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NEW INEQUALITIES OF HERMITE-HADAMARD TYPE FOR TWICE
DIFFERENTIABLE FUNCTIONS VIA GENERALIZED FRACTIONAL
INTEGRALS

HUSEYIN BUDAK', MUHAMMAD AAMIR ALI?, AND ARTION KASHURI®

ABSTRACT. In this paper we first obtain a new generalized identities for twice differentiable
mappings involving newly defined generalized fractional integrals. Then by using this
equality, we establish some Hermite-Hadamard type inequalities for functions whose second
derivatives in absolute value are convex.

1. INTRODUCTION

The inequalities discovered by C. Hermite and J. Hadamard for convex functions are con-
siderable significant in the literature (see, e.g.,[13,19], [32, p.137]). These inequalities state
that if ¢ : I — R is a convex function on the interval I of real numbers and 1, 519 € I with
21 < 29, then

¥ <%1+%2> < ! /%2 P(x)ds < ¢(%1)+7/1(%2)' (1.1)

2 o — A1 Jiug 2
Both inequalities hold in the reversed direction if v is concave. We note that Hadamard’s
inequality may be regarded as a refinement of the concept of convexity and it follows easily
from Jensen’s inequality.

The Hermite-Hadmard inequality, which is the first fundamental result for convex func-
tions with natural geometric interpretation and multiple applications, has attracted much
attention in elementary mathematics. Many mathematicians have devoted their efforts to
generalizing, refining, counteracting, and using different classes of functions such as convex
mapping.

The overall structure of the study takes the form of three sections including introduction.
The remainder of this work is organized as follows: we first mention some works which
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focus on Hermite-Hadamard inequality. In Section 2, we introduce the generalized fractional
integrals defined by Sarikaya and Ertugral along with the very first results. In Section 3 we
prove an identity for twice differentiable functions and using this equality we prove some
trapezoid type inequalities for twice differentiable mappings.
Over the last twenty years, the numerous studies have focused on to obtain new bound for
left hand side and right hand side of the inequality (1.1). For some examples, please refer
to ([ 3y Sy LU Loy Sy 2y R ])
On the other hand, Sarikaya et al. obtain the Hermite-Hadamard inequality for the Riemann-
Lioville fractional integrals in [10]. Whereupon Sarikaya et al. obtain the Hermite-Hadamard
inequality for Riemann-Lioville fractional integrals, many authors have studied to generalize
this inequality and establish Hermite-Hadamard inequality other fractional integrals such
as k-fractional integral, Hadamard fractional integrals, Katugampola fractional integrals,
Conformable fractional integrals, etc. For some of them, please see (][4, 11,16, 17,21-27,30,
,33,37,39,41-18]). For more information about fractional calculus please refer to ([18,28])
In this paper, we obtain the new generalized trapezoid type inequality for the generalized
fractional integrals mentioned in next section.

2. PRELIMINARIES

In this section we present the generalized fractional integrals which defined by Sarikaya and
Ertugral in [35].
Let’s define a function ¢ : [0, 00) — [0, 00) satisfying the following conditions :

g
/0 ¢ d€ < oo0.

We define the following left-sided and right-sided generalized fractional integral operators,
respectively, as follows:

o) = [ EE= Sy ex o 21)
x;pr(x) = /:2 (pf__j)w(f)dﬁ . < 3. (2.2)

Remark 2.1. i) If we take ¢ (§) = &, the operator (2.1) and (2.2) reduce to the Riemann
integral as follows:
L) = [ 0(©de, 5> s,

1
2

Iy-y(z) = Y(&)dE, s < .

Z , the operator (2.1) and (2.2) reduce to the Riemann-Liouville

ii) If we take ¢ (&) =

fractional integral as forl ox)zvs:
1 * _
I° b(a) = Fa)/ (0= " 0(©)dE, >,
I @ZJ F(loz/ ly©)de, = < xo.
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iii) If we take ¢ (§) = mf%, the operator (2.1) and (2.2) reduce to the k-Riemann-
Liouville fractional integral as follows:

(e _ 1 o - %71
I ) = e 0T w©ds x>,
o 1 72 oy
I ) = gy [ €0 e @<
where )
Mi(a)= [~ €l de, R(a) >0
and

Ty () = kEIT (Z) . R(@)> 0.k >0
are given by Mubeen and Habibullah in [30].

