Turkish J. Ineq., 9 (1) (2025), Pages 27 —36 .

Turkish Journal of

INEQUALITIES

Available online at www.tjinequality.com

NEW BOUNDS AND NEW ESTIMATES FOR HH INTEGRAL
INEQUALITY VIA CONCAVE FUNCTIONS

MUHAMET EMIN OZDEMIR!

ABSTRACT. In this study, new bounds are obtained for the right and left sides of Hermite-
Hadamard integral inequality using the concave functions. The reason why we chose
concave functions in the study is the ease of use of the methods applied to these functions
(as Jensen integral inequality, as Favard inequality). To do this, we used the new lemmas.

1. SHORT HISTORICAL BACKGROUND AND INTRODUCTION

One of the three basic properties of real numbers is the order relation. The order relation
contributes to mathematical analysis in terms of practice, theory and aesthetics. For this
purpose, on November 22, 1881, Hermite (1822-1901) sent a letter to the Journal Mathesis.
This letter was published in Mathesis 3 (1883, p.82) and in this letter an inequality is
presented that is well-known in the literature as Hermite- Hadamard integral inequality:

b
P s 55 [ 1@ s HOTLO (L1)
where f : I C R — Ris a convex function on the interval I of a real numbers and a, b € I with

a < b. If the function f is concave, the inequality in (1.1) is reversed. That is

F(50) 2 [ @z L0,

For recent results and generalizations concerning concave functions, see ([6,7]). Set et al.

wrote some inequalities of the Hadamard type for several types of convex functions, see([3]).

To understand the behavior of a function on an interval, the upward or downward
concavity of the curve representing the function is important. The information indicating the
direction of the curve relates to the derivatives of the function in question. The importance
of the subject in optimization theory cannot be denied. Optimization is the set of studies
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carried out to obtain maximum output from a system within certain constraints. In short,
achieving the best or most appropriate situations under constraints is among the main goals.
Undoubtedly, the smallest upper bound and the largest lower bound is very important here.
For example, maximizing profit at minimum cost.

In [1], Ozdemir gave the following results for differantiable mappings on I* C R.

Lemma 1.1. Suppose that f : [* C R — R be a differentiable mapping on I* (I* is interior
of I) with a < b. If f’ el [a bl, and t € [0,1], then we have

[ r@ar- 2w+ s ) (12
_ ( 2&)2{/0;(1_ )f(tb—i-(l_t) dt_|_/ 1—2t)f(tb+<1—t) )dt}

Lemma 1.2. Suppose that f : [* C R — R be a differentiable mapping on I* (I* is interior
of I) with a <b. If f" € Lla,b], and t € [O 1], then we have

IO IR Sy

= (b—a) [/étzf”(tbnt(l—t)a)dwr/l <t2—1)f”(tb+(1—t)a)dt].

0

Lemma 1.3. Suppose that f : [* C R — R be a differentiable mapping on I* (I* is interior
of I) with a < b. If f"” € L[a,b],and t € [0,1], then we have

s () o () g e

— (b—a) VO (tg—1)f”(tb+(1—t)a)dt+/11(1—t)2f”(tb+(1—t)a)dt].

To prove each of the above lemmas, as many partial integration methods are applied to
their right-hand sides as necessary.

For example, when f(z) = z, f(z) = 22, f(z) = 23 and [0, 2] are taken respectively in
Lemma 1.1-Lemma 1.3 above, it is seen that the equations are satisfied in each lemma.

We consider the following useful inequality:

For all continuous concave functions f :[a;b] — R' and all parameters q > 1:

. . 5 L
(b—a/af (x)dx> S(q+1)é (b_a/af(m)dx>. (1.5)

This inequality is well known in the literature as Favard inequality see ([2]).

We will also use the well-known Holder inequality [3] in the literature:
Let be p > 1 and p ! + ¢! = 1, If f and g reel functions on [a,b] such that
|f |P and |f |* are integrable on [a,b]. Then

[r@sias< ([ 1w |pdx>;</ab\g<x>|qu);. (16)
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S.S. Dragomir and R.P. Agarwal in [1] developed inequalities for differentiable mapping
and give applications to special means of real numbers, and trapezoidal formula.

Theorem 1.1. Let f : I C R — R be a differentiable mapping on I°, a,b € I° with
a < b. If |f'| is convex on [a,b], then the following inequality holds:

GRS LURNE S Yo P

(|f @]+ @) (1.7)

This study is a continuation of our study in [5].

