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SOME NEW APPLICATIONS FOR WEIGHTED
HERMITE-HADAMARD TYPE INEQUALITIES

MELEK C. TATAR!, MERVE COSKUN!, AND CETIN YILDIZ!

ABSTRACT. For convex and s—convex functions, the Hermite-Hadamard inequality is
already well known in the theory of inequalities. In this regard, this work presents new
inequalities associated with the Weighted Hermite-Hadamard type inequalities for convex
and s—convex functions by utilizing a different technique. Also, Hoélder, Young, and
power-mean inequalities are used to obtain these new inequalities.

1. INTRODUCTION

A fundamental concept in both applied and pure mathematics, convexity may be used
as a potent tool for evaluating functions and sets, demonstrating inequalities, and modeling
and resolving real-world problems. This concept is crucial for estimating integrals and
defining limits in many branches of mathematics and beyond (see [1-10]).

Thus, we recall the elementary notation in convex analysis:

Definition 1.1. ([3]) A set J C R is said to be convex function if

(w+(1-¢)peld
for each @, ¢ € J and ¢ € [0,1].

Definition 1.2. ([3]) The mapping p : I — R, is said to be convex function if the following
inequality holds:

p(€w + (1 - §)¢) < €p(@) + (1 — §)p(9)
for all w, ¢ € Jand £ € [0,1]. If (—p) is convex, then g is said to be concave. In terms of
geometry, this indicates that if B, U, and Z are three separate locations on the graph of g,
with U between B and Z, then U is on or below chord BZ.
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Convex functions are essential in many different areas. For instance, the theory of prob-
ability states that a convex function applied to the expected value of a random variable
is never constrained below the expected value of the convex function. This result, called
Jensen’s inequality, may be used to generate additional inequalities, such as Holder’s in-
equality and the geometric-arithmetic mean inequality. The idea of convexity has developed
into a rich source of inspiration and a fascinating topic for scholars because of its widespread
viewpoints, resilience, and plenty of applications. Mathematicians have developed incredible
tools and numerical methods using the notion of convexity to deal with and resolve an
enormous number of issues that emerge in the pure and applied sciences. Because of its
many views, adaptability, and wide range of applications, the concept of convexity has grown
to be a rich source of inspiration and an intriguing subject for researchers. Mathematicians
have developed incredible tools and numerical methods using the notion of convexity to deal
with and resolve an enormous number of issues that emerge in the pure and applied sciences.
This theory has a long and important history, and for more than a century, mathematics
has focused on and concentrated on it. On the other hand, there are a lot of new issues in
applied mathematics where the idea of convexity is insufficient to adequately characterize
them in order to have beneficial consequences. Because of this, the idea of convexity has
been expanded upon and developed in various research; see [11-20].

Convex functions have the following inequality properties.

Theorem 1.1. ([21,22]) If p is a convex function on I, then Jensen’s inequality
1& 1 &
2] (Zm) < *Z@(Mz‘)
n4 n*
=1 i=1
and weighted Jensen’s inequality
1 n
© (C\Zhim) <
Snioy

are valid for p; € I and hy > 0 withi € N and &, = >~ h; > 0.

[~

&

n

> hig(ps)
i=1

In [23], the following integral form of Jensen’s inequality is given.

Theorem 1.2. Let p : [a,b] C I — R be a convez function, and let h : I — (0,00) and
u:l — Ry =10,00) be integrable functions. Then

(f;’h(t)u(t)dt) < Ja hp(u(t)dt )
Johwyde ) = [T h()dt |

provided that all the integrals in (1.1) are meaningful.

Convex mappings and sets have been improved and expanded in many disciplines of
mathematics due to their robustness (as was described above); in particular, convexity
theory has been used to prove a number of inequalities that are prevalent in the literature.
In the practical literature on mathematical inequalities, the Hermite-Hadamard type inte-
gral inequality (or Hadamard inequality) is, to the best of our knowledge, a well-known,
important, and incredibly helpful inequality. There are several classical inequalities that
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are closely associated with the classical Hermite-Hadamard type integral inequality, such
as Ostrowski, Hardy, Simpson, Opial, Holder, Minkowski, Griiss, arithmetic-geometric and
Young inequalities. These inequalities are of pivotal significance. Following is a statement
of this double inequality: Assume that p is a convex mapping on [w, ¢] C R, where w # ¢.

