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ABSTRACT. This work focuses on H and T nested functions Tp; and Hp;. We define
particular nested functions based on the nested functions 7}; and H,; and study peculiar
properties of them. We propose some identities and prove important trigonometric and
hyperbolic inequalities relating to these nested functions. In order to highlight the results,
we give several examples.

1. INTRODUCTION

Inequalities are one of the most important topics that have received significant attention
in mathematics, and much research has been conducted in this field (see [3—8]). In this
work, as the special case of Mittag-Leffler functions, we consider H and T nested functions
T, j and H, ; and we will investigate several identities about these nested functions. Also,
we define new nested functions based on 7, ; and H,, ;. We give inequalities and identities
related to these new nested functions. Also, we give some counter examples to one of the
important theorems of paper [0].

For more information about hyperbolic functions, nested functions and some kinds of
generalizations of these functions, we refer to [5] and [7—12].

We start this section by definitions of 7}, ; and H), ; and give some properties of these
special functions.

Definition 1.1. [1,2] H and T nested functions T}, j, Hy, j : R = R, j=0,1,2,--- ,p—1,p €
N, are defined respectively, as follows:

o0 ] o0 ]

(="t ety
Tit)= s Hp i) =) .
— (pn+j)! = (pn+J)!
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Theorem 1.1. [I| For each t € R, following identities are valid:
Ty o(t) = —Tp p-1(1), po(t) = Hp p-1(t),
T, 1(t) = T o(t), H, () = Hpo(t),
Tp p—l(t) - Tp p—2(t)a Hp p—l(t) - Hp p—2<t)'
Remark 1.1. [2] Let AP = 1, A # 1,wP = —1,w # —1, we have
p—1 wit
e
Tp O(t) Zj = 7j:0717”'7p_17
p
Shogurien’t

TP 1<t): = D 7j:0717'~-7p_17

Z wft
TPP 1(t) P ) _Oa]-a y D 17

p—1 \it

e
HP 0(t> Z] =0 7j:0717"'7p_17
p
HP 1(t): ZJ:O 7j:0717"'7p_17
p
Zp_l AP~ 2] Mt .

HP Q(t): : P 7]20717"'7p_17

ZP 1)\]6)\775
pr 1(t) P szoa]-v"‘ap_]-‘

For example, for p = 3, we find that

2
et + eM 4 Mt

H3 O(t) = 3 )
el + A2 4 \eMt
H31(t) = 3 ;
el 4+ AeM + \ZeNt
Hjs o(t) = .
3 2(t) 3
Remark 1.2. [2] Also, for p = 3, we have, wP? = —1,w # —1, and the following identities are
valid:
—t wt —w?t
Tyot) — e " +e " +e ’
3
_et _ 2ewt + we—w2t
T3 l(t) = 3 )
Ty (1) et — weWt 4 w2ewt
32 = .

3



NEW APPROACH TO NESTED FUNCTIONS 51

Definition 1.2. The functions , tan;j, ptanh;; : R = R, 7,5 =0,1,2,--- ,p—1, peN,i # j
are defined respectively, as follows:

Ty (t) Hp i(t)
tan, (1) = =227 tanh, (1) = =2~
p anl]() Tp](t)? p an 74]() Hp](t)
For example for ¢ = 1 and j = 0, we get
Tp (1) Hp(t)
tang o(t) = P , tanhi o(t) = .
prem ol =gy e = g )

Remark 1.3. By the use of Remark (1.1), for p = 3, we obtain the following identities:

Hy1(t) el + A2 4 NNt
3tan1 O(t) = & 1( ) = t )\t )\2t )
Hs o(t) et +eMte
Ha o(t t 1 \eM 4 \2 A2t
3tanh21(t) _ 32():e+ e + 627
Hj 1(t) et 4+ A2eM 4 \er't
(t)

et 4 M A%
stanhgo(t) = Hs 5(t) - el + AeMt 4 \2eA%t’

Lemma 1.1. For each x # 0, the following inequalities hold:

< 1 and M
T x
P tanhi i—1 (.%')

ptanhy () o1

<1 ,i=0,1,2--,p—1.
X

According to the above mentioned results, for x > 0 we have,

(1+p Hpo(x));@frl)!—i-l—}[po(x) > 0.
That is,

(1+p Hyo(z))(Hp 1(x) — ) > x(Hpo(x) — 1).
So, we get

(1+p Hpo(x))Hp 1(z) > (14 p)x Hp o(z).
The following lemmas are essential for the next sections.

Lemma 1.2. [10] Let —oco < u < v < 00 and p and q be continuous functions that are
differentiable on (u,v), with p(u+) = q(u+) = 0 or p(v—) = q(v—) = 0. Suppose that q(z)
and q/(z) are nonzero for all z € (u,v). If p/(2)/q/(2) is increasing (or decreasing) on (u,v),
then p(x)/q(x) is also increasing (or decreasing) on (u,v).

Definition 1.3. [6] The function f is superadditive on an interval I, if for every z,y € I,

flx+y)> fz)+ f(y).

The function f is subadditive on an interval I, if for every x,y € I,
flaty) < f(@)+ fy)

Lemma 1.3. [0]If a function @ is increasing or decreasing on an interval I, then p(x) is
supperadditive or subadditive on I respectively.
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2. SOME PROPERTIES OF THE H7 INTEGRAL

In this section, we study some properties of the nested function Hi by using an integral
method. We prove that, in some conditions, H4 is monotonic and supperadditive. Also, we
establish some inequalities related to this particular nested function and give various exam-
ples. We start this section with the definition of the function He, ;(2), which generalizes
the cardinal hyperbolic sine function as defined in [6].

Definition 2.1. The function Hc, ; is defined as follows:

Hp i(2)
2= 2#0
He, i(2) = o
v i(2) {1, z=0.
According to the following definition, we introduce a generalization of the hyperbolic sine
integral function as described in [(].

Definition 2.2. The function Hi, ; is defined as follows:

L H, (2t
Hi, i(2) :/0 ”tg(z)dt,z'z 1,2,....,p—1,(2 > 0). (2.1)
So, we get
n+ippn+i .
17 _ 1> 020 Zp(pnj:)l d pnﬂtpn B > Zpntt 9.9
ip i(z) = ; t= —Z N (22)
0 t pn+Z = (pn+1)(pn +1)!

Example 2.1. According to the Relation (2.2), for p = 3 we have the following identities:

1 H3 1(Zt) s anJrl
Hi - [ B ,
is 1(2) 0 t nz:% (pn +1)(pn +1)!

3 1 H3 1(Zt) s an+2