2. THE RESULTS

Theorem 2.1. f: I* C R — R be a differantiable mapping on I*, a,b € I* with a < b, let
q > 1.If |f'|? is concave on [a,b] and |f'| is a linear transformation, then the following

() (55
(b—a)?

= O ). (21)

and the power-mean inequality, we obtain

inequality holds:

IN

(b—8a)2{

vy~ U2 (a)+f(b)]‘

Proof. Using the concavity of |f’|?
[f b+ (1 =t)a)| = t[f O+ Q=) |[f (@ = [t|f O+ 1@ =t)[f ()]
frlo+ @ =t)al = t[f (b)) + (1 —t) | (a)]
So | f'| is also concave.
From equality (1.2), by properties of modulus, Jensen integral inequality we have

[ s -5 @+ s o)

_ ‘(b_a)Q{/Oé(1—2t)f'(tb+(1—t)a)dtJr/ll(l—2t)f'(tb+(1—t)a)dt}’

2
2 1 1
. b-a {/Q‘I_Qt‘dt f,(fo 121 (tb+(1—t)a)dt)|
2 0 JZ 11— 2t dt

félyl—zty (th+ (1 —t)a) dt
S = |
= flp (B0)| | (ZEY) = = o

which gives the inequality (2.1).
1
2
/ 11— 2t|dt =~
0

1
+/1 |1 —2t] dt|f
2

Here we used the facts that,
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3 3 5a + b
/O 11— 2 (tb+(1—t)a)dt:/0 (1-20) (th+(1-t)a)dt = ==,
1 1 1
/%|1_2t| dt:/% (2= 1)dt =,
1 1 5b
/; 11— 2¢] (tb+ (1—t)a) dt:/é (26— 1) (th+(1—t)a)dt = 21:“,
and
, (5a+b , (9b+a
™% >’+f( 6 )‘
5 ! 1 ! 1 / 5 !
= g|f (a)}+g|f (a)|+6|fb|+g|f (0)]
= |f @]+ |1 (®)
= [ (a+D)].
Finally, we used the linearity of |f'| . O

Corollary 2.1. As can be seen in Theorem 2.1, when |f'|? and therefore |f'| are concave
and |f’'| is linear, we obtain the inequality (1.7).

Theorem 2.2. f: I* C R — R be a differantiable mapping on I*, a,b € I* with a < b, let

q > 1. If | f"|? is concave on [a,b] and |f"| is a linear map, then the following inequality
holds:

(50) -t O+ o [ @

b;la{f,,<3b;5a)’+5 £ (W’)‘} (2.2)

— (b—a)(0,15625 | (b)| + (0,09375) | f" (a)|) -

IN

Proof. Using the concavity of |f”|? and the power-mean inequality, we obtain

[f" @b+ (L =1)0)" =t [f O+ A=) [f" (@) = [t[f" O]+ A =8) |[f" (a)]]7,

b+ @ =t)a| >t|f" O+ Q=) |f" (a)].
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So | f”] is also concave. From inequality (1.3), by properties of modulus and the Jensen
integral inequality for concave functions, we have

(50) -t 0+ o [ @

a

< (b—a) /O;th”(tb—i-(l—t)a)dt—i-/ll(t2—1)f”(tb+(1—t)a)dt

- (b—a)Vj\#\yf”(tb+(1—t)a)|dt+/ll](t2—1)]|f"(tb+(1—t)a)\dt]
_ (b_a)</ét2dt> f,,<f05t2(tb+(1—t)a)dt)

o 0

[ t2dt
§ fl [t2 —1|(tb+ (1 —t)a)dt
! fél 62 — 1| dt '

+(b—a) (/:‘t?_l’dt)

Considering the linearity of |f”|, if we calculate the following integrals and replace them,
we obtain the inequality (2.2).
Here we used the facts that,

1
/étht:;Zl, £ f02t2(tbt(1—t)a)dt _ f,,<3b—|—5a>’
" J& t3dt 8
and
/1‘752_1\@_5 f,, Jile? =1 @b+ (1 —tya)dt\| f,,<13a+27b>’
2

O

Theorem 2.3. Suppose that f : I* C R — R be a differentiable mapping on I* (I* is
interior of I) with a < b. If " € La,b], If|f"|* is concave on [a,b] and t € [0,1]. |f"] is
a linear map, then we have

f'(a) = £ (252) 2 a+b 2 b
e _(b—a)2f< 2 >+(b—a)3/af(x)dx

5 ,,<2lb+67a>‘ 1 ,,(5b+3a)‘
o1 | 40 Tl 8 (23)

(0,1054166667) |f” (b)| + (0,3645833333) |f” (a)|.