Therefore .
@+ ¢ 1 p(@) + p(¢)
< dwe < ——F———=,
p( 2 >_¢—W/wp(%)%_ 2
The reader who is interested is referred to [24-29] for a number of recent findings pertaining

to Hermite-Hadamard inequality.

Utilizing various forms of convexity, some important inequalities have been observed.
s-convexity is one of several varieties of convexity. Hudzik and Maligranda in paper [3(0)]
took into account, among other things, the class of functions that are s-convex in the second
sense. The following is the definition of this class:

Definition 1.3. A function g : [0,00) — R is s—convex in the second sense if

p(€@+ (1 =§)¢) <&p(w) + (1 —£)°p(¢)

holds for all w, ¢ € [0,00),£ € [0, 1] and for some fixed s € (0, 1]. The class of s—convexity
is frequently denoted by the symbol K2. It is obvious that s = 1 converts s—convexity into
the typical convexity of functions defined on [0, c0).

The authors of the same paper, namely [30], demonstrated that all functions from K2,
s € (0,1), are nonnegative if p € K2 implies p([0,00)) C [0, o0).

Ezample 1.1. ([30]) Let s € (0,1) and ¢, h,y € R. We define function g : [0,00) — R as
l, =0,
MOZ{ )

h¢s+v, ¢>0.
It can be simply confirmed that
(i)If Ai>0and 0 <~ </, then p € K2,
(ii) If &> 0 and v < 0, then p ¢ K2.

Recently, there are many studies on s-convexity in the literature. A few new general
Hermite-Hadamard type inequalities for s-convex mappings were demonstrated in [31] by
Ozdemir et al. The Holder inequality, the power-mean integral inequality, and certain
extensions connected to these inequalities were utilized to establish these inequalities. Ad-
ditionally, they compared some inequalities. In [32], a new definition for s-convex functions
is given, and some properties of this definition are investigated. In addition, extended ver-
sions of the previously well-known conclusions for harmonically convex functions, such as
Hadamard, various Hermite-Hadamard refinements, and Ostrowski-type inequalities, are
developed. In [33], the expression "extended s-convex functions' was introduced by the
authors, who also developed some inequalities of the Hermite-Hadamard type for extended
s-convex functions. The authors then used these newly discovered integral inequalities to
deduce certain specific mean inequalities. In study [34], the authors establish an equation for
a function whose third derivative is integrable, develop some novel integral inequalities of the
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Hermite-Hadamard type for extended s-convex mappings using the Holder inequality, and
then use these integral inequalities to produce inequalities for various kinds of special means.
In paper [35], the authors established some new inequalities of the Hermite-Hadamard type
for extended s-convex mappings and obtained new inequalities with respect to A and u
using the Lemma 2.1. Finally, utilizing the s-convexity for the Raina function, different
inequalities are obtained with fractional integral operators in [3(].

In [37], researchers proved a different form of Hermite-Hadamard inequality, which holds
for s-convex mappings in the second sense:

Theorem 1.3. Suppose that p : [0,00) — [0,00) is an s—convex function in the second
sense, where s € (0,1), and let w,¢p € [0,00), w < ¢. If p € L([w, @), then the following
inequalities hold:

In the second inequality, the constant a« = 1/(s+ 1) is the best possibility.

For these reasons, the different form of Hermite-Hadamard inequalities has attracted a
lot of interest from researchers, and there are many papers and monographs dedicated to
its development; here, we mention, e.g., [39—11].

The famous Young inequality is defined as follows:

Theorem 1.4. ([38]) Let p > 1 and % + % = 1. Then

1 1
wo < —wl + —¢? (1.3)
p q
where w and ¢ are nonnegative numbers. The reversed version of inequality (1.3) reads
1 1 1 1
wo > —wP + -9, w,p>0, 0<p<l, —+-=1
p q P q

The well-known Hélder inequality, one of the most significant inequalities in analysis, was
demonstrated in this way using inequality (1.3). It makes a significant contribution to many
fields of applied and pure mathematics and is essential in helping to solve several issues in
the social, cultural, and natural sciences.

The most popular form of Young’s inequality, which is frequently used to demonstrate
the well-known inequality for L, functions, is as follows:

@t ¢!t < w + (1-6)9,
where w,¢ > 0and 0 < & < 1.

