1 + 717 [(1 - T)mgf(z) +7Dg(RG £(2)) + 02(Dg(RG £(2))) — 1 ) <&
and
arg <1 + 117 (1-— 7‘)9{21(10) +70,4(R7g(w)) + goz(Qq(%gg(w)))' — 1]) < %T

where z,w € i and g(w) = f~H(w).

Using the parameter setting of Defintion 3.2 in the Theorem 2.1, we get the corollary
below:

Corollary 3.3. Let the function f € X7%(n,0,p) be of the form (1.1). Then

] < \/ 4p%1%[2)g
=\ 2002+ 0lg[1 + 0lg(7q[2]g + 2 - [Blgp + 1)+(1 = p)[1 + 0]Z(q7 + [2]gp + 1)[2](q |
3.3

and

2n[2]qp 4n? p?

2+ ol + olg(raRlg + 2 Blap +1) | [+ 02(q7 + Rlgp + 12

|b3| <

Remark 3.3. When ¢ — 1, Corollary 3.3 gives us Theorem 1 [19], which was studied by
Bulut and Wanas.
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4. CONCLUSION

The ¢-calculus is a broad area that has applications in mathematics, physics and other
aspects, such as operator theory, quantum group, special functions theory, numerical analysis,
differential equation and other similar concepts.

The main goal of this article is to generate the two initial Taylor-Maclaurin coefficient
estimates for holomorphic and bi-univalent functions inside the novel subclass Eg"p(n, 7,7)
in the unit disk. The Ruscheweyh g-calculus operator operator is used to accomplish this.
Furthermore, the article show that the results here strengthen and generalize some recent
work by using consequences and corollaries, as discussed earlier by sufficient specialization
of the parameters.

Acknowledgements. The authors would like to thank the editor and the referees for their
valuable comments and suggestions on the paper.
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