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GENERALIZATION OF BULLEN TYPE, TRAPEZOID TYPE,
MIDPOINT TYPE AND SIMPSON TYPE INEQUALITIES FOR
S-CONVEX IN THE FOURTH SENSE

BEYZA NUR YASAR!, NESIP AKTAN! AND GULNUR CELIK KIZILKAN!

ABSTRACT. The main purpose of this article is to present the Bullen, Midpoint, Trapezoid
and Simpson type inequalities, respectively, for s-convex in the fourth sense, with the help
of identities existing in the literature.

1. INTRODUCTION

Convexity is a basic notion in geometry but also is widely used in other areas of math-
ematics. It is often hidden in other areas of mathematics: functional analysis, complex
analysis, calculus of variations, graph theory, algebraic geometry and many other fields.
Many scientists engaged attention and studied this field. Therefore there are many types of
convexity in the literature.

The concept of the s-convex function was introduced in Breckners paper [1] and a number
of properties and connections with s-convexity in the first sense are discussed in the paper
[2]. In this article, s-convex in the fourth sense will be used in this article are as follows.

Many integral inequalities have been developed so far by different researchers in the due
course of time. In the literature, we have many types of inequalities that involve convex
functions, such as Bullen inequality [3], Hermite-Hadamard-Fejer inequality, Simpson type
inequality [!], and Ostrowski type inequalities [5]. In the same way, There are a lot of well-
know inequalities but the most notable one is Hermite-Hadamard type integral inequality.
Let f : I C R — R be an integrable convex function with a < b. Then, the Hermite-
Hadamard inequality is expressed as follows:
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1O < [ <
The left-hand side of inequality, proved in 1893 by Hadamard [6] before convex functions
had been formally introduced, for functions f with f increasing on [a, b], is sometimes called
the Hadamard inequality and the right-hand side is known as the Jensen inequality.
Trapezoid and midpoint inequalities are another known inequalities related to the right
and left sides of the Hermite-Hadamard inequality. In order to obtain these inequalities, as
stated below, identities play an important role.

)+f()

In [7], Dragomir and Fitzpatrick proved a variant of Hermite-Hadamard inequality which
holds for s-convex function.

Definition 1.1. A function f : [0,00) — R is said to be s-convex function if
fz+ (1= Ny) <N f(z)+ (1= A)f(y) (L.1)
for all z,y € [0,00), A € [0,1] and for some fixed s € (0, 1].

Definition 1.2. [8] A function f : [0,00) — R is said to be s-convex function in the first
sense if

FOx +y) <X f(x) +7°f(y) (1.2)
for all z,y € [0,00),\,y € [0,1] and A* +~v° =1 for some fixed s € (0, 1].
Definition 1.3. [I] A function f : [0,00) — R is said to be s-convex function in the second
sense if
fQz +7y) < X f(2) +9°f(y) (1.3)
for all z,y € [0,00), A,y € [0,1] and A + v =1 for some fixed s € (0, 1].
Definition 1.4. [9] A function f : [0,00) — R is said to be s-convex function in the third
sense if )
1 1
Oz +9y) < Xs f(@) + 7+ f(y) (1.4)
for all z,y € [0,00), A,y € [0,1] and A* +~° =1 for some fixed s € (0, 1].
Definition 1.5. [10] Let U be a subset of vector space X and let s € (0,1]. A function
f:U — R is said to be s-convex function in the fourth sense if the inequality
1 1
fFz +9y) < Asf(2) +795 f(y) (1.5)
is satisfied for each x,y € U and for all A,y € [0, 1] such that A+~ = 1.
Corollary 1.1. [10] If f : U — R is s-convex function in the fourth sense, then f < 0.
Theorem 1.1. [11] Let f : U <R is s-convex function in the fourth sense, where s € (0, 1]

and a,b € R, a <b. If f € Lla,b], then the following inequalities hold

a+b

2 (UEY) < o [ i@ < @+ 7). (16)

In recent years, many research scholars have focused their great attention on the study
of this inequality. The aim of this paper is to establish some new Hermite-Hadamard type
inequalities and Simpson type inequalities for s-convex function in the fourth sense.
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2. GENERALIZED BULLEN TYPE INEQUALITIES

Bullen-type inequalities for generalized convex functions were obtained in the paper [12].