Sarikaya and Ertugral also give the following Hermite-Hadamard inequality for the general-
ized fractional integral operators:

Theorem 2.1. [38] Let ¢ : [5, 0] — R be a conver function on |5, s3] with »x < o,
then the following inequalities for fractional integral operators hold
1+ 30 1 Y(oa) + ()
0 (2522) < gy barTotl6m) o Tpoa) < HTEZ (2

where the mapping ¥ : [0,1] — R s defined by

U(5) = /‘Wdé
0

For more recent results related to generalized fractional integral inequalities see, ([1,2,8,

D

3. TRAPEZOID LIKE INEQUALITIES FOR NEWLY DEFINED GENERALIZED FRACTIONAL
INTEGRAL OPERATORS

In this section, utilizing newly defined generalized fractional integrals, we establish some
new trapezoid type inequalities for functions whose second derivatives in absolute value are
convex.

Lemma 3.1. Let ¢ : I C R — R be an absolutely continuous mapping on I° such that
" € L([se1, 3]), where »1, 70 € I” with 501 < s¢9. Then the following equality for generalized
fractional integrals holds:

(3¢ = 51) A1(0) = (522 — 22) Aa(0)] %" (5¢)

+W1 ()Y (5e1) + Vo (1) (322) — Lo Lot (32) a0 L0 (50)]
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1

= e sa)? [ MOV (©a + (L= ) d + (o= )? [ MO (2 + (1= ) )
0

0

where

/\IJ1 s, Ag(g):/;\pg(s)ds

w = [(EEZA, g e,

U U
Proof. First, we consider

1

I = (=) / ALY (€201 + (1= €) ) dg

(362 — ) /A W (€30 + (1 — €) ) de (3.2)
= (% %1) Il—{—( 2—%)212.

Calculating I; and I by integration by parts twice, we have

1

D= [ A" ©a+ (-0

0

1 1
= —Al_i@zﬂ’(é“%ﬁr(l—&)%) - _1 /‘Ifl(ﬁ)w’(§m+(1—§)%)d§
n—n 0o > %10
1
= RO - [— D) (601 (1 6) )
» — i » — n— 0

n 1 / ()0((%_ %1)£)¢ (f%l + (1 — §) %) df]

1
R Prd A { SR EU L
0

» — (%—%1)2 (5 — 511)

MO o ) L Telemw)
- %_%11/’( )Jr(%—%l)ﬂ!}( 1 (%—%1)2[ w—Uu ¥ (u)d
_ MO vi(1) s+ Lot ()
k- ()+(%_%I)2¢( ) (¢ —30)°
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and similarly,

b= [ MO (et (1- ) de

0
As(0) Ws(1) o1t (%)
= - + _ eV Y
%2—%1/) () ( 2—%)21/}( 2) (%2—%)2
Substituting I; and I3 in (3.2), then we get the desired result. O

Remark 3.1. If we choose ¢(¢) = ¢ in Lemma 3.1, then we have

(3¢ — %1)2 — (39 — %)2 7

, (22 — 201)Yp(501) + (502 — )Y (322) 1
T + o - J P(€)de
3 1
% %1 2 //
S / 1= ) 4 (€ + (1- €) ) de
(50 — »)?

/(1—5)w”<5%2+<1—5>%>d5

2(%2 — %1) 0

which is proved by Chu et al. in [12].

Remark 3.2. If we choose ¢(§) = FE(Z) in Lemma 3.1, then we get

(2 = 22)*t! = g — 202", (e = )P (3a) + (b2 — 5)" Y (5r2)
(o +1)(300 — 511) v+ My —
e I GRS RTE)
( a+2 1

- [0 e (o + (1 €)0) de

(a+1 g — 1)
0

1

o a+2
e Ja- et a2 de

(a4 1)(32 — 511)
0

which is proved by Chu et al. in [12].

Corollary 3.1. Under the assumptions of Lemma 3.1 with p(§) = ﬁia), then we have
following identity for the k— Riemann fractional integrals:

(3¢ —50) "t — Goy —50)3 F1 (3¢ — 501) S (501) + (502 — ) Y (522)
@t im—sm) W0+ (a+ k) (m — )
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Du(a+8) 7q a
s = [P s0) + 15,50
k(¢ — )

1
N (o + k) (500 — 311) /1_§k+1)w”<£% +(1—¢)»)d¢
0

%2—%

1
+ /1—&“ W (€50 + (1~ €) ) dE.
0

Ck—i-k %2—%1

Theorem 3.1. Let ¢ : I CR — R be twice differentiable function on I° such that ¢" €
L([5e1, 50)),where 31,300 € I" withse) < se. If the function [¢"| is convex on [s, 5], then
we have the following inequality for generalized fractional integral operators

|[(32 = 521) A1(0) — (322 — 3¢) A2(0)] ¥ (5¢)