Theorem 1.5. (Holder Inequality) Let p > land % + % = 1. If p and Kk are real functions
defined on [w, ¢] such that |p|P and |k|? are integrable functions on [w, @], then

1

s s (e



WEIGHTED HERMITE-HADAMARD TYPE INEQUALITIE 19

Theorem 1.6. (Power-mean Inequality) Let ¢ > 1. If p and k are real functions defined on
[, @] such that |p| and |k|? are integrable functions on [w, @], then

/jm@m(x)\da:g (/j[p(x)]dw) ’ </j\p(x)\\n(;¢)’qda¢>q.

2. PRELIMINARIES

This paper uses a relatively new approach based on weighted Hermite-Hadamard in-
equalities for convex and s-convex functions. First, we will start by giving the inequality a
weighted form of the Hermite-Hadamard inequalities obtained by Vasi¢ and Lackovié ([15]).

Theorem 2.1. Let p,q be given positive numbers and (w, ¢) C I. Then the inequalities

aw + 5¢> 1 /A“’ ap(w) + Bp(4)
—_— ) < — t)dt < 2.1
o(MrS0) < gy [ wnar < ST (21)
hold for
aw + B¢
A= , y >0,
a+p 4
and all continuous convex functions ¢ : [w, @] — R iff
y < i;g < min{a, }.

Remark 2.1. Fora==1and y = %Tw’ (2.1) is the Hermite-Hadamard inequality.

In following theorem, Xiao et.al proveded a new form of the weighted Hermite-Hadamard
inequalities for convex function.

Theorem 2.2. ([16])For evevry convex function p on [w,¢] C I and 25 > o > g >0, we

have,
< 2 ’ 2 2 3 d
< i [ 0= 2=+ 20— )0+ - )l p(a)is

2

_ / 2o — 84308 — )E] pl(1 - €)oo + £6)dE <

ap(@) + Bp(e)
a+pf '

a+p

The aim of this study is to obtain new general integral inequalities with the use
of different convex functions for weighted Hermite-Hadamard inequalities. In addition to
the definition of convex function, Young, Holder, and power-mean inequalities are used
to obtain these new identities. As a consequence, these inequalities are associated with
Hermite-Hadamard inequality.
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3. NEwW INEQUALITIES ON THE WEIGHTED HERMITE-HADAMARD TYPE FOR CONVEX
FuNCTIONS

Theorem 3.1. Let p : I C [0,00) — R be a positive mapping and o € L [w,d], where
w,p € I withw < ¢, £ € [0,1]. If |p|? is a convex function on [w, |, for p > 1 with %

—i—% =land 28> a> g > 0, then the following inequality holds:

b (5
2

= a+f
2 [(25 — )Pt — (20— mpﬂ z Pp(wnq + W)T

[ o= 54303 - el 9((1 - O + €6

a+p 3(B—a)lp+1) 2
Proof. Taking absolute values on both sides of (2.2), we have

o ()| < |2 [ e s a6 - a)de - 9w + e

2

a+

2 1
= [ a5+ 35 - @)l lp(( - 9 + €9)l de.

Using the Holder inequality and definition of convex function, we obtain

aw +
2 1
< 5 [ a5+ - ) lo((1 - O + ¢l de
2
a+
2
a+

2
a+pf

<

[ o= 8435 — el (1~ ) + €9 e

q

IN

([ o300 - dﬁ); ([ 1900 - & + o )

1
q

IN

([ t2a-s5+30- a)E]pd#E); [ 0=l +elo@ina]
v et + W)'T
2

(2 — a)P*! — (20 — B+
36— a)p+1)

where

1 (26— )" — (20— B+
_ _ P e _
| 20— 4805 - ey =
This completes the proof. O

Theorem 3.2. Let p : I C [0,00) — R be a positive mapping and o € L [w, ¢|, where
w,p € I with w < ¢, £ € [0,1]. If |p|? is a conver function on [w,d], for ¢ > 1 and
26> a > g > 0, then the followimg inequality holds:
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o ()
a+5/ol[20‘_5”(5—04)5]Ip((l—ﬁ)w+§¢)ld5
( 2 )é[a"’(wﬂquwﬂqé

a+p 2

Proof. Suppose that ¢ > 1. From Theorem 2.2 and using the power-mean inequality, we

) = |
T

2
a+p

<(f
Because |p|? is a convex function on [w, ¢|, we have
P (55
P\ 7o+ B

2 ([[po e wga)

have

/204—54—3 >5]p((1—5>w+5¢)d5\

IN

/ 20 — B +3(8 — a)g] [p((1 — &)@ + £¢)| dé

IN

( 20 — B+ 3(8 — a)g d£)>1;

1

%

20— B+ 3(8 — a)e] |((1 - £>w+§¢>rqcls)q .