Theorem 2.1. Let f : U <R is s-convex function in the fourth sense, where s € (0,1] and
a,b € R, a<b. If f € Lla,b], then the following inequalities hold

(1 (7)1 (50) £ L [0 [

1 (F@) + £0) +2/(@) -

IN

IN

for all x € [a, b].

Proof. Since f : U < R is s-convex function in the fourth sense on [a,z] C [a, b], by using
inequalities (1.6) we get

=2t () < [T s < (@) + @)

TrT—aJg ~s+1

By similar way for [z,b] C [a,b], it follows that

1 xr b S
12:—251f(b; >§bi$/mf(w)d < 7O+ f(2)

As consequence, by adding I; and Iy, we have,
1 a+x z+b
2571
U5+ (57) =5

So,this proof completed. O

\ A

/f

(f( )+ /(b )+2f( )

A

_S+1

3. TRAPEZOID TYPE INEQUALITIES

Lemma 3.1. [12] Let f : [a,b] — R be a differentiable mapping on (a,b) with a < b.
1" € Lla,b], then the following equality holds,

fla) + LI —[x_a/f dt+/bf<t>dt]
b—=x

xr—a (! ,
=2 /0(1—2)\)f(>\a+(1—)\)x)d)\+

/01(1 N Az + (1 — A)b)dA

for all x € (a,b).
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Theorem 3.1. Let f : [a,b] — R be a differentiable mapping on (a,b) with a <b. If ' is
s-convez function in the fourth sense on [a,b], then

s+ LI L a2 [

1 s2 n s
o+l (s+1)(2s+1)  (s+1)(2s+1)

|f'(@)]

g(b—a)[

1 s S
- [Qiﬂ (s+1)(2s+1) + (s+1)(2s+ 1)] (
for all x € [a,b].

b=2)[f' )+ (@ —a)[f(a)]) -

Proof. From Lemma 3.1, by using the properties of modulus and f’ is s-convex function in
the fourth sense on [a, b|, we have,

|f<x>+f(”>'2*f<b) S [rwa i [ rwa

< x;a/ol|1—2/\|f’()\a~|—(1—>\)az|d)\
+b;x/01|1—2)\\|f’(>\x+(1—)\)b)\d)\

< 3“;“/0111—%]Aif’(a)+(1—A)if’(f1?)\dA
+b2""’/01|1—2A\|Aif'(gg)+(1—A)if’(b)ldA

<22 [ PHs@l+ (- 0@l ax

+ 25 L= @1+ - 070 ay

<20 [ [ + (1 - V)]
+"3;“/;m—1| 1/ (@)] + (1= 23]/ ()] dA

n b;x /0%11 —2)\ [A%\f’(xﬂ +(1 —A)élf’(b)l} A

; b;x/;m_u A1)+ (1= 231 0)]] ax

= (b—a) L;H Gt 1)5(225+ IR 1)?23+ oy | @)
o (5+1)3(228+1>+<3+1>f23+1> (b= ) |7 O] + (@~ a) [/ @)) -

So,this proof completed. O
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Theorem 3.2. Let f : [a,b] — R be a differentiable mapping on (a,b) with a <b. If ' is

s-convez function in the fourth sense on [a,b] for some q > 1, then

f(a)+f(b)_[ 1 /ctzf()dt—l-l/bf(t)dt}

T —a b—

1

b—x S , S , a
ot @ e

Qe

<

v e UACLRE = A A

where x € [a, b] and%—i—%: 1.

Proof. From Lemma 3.1, by using Holder inequality and f’ s-convex function in the fourth

sense on [a, b], we have

g+ L IO a1 [ o

'Aa+ (1= N)xld\

+ (1= \)b)|dX

1 1
g”“" “ /|1—2/\|pd)\ ”(/|f (Aa+ (1= A)z)|7dA) °

+2 zx(/ [1 = 2A[PdA )(/ \f’(Aa:+(1—A)b)|qu)5
: a(/ 11— 2A[PdA )"(/1|Aif’(a)+(1—A)if’(g;)deA)"
b 295(/ |1f2)\\pd>\); /Ol‘Aif’(:c)+(1A)if’(b)yqd)\>q
§2<p+1></o OEIF @)+ (0= X7 (@)1 an)

b . )
+2(p+1)(/0<x @)+ (1= 2| 0)[0)ar)
:2(;0;1); L+1f'(a)yq s+1f(M

b—x S N B :