IN
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Proof. First of all, If | f”|? is concave on [a,b] |f”| is also concave on [a,b]. From (1.4), by
the property of modulus and the Jensen’s integral inequality for concave functions, we have

L) s ()

/oé (2 =1) " (o + (1~ t)a)dt + /11 (1 —0)* f" (tb+ (1~ t)a)dt

b—a (b—a)

IN

% 1 1 "
Uo (=) 1s (tb+(1—t)a)|dt+/é -2 | (tb—i—(l—t)a)‘dt]
- UOQ (1-7) |f”(tb+(1—t)a)|dt+/11(1—t)2 ]f”(tb+(1—t)a)|dt]

Iz (fé -t ta dt)
J7 (1= 2)dt

1

< /05 (1—t2)dt

Fa—6)? @t —t)a)d
+/11(1_@2% f”(fQ(l ) (tb+ (1 —t)a) t)‘

[T(1—t)*at
2
5 ,,(21b+67a> 1 ,,(56+3a>‘
o1 | 40 T/ 8 '

On the other hand, since |f”| is linear we get (2.3).
Another upper bound for the right hand of the Hermite-Hadamard inequality (in short

HH) is given by the following theorem. O

Theorem 2.4. f: I C R — R, I C [0,00) be a differantiable mapping on I* such that
f' €L [a,b], where a,b € I C I* with a <b, let ¢ > 1. If | f'|? is concave on [a,b], then we
have the following inequality

[ 1@ae- 2@ s <b>]| (2.4
0

= 4a)2 (2q —11)T [f/<3alzb>’+ fl<3b1£a)u‘

Proof. From Lemma 1.1, we have

[ 1@~ @4 s <b>1| (25)

P f
- b9 {/0 (1—275)|f’(tb+(1—t)a)[dt+/11](1—2t)| ]f’(tb—i—(l—t)a)‘dt}

_ (b—a)” {/1 (1—2t)!f/(tb+(1—t)a)|dt+/11(2t—1)\f/(tb+(1—t)a)|dt}-

0
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By using Holder’s inequality (see (1.6)) for ¢ > 1 and p = L3, we have

g=1 1

/0 |f’(tb+(1—t)a)|th>q

[N

q—1

/é(1—2t)|f’(tb+(1—t)a)|dt§ (/% (1—2t)th>q
0 0

7N

and

/11(2t—1)yf’(tb+(1—t)a)\dt§ (/11(2t—1)qql>q (/llyf’(thr(l—t)a)\th)

2

1
q

It can be checked that,

2 a=1 1 1 a-1
/0 (1—20)% dt:2(2q_1):/2(2t—1) T

=

-

Since

b+ =t)al* > ¢|f 0)|"+ (1=t [f (@) = [t|f ®)+ A =0 [f (a)])*,

o+ 1 =t)yal >¢|f () + 1 —1t)|f (a)

we can use the the Jensen integral inequality for concave functions to obtain

Wl
—

/|f’(tb+(1—t)a)|th = /5 tO1f (tb+ (1 —t)a)|"dt
0 0

q

< ( [ todt> p (foé (th+ (1= a)dt)
‘ J& todt
1], (3a+b q
2 f( 16 )

q

—
vl

2

and analogously
1 q
(tb+(1—t)a)dt)| 1

! / . q 10 / / 3b+a
/§|f (th+ (1 —1t)a)| dtg(/étdt) f( foé o f( T )

If we write all the inequalities in their place in (1.2), the desired inequality (2.4) is
found. O

Corollary 2.2. f: I C R— R, I C [0,00) be a differantiable mapping on I*such that
f' €L [a,b], where a,b € I C I* witha <b, let ¢ > 1. If | f'|? is concave on [a,b]. Then we

have the following inequality
(b—a) ,(3@4—())’ ,<3b—|—a>H
(2
'\ ) 6 (2.6)

2

S(b—af[

/abf(a:)d:v— 1

[f (a) + [ (b)]
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Proof. With power mean inequality, since |f’|? is concave |f’| is also concave see ([6]). Thus