=

q

1

< ([ o= 5430 - el [0~ O o)l + €lo (917 e )

(;ﬁ)i {am(w)rq;mw)\q}i

where

alp(@)|? + Blp(d)|*
2

[ = 5+3(5 - @) (1~ O ol + £l ()17} de =

and

[ o= 5+305 - g = ° 17

which completes the proof. O

Theorem 3.3. Let p : I C [0,00) — R be a positive mapping, ¢ € L [w, |, where V
w, ¢ > 0. If |p|? is a convex function on [w,¢] and 20 > o > g > 0, then the following
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inequality holds:

aw + [
‘p< a+p >’
2 1
< g ) e B8 - )ellp((1 - O + €0)l de
2 |@28=aftt = @a=prt 1 <|p<w>|q+|p<¢>|Q>]
T a+p pp+1)3(8—a) q 2

where & € [0, 1] and%—l—%:l,p>1.

Proof. From Theorem 2.2 and using the Young Inequality, we obtain

aw 1
o (“ZEE) 2 | [ a8+ 30 - @)l - 9w + )i
< 2 [ka—p+30- a8 o1 - 9 + o)l e
[ [ea-sra-agre+ L [ ot - 9w+ o) de].
So, |p|%is convex function on [w, @], we get
(aw—i—Bd))
a+p
2 1
< 5 | a=B+38- 00— O +g0)lde
< [ [a-p+a-aerde+ [10-6lo@) +elo () ]
_ 2 (25—a)”+1—(2a—ﬁ)”+1+1(I@(W)!q+|@(¢)lq>]
a+p pp+1)3(8—a) q 2 '

0

4. NEwW INEQUALITIES ON THE WEIGHTED HERMITE-HADAMARD TYPE FOR s—CONVEX
FuUNCTIONS

Theorem 4.1. Let p : I C [0,00) — R be a positive mapping and o € L |w, @], where
w,p € I with w < ¢, £ € [0,1]. If |p| is s—convex function on [w,d|, for some fixed
s€(0,1] and 2 > a > g > 0, then the following inequality holds:

aw + [
’p( a+p )‘ 1)
1
< aiﬁ/o 20— B+3(8 — a)e] [p((1 — ) + £6) | de
< 2 {s(2a—5)+(a+ﬁ)|p(w)|+s(26—a)+(a+5)’p((b”}‘

a+p (s+1)(s+2) (s+1)(s+2)
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Proof. From Theorem 2.2 and using the s-convex in the second sense, we have

o ()| < |2 [ e s+ a0 - a)d e - 9w + e

< 2 [Ma— 5436 - )l ol - 9w +€0)l e

< 2 [ a-p+36 -1 -0 lo@)| +€ lo ()]

I EERE IV IR )
which is the desired inequality. 0

Corollary 4.1. If we choose s = 1 in inequality (4.1), we obtain the following result;

o () < 2 [ a5+ - il Iol( - 9 +€0)lde

_2_{alo(e) +Alotoll}

Theorem 4.2. Let p : I C [0,00) — R be a positive mapping and o € L [w, @], where
w,p € I withw < ¢, £ €[0,1]. If |p|Tis s— convex function on [w, @), for% +% =1 and
28> a > g > 0, then the following inequality holds:

(=)
2

<
a+p

2 [<2ﬁ—a>p+l—<2a—ﬂ>p+lr[m(wnqu)qé
= a+8 3B—a)(p+1) s+ 1 ‘

[ = 5438 - @)l (1 - e + €0)] de

Proof. From Theorem 2.2 and using Holder inequality, we get

o ()| < |2 [ s+ 30 - @) ol - 9w + 0l

9 1
< 2 [Ma— 5436 - )l lol( - 9w +60)l e

2 1 ) % 1 q é
< 5 ([ ra-srae-agra) ([ p-o=reora).