TV (a) + Yo (1) (322) = [y 1ot (56) +s— L) ()]

1 1
< Gemsal [0 G| [ €1 dE + (e = 20 " )| [ €10a(6)]
0 0

1
(o= sa)? [ (1= O 1Ma(€) d + (o2 = 2)°
0

+

o —_

(1= ¢)[A2(E)] d§] 4" (>)] -

Proof. Taking modulus in Lemma 3.1 and using the convexity of |¢)”|, we obtain

|[(3 = 5e1) A1(0) = (522 = 2¢) A2(0)] 9" (5¢)

W1 () (5e1) + Vo (1) (322) — Lo+t (52) s L9 ()]

1

2| [ M@ (€ + (1 - €) ) d

0

< (=)

1

[ 229" (€02 + (1 - ) )

0

+ (502 — %)

< (=) /|A1 [ (€301 + (1= €) 50)| de

1

+ G =29 [ 1@ [9" (€22 + (1 - €) )] d

0
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IA
N
B

5
?

IE " Ga)| + (1 =) [ ()] dg

(523 — 32) /rAg [ [€ [0 ()] + (1= €) |¢"(32)]] d

— (=) [W'(m)! Jem@lds +10"Gal [ (-9 1810) d€]
0

0

1 1
N [W Gl [ €10a(0)de + 107G [ (1= ) a(6) df}
0 0

1 1
= (o= ) [0/ ()] / €11 dE + (e =) [ ()] [ (1= ) 1Aa(€)] de

0

1
+ (30 — 2)? [ %2|/§|A2 )| d€ 4 (502 — 30)% [ (5¢ |/ ) |A2(8)| d€

0
1
= (e—sa)? [ (5a)| /é\Al(é)\d£+(%2—%)2!w” )| [ €182(9)]
0 0

1

1

(e =) [ (1= IM(©IdE + G = 29 [ (1= 42(6) d&] 49
0 0

The proof of Theorem 3.1 is completed. U

_.|_

Remark 3.3. Let » = %, then Theorem 3.1 becomes

|+ 2o n + oo
%1+I<.07/} ( 2 ) +%2— Igﬂ/} ( 2 >:| ‘

sy — 51\ 2 1
< (257) (WGa)l + 10" e 0/ AT (©)]de.

%2 %1
AT(€ /\Il* )ds and Uj( /('0

Proof. If we take ¢ = #1322 in Theorem 3.1, then using the convexity of [¢)”(5)| we have

x| + 2 »1 + 29
%1+I<.07/} (2> too— 14.07/} (2>:| ‘

Ui(1) (¢ (o21) + 9 (322)) =

where

Ui(1) (¢ (321) + 9 (322)) =
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(25 ”1)2 [(\w’%m)r [0 (2)]) / §IAI(©) dﬁ]
0
= (”2;”1)2 [2/1@ ) |A>{<§>\ds] (2572
< (25 ”1)2 [(Ww + 0" (=))) / flA’{(&)ld&]
0
1

sy — a1\ 2
+< 22 1) L/(l—é“)lA* |d£] ([¢" Ga)| + [ (322)))

sy — 211\ 2 1
= (257) (ol sl Ga) [Inie)de
0

This completes the proof. O

IN

Remark 3.4. If we choose ¢(&) = £ in Theorem 3.1, then we have the following inequality

(6 —30)2 — Gea— 27, (32— s0)0(50) + (322 — )0 (520) 17
S e - / w(€)de
1 5[(5¢ = 50)3 + (52 — )3

IN

g [0r = )P [0 G| + (2 = 30° [0 Go2)| +

//
. -

Corollary 3.2. If we choose p(§) = rg(Z) in Theorem 3.1, then we have the following
inequality

(% - %1)0é+1 - (%2 - %)a-l—l , (% - %1)aw(%1) + (%2 _ %)aw(%z)
(@ +1)(e =) v+ (a+1)(3e2 — 501)
~ ot D15 060+ 15, 0069
(a4 1)(1%2 — 1) (; o i 3> [(% — %1)a+2 |w//(%1)| + (e — %)oz+2 WJH(%?)H
1 1 1 a+2 a+2 "
+(a+1)(%2_%1) <2_(04—|—2)(a—|—3)) [(%—%1) + —|—(%2—){) + } |w (%)|