Vi (3a+b>‘ Tl (3b+a)
4
- &1 @]+ 151 O+ 15 1 0]+ 15 11 (a)]
- 4

[/ (@) + 1 ()]

16
and
@i+l [CR) 1 ()
16 - 4
L+ —0for ¢ — oo and —L— — 1 for g— 1. So we obtain
(2¢-1) 7 (2¢-1) 9
1
0< ——— <1
(2 =1)
/ / / 3b+a
Thus we can not write the term %ﬁf(bﬂ instead of (5 )’+|f (552)l . But inequality
(2.6) becomes better as ¢ increas for ¢ € (1,00). That is, the mequahty (2.6) is a simple
consequence of the inequality (2.4). O

Ozdemir and his colleagues (see [5]), Theorem 2, (6)) made a new prediction regarding
the left side of the HH inequality. In the following theorem, we made a new prediction about
the right side of HH with the help of Hélder and Jensen integral inequalities for concave
functions.

Theorem 2.5. f: I C R — R, I C [0,00) be a differantiable mapping on I*such that
' €L [a,b], where a,b € I C I* witha <b, let ¢ > 1. If | f'|? is concave on [a,b]. Then we
have the following inequality

b—a

) dx — [f(a) + f (0)]] <

b—a b
e - |f’ (;1:)] dx. (2.7)
) o (T+q)e /“

Proof. In the proof, we will use Holder’s and Favard’s inequality for concave functions,

(2¢—1

respectively, for ¢ > 1 and p = qiil

[ I

/O(I—Qt)|f’(tb—|—(1—t)a)|dt

< (/O (1—2t) g dt> ' </02}f’(tb+(1—t)a)|th>q (2.8)

1(2t—1)|f’(tb—|—(1—t)a)|dt

1(215—1) ) (/ Ifftb+(1—-1t)a ]th> : (2.9)

and

o

Q=

IN
~~
m\»—‘\
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Now If we apply the Favard inequality to the right hands of (2.8) and (2.9) we have

([)5|ff<tb+<1_t>a>|th)q - (2(2_/ (2)] dz

N————
Q=

IN
o
=]
—
= [\
+
—_
S~—
Q-
o —
w‘i
o
|
)
m\
E
)
~_

I
[\)
=]
—
S |~
+
—_
SN—
Q=
>
[ ] =
IS
a\
w‘“
o
QL
5}
~_

Anologously

1 , q % B 1 b . . %
</§ [f' (tb+ (1 —t)a)| dt) = (W/MU (z)| d:v)

) /=
2 1o
= Ry (b—“z*b fl (x)‘dx>
1 1o
N (q+1)7 (b—a/“éb 1 (x)‘dx>

If we adding to the side to side

</2 |f’(tb+(1—t)a)|th>q+ (/lllf’(tb+(1—t)a)|th>
0 2

a+b

1 = b
SR F@ldet [ 1f @) dw)
2 (g4 13 (b ></ ey UL

2

IN

and since

a=1 1 1
/0 (1—20)% dt:z(zq_l):/é (2t — 1) dr.

After the necessary mathematical operations and using (1.2) we obtain the required
inequality (2.7). O

Corollary 2.3. f: I CR— R, I C [0,00) be a differantiable mapping on I* such that
f €L la,b], where a,b € I C I* witha <b, let ¢ > 1. If | f'|? is concave on [a,b]. Then we
have the following inequality

[ r@ar- @ r o) <

/ |f' (z)| da. (2.10)

Proof. Since

b— b— b—
¢ — 0 for ¢ — oo and 71a — aforq—>1+.
(20— 1T (1+9)

(20— 1) (1+q)

Q=
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We can write the inequality

b—a b—a
— < :

0< .
2q—1)7 (1+qa 2

Thus we obtain inequality (2.10). That is, the inequality (2.10) is a simple consequence

of the inequality (2.7).

Conclusion

In this study, using almost the same methods but different lemmas 1.1-1.3, new upper
bounds for the right and left sides of HH were obtained and the results were found and to
be consistent with some results in the literature. (2.1), (2.4) and (2.7) are connected with
the right side of (1.1) and the inequalities (2.2) and (2.3) are also related to the left side

of

(1.1). Researchers interested in the subject can make comparisons by using the same

lemmas and different methods,for the right or left side of the (1.1).
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