Since |p|? is s—convex function, then we have
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(=2 | |
25 ([ e p s prae)” [ [0 - 7o+ € oo ag]

= a+p
2 [@B-apt - (2a-ppH) P@(ww - |@<¢>|q] :
a+f3 3B -a)lp+1) s+ 1 '
This completes the proof. ]

Corollary 4.2. If we take s = 1 in inequality (4.2), we obtain the following inequalities;

o2 < 2 [ o= 54305 - el ol - ) + €9 de

a+ g a+p
2 [(28 =)l — (20— 117 Pp(w)\q RO
at P 3(6—a)(p+1) 2 ‘

Theorem 4.3. Let p: I C [0,00) — R be a positive mapping and o € L [w, ¢] ,where w, ¢ €
I with w < ¢, £ € [0,1]. If |p|%is s—convex function on [w, @], ¢ > 1 and 2 > o > g > 0,
then the followimg inequality holds:

b (*5550) @3
2

< a+ﬂ/01[2a—ﬁ+3(ﬁ—a)§]Ip((l—ﬁ)w%cﬁ)ld&

( 2 )é{s<2a—5)+(a+5) 28 —a)+(a+p)
a+f (s+1)(s+2) (s+1)(s+2)

lp()[? + 2

o}

Proof. Suppose that ¢ > 1. Taking absolute values on both sides of (2.2), we obtain

o ()| < |2 [ e s+ 36— @) el - 9w + €0

2
<
a+ 3

/01 20— B +3(8 — )¢] [p((1 — &) + £9)| di.
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From s-convexity and using the power-mean inequality, we have

b (55

2 1
< g [ e B s - )ellp((1 - O + o)l dg
2 1 =3
< 5 ([ pa—pra- g )
< ([ o= 5436 - @)@l lol(1 - O + €6l de)
2 a+ -3
= a+6[ 2}
x [/01 20— B+ 3(8 — )] [(1 — €)° lp(@)|? + € [p ()]7] dfr
(2 Nifs@a—p)+(a+h) .. 5(28—a)+ (a+p) 7
o (a—irﬁ) { (s+1)(s+2) lp(@)[* + (s+1)(s+2) |p(q§)|} ’
Hence, the proof is done. ]

Corollary 4.3. If we take s = 1 in inequality (4.3), we obtain the following inequalities;

o(CTEEN < 2 [Moa - 5138 - a)el lo((1 - ) + £6)] dr
a+ a+ B Jo
(2 )i[wwumpw a3
a+f 2

Theorem 4.4. Let p : I C [0,00) — R be a positive mapping, ¢ € L |[w,¢|,where ¥V
w,¢ > 0. If |p|? is s—convex on [w, ¢] and 2 > a > g > 0, then the following inequalities
holds:

o () o
2 1
< 5 | 2a— 84308 - 090l - O + ¢l
2 [@8-a)" —(a-pP 1 |@<w>|‘J+|@<¢>>|‘11
= a+d 3p(p+1) (8 —a) +q( 2(s+1) > '

where & € [0, 1] and%+%:1,p>1.

Proof. From Theorem 2.2 and using the Young Inequality, we have
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2 1
o (2PN 2 | [ a8+ 30 - @)l - 9w+ o)
1
< 5 [ o538 - ) lo((1 - O + g0l de
2 1 /1 1 /1
—5 15 [ a-s+s6-agrac s o - 9=+ o as
Since |p|? is s—convex function, then we obtain
aw + B¢
(o))
2 1
< 5 | o= 84308 - 0ol - O + €0) e
2 1 ! 1t s s
5 o [ a=sraE-ade s [10-9 ol + € o (@) ds
_ 2 [@8-a - (2a-p)r! L1 (Ip(w)lq + Ip(cb)lq)
a+f 3p(p+1) (8 —a) q 2(s +1) '
Thus, the desired result was obtained. ]

Corollary 4.4. If we choose s = 1 in inequality (4.4), we obtain the following inequalities;

o ()| < 2[5 +305 - il Iol( ~ 9 +€0)] de
2 [@8=a) = (@a=—p"" 1 <|p<w>|q+|p<¢>|q>1
a+ 3p(p+1)(8—a) q 4 '

5. CONCLUSIONS

In this paper, we have established some new Weighted Hermite-Hadamard-type inequali-
ties by using convex and s-convex functions. Since the class of convex functions has large
applications in many mathematical areas, these functions can be applied to obtain some new
results in the theory of inequalities and may stimulate further research in different convex
functions. In this sense, we hope that this study will inspire researchers to obtain further
results.
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