Corollary 3.3. Under the assumptions of Theorem 3.1 with p(§) = kF (a), then the follow-
ing inequality for k-Riemann integrals holds:
(30— 30)° 1 — (5 — 3) 1
(a4 k) (500 — 521)

k' (52) +
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BBl ]
i L i ” "
@H&Mm—%n(z‘a+%)ﬁz ) F | )| + G2 = ) E72 [0 ()|

N k (1_ K2
(a4 k)52 —21) \ 2 (a+2k)(

Theorem 3.2. Let 1) : I C R — R be twice differentiable function on I° such that 9" €
L([51, 50]) ,where s¢1, 50 € I° with 31 < se9. If the function |1"|?,q > 1 is convex on [s1, »3),
then we have the following inequality for generalized fractional integral operators

o 3k)> (5 = 3)F 72 4 (5 = 50) 672 [0 ()]

|[(3¢ = 21) A1(0) — (32 — 2) A2(0)] Y (%)

+\Ijl(1)7/} (%1) + \112(1)7/) (%2) - [%H—Iapw (%) F 00— Iso¢ (%)”

< (se—m

V&WMKWﬁ][WUﬂq+W'NW;
0

+ (502 — )

1 " q " q é
‘ﬁM@W%][W()\;W(Nl’
0

here + + 1 =
weep—i-q

Proof. Taking modulus in Lemma 3.1 and using the convexity of |f”|?, we obtain

[[(3¢ = 21) A1(0) — (32 — 2) A2(0)] Y (%)

+01 ()9 Ga) + Vo ()Y (2) = L+ Lot (3¢) 40— Lot (5]

1 1 3
< (s—53a)’ /’Al(f)’p df] /W' (E +(1-¢) %)\qdfl
0 0
Pl 7
+ (50 — 32)° /\Az oI df] [/ " (€329 + (1 = %)|qd§}
0
1 sl H
< (30— m) /’Al( oI df] [/ (€1 Ge) |+ (1 =€) [W" (50)]7] di]
0 0
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1 »r1 7
+ (32 — ) /\A2(5)|p df] [/f [" ) |" + (1= &) [9" (59)|* df]
0 0
1 Ak
< (Ge—sm) | [ 1M e [ . ]
0
/ Gl + ]
= | [ e dg [ ) ] .
0
The proof of Theorem 3.2 is completed. O

Remark 3.5. Let 3 = %, then Theorem 3.2 leads

1 + o 1 + 30
(32 e (2529

2
< (=) (/1\A’{(§)!”d£)

0

. (<3W(%1)'q h '¢”<%z)\q>; + (W'(%nw +3rw"<m>lq>;) |

WI(1) (Y (1) + ¥ (522)) —

4 4

Corollary 3.4. Under the assumptions of Theorem 3.2 with (&) = &, we have the following
inequality:

(6 —30)° — Gea— 27, (32— s0)0(50) + (322 — )0 (520) 17
S e - %1%[1/1(5)6%
S 2 1 [(% oy <|¢”<m>rq + |w"<%>\q>3
2(%2—%1)<5 (%,p+ 1)>; 2

(e — ) (Wmn"; W(%)\q) ] |

where ((-,-) is a Beta function.

Corollary 3.5. Under the assumptions of Theorem 3.2 with p(§) = Fg(c;) , then the following
inequality for the Riemann-Liouville fractional integral holds:

(50 — 50)*T! — (5eg — 30)** | (22 — 201)P (501) + (502 — 30) Y (s22)
@t 00m—sm) LI (a+ 1) (a2 — )
IMNa+1)

Ty V60 + 2, ()]
oy — 11
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" Ga)|" + Gl *
2

(04—1—1)%
(a+1)(2 — ) (5 (%—H’p+ 1))

Hoa =) (lw”w)w v |w"<%>|q);

< )a+2

(32—

SR

2

Corollary 3.6. Under the assumptions of Theorem 3.2 with p(§) = %, then the follow-
ing inequality for the k-Riemann-Liouville fractional integral holds:

(3= 3a)it! = (o — ) ! (3¢ = 30) B (301) + (522 — 3) 7 ) (502)

iRm0+ (@ + k) (2 — )

_I‘k(a + k)

(500 — 511) {Igﬁ'vkw(%) + I%_’k@/](%)} )

<

HE+1* eyt (W10 \w"<x>|q>3
1 2
(a+k) (2 —a) (B (g0 +1))

o =) E 2 (W”%Mq + \w"<%>|q>;

LA

2
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