2(p+1)% [S+1f(a)| +s+1‘f(x)|}

So, this proof completed.
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4. MIDPOINT TYPE INEQUALITIES

Lemma 4.1. [12] Let f : [a,b] — R be a differentiable mapping on (a,b) with a < b.
1" € Lla,b], then the following equality holds,

f(a;‘r) +f<b;x) = lxia/jf(t)dt—i—b_laj/:f(t)dt]

— (2 — a)/o MO+ (1= Na) — f/Oa+ (1 — A)x)] dA

N

+(b—az) /11(1 N [F Oz + (1= N)b) — f/(Ab+ (1 — N)z)] dA .

2

Theorem 4.1. Let f : [a,b] — R be a differentiable mapping on (a,b) with a < b. If f’ is
s-convez function in the fourth sense on [a,b], then

‘f(a;x) +f<b;x> - lfﬂia/azf(t)dprbix/:f(t)dt]

52 1 y ,
< ormm (- ) - alf @+ -2l )]

2

s 1 ,
e (g ol

for all x € [a,b].

Proof. From Lemma 4.1 by using the properties of modulus and f’ is s-convex function in
the fourth sense on [a, b], we have,

|f<a;x) +f<b;x> - lxia/;f(t)dﬂrb_lexbf(t)dt]

<(z—a) /05 A Oz + (1= Na)| + |f Qa+ (1= ANa)|] dA

=

F =) [0 170w+ (1= 28]+ 700+ (1= 2a) ] i

2

<(@—a) [TA[X @)+ (1= NI @)+ N (@ + 1= ) (@) dx

1
s

+o-a) =N [N @)+ (1= 00|+ M) + (1= NP @)] ax

D=

< (z—a) / EAPEF @]+ (= NEF @]+ A @) + (1= N)F I @)]] d
+ (b x) / APAFIF @)+ (1= DO+ A B+ (1= 23|/ (@)]] dr

2
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2
BRI (1= 5 e -l @1+ b=l o)]

52 1 ,
e () G- alr@]

and completes the proof of this theorem.

0

Theorem 4.2. Let f : [a,b] — R be a differentiable mapping on (a,b) with a < b. If f’ is
s-convex function in the fourth sense on |a,b] for some q > 1, then

(55) e (57) - [P [ a5 [ s
- 21+x(;j1)é <(1+sj)zi“‘f,(‘r)’qJr (1_211) S+1’f( or )
b—a g

S , 1 ;
21+ (p+ 1)% <(1+5)2i+1|f ($)|q+ (121i) 3_|_1’f( )| )

/ 1 s , é
+ ((1+5)2i+1|f (b)[7 + (1— 21+1> s+1|f ($)|q> ]

where x € [a,b] and%-i—%: 1.

+

Proof. From Lemma 4.1, by using Holder inequality and f’ s-convex function in the fourth
sense on [a, b], we have

\f(a;x)+f(b+w) YL dt+/bf<t>dt]

g(ma)(/ wA) [(/ FOa+ (- >>|de>
(/ Fa+ (1—Na >|w> ]

+(b—a) (/f(l —A)pdxy [(/jf’(xw 1 —A)b)lqdk>;

2 2

1

(/ FOb+ (01— A )%M) ]
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<(z—a) (/ wA) [(/ A f) + (1 - '<a>|w>
" ( | @ - A)if%x)w)
. (/ pdA) K/ X (1 ) '<b>|w>q

2

+</ N FO) (- N f <z>|w> ]

Tr—a

-

1

( 02Ai|f'<z>|q+<1—A>i|f’<a>|w)

1

+ (/ A @)+ (1 - A>i|f'<x)|qu> ]
T et (/A £+ (12} |f()|"dA>
(o)
:21+§<;j1>% <<1+5 ( L )s+1 ()|q>é
+<W|f()|q+<l_2ll+i>s+ﬂf<>|);]

b—a 2

sy 1 5
iy (a0 (1= vor)

(gt (- gk) spror)’].

So, the proof completed. O

5. SIMPSON TYPE INEQUALITIES

Lemma 5.1. [12] Let f : [a,b] — R be a differentiable mapping on (a,b) with a < b.
1" € Lla,b], then the following equality holds,

[2f<a+x> Qf(b—l—x> +f(x)+f(a)—2|—f(b)}

_lx—a/af dt+—/f t)dt
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1

~(w—a) /0 <>\ - é) ('O + (1= Na) — F(ha+ (1 — Na)] d

+(b—a) /11 <2 - A) ('O + (1= \b) — F/(Ab+ (1 — Nar)] dA .

for all x € [a,b].
Theorem 5.1. Let f : [a,b] — R be a differentiable mapping on (a,b) with a < b. If f’ is

s-convez function in the fourth sense on [a,b], then

Loy (ate bta f(a) + f(b)

S[Qf( 5 ) 2f< )+f(x)+2}
l dt+—/ F(b)dt
1 4s* — s 352 , ,
=% l(23—|—1)(s+1) + 25 (25 + D)(s + 1) (0—=2)|f' @) + (z —a) [f'(a)])
1 452 — 5 352 /
MR ICTESN ) +2i(2s+1)(3+1)] (b—a)|f' (=) .

for all x € [a,b].

Proof. From Lemma 5.1 by using the properties of modulus and f’ is s-convex function in

the fourth sense on [a, b], we have

o (352) o (057) o+ 202

_[xia/j‘f dt+—/f t)dt

<(@=a) [*A= gl 1F0c = (1= Na)| + 17O+ (1= X)) dx

L5
(b— SC)/l 5~ A Qe = (L= Np)[ + [f (A0 + (1= N)a)[] dA

<(z-a) /ju — PP @I+ 0= NP @] 4+ A @)+ (1= 23 )]
FO—a) [12 A S @+ (1 DEFO) AP+ (- ) @)

<1 452 — s n 352 ((b—x)’f’(bﬂ+(-%'—a)|f/(a)’>
6 [@sH(sH1) 25254 1)(s+ 1)

1 452 — s 352 )
TE @A DG+ 225+ )t 1) (b—a)|f' ()] .

So, the proof completed.
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Theorem 5.2. Let f : [a,b] — R be a differentiable mapping on (a,b) with a <b. If ' is
s-convez function in the fourth sense on [a,b] for some q > 1, then

3 2 2 2

_ Lia/:f(t)dt+bix/mbf(t)dt
r—a 1 1 s (113 7
G
s [11*3
(e ) wor-ron) )
b—x 1 1 s (113 z
e <sp+16p+1>{(s+1( 1) urer o)
s [11*3
(e ) wor-om)

where z € [a, b] and%—i—%: 1.

1[2f (“”)Hf(b”) +f<x)+f(a)+f(b)}

Proof. From Lemma 5.1, by using Holder inequality and f’ s-convex function in the fourth
sense on [a, b], we have

(52 o (55 o 2220
L«ia/j‘f dt+7/f dt]

<(@—a (/ |)\—]pd)\> [(/ FOr+(1— A )|qu>;
+</f|f’<Aa+<1— |qu)]

—i—(b—m)( é]—A|pd)\> [(/1 FOa+ (1A )]%A)q
+</11|f’()\b+(1— yw)]
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1 11 ba L
= (1 —i—p)% (3p+1 6p+1) {(w—a)[(/o As[fH(@)]T+ (1= A)s[f(a)] d/\>
" </o NI @I+ - A)Hf’(:c)iqu) | ]

1 1 q
+b-a) [( [ XU @ (- A>sf’<b>rqu>
' 1 :
* ( JRSHOIER¢ A>s|f'<x>|qu> ”

r—a s 1_;,_% %
Y (3p1+1 6p1+1) { <8+1 (i - 1) (17" )l - U’(a)\"))

s 11+%
; (2 - 1) (@) - !f’(w)lq)>

Q=

s+1

b—=x 1 1 s 11'*‘1 , . , . q
' (1+p)7 <3p+1 6p+1) { <s+1 (2 - 1) (1" @)1 = 1) )>

s 143 . 1 vy )
(s ) rme - 1@

So, the proof completed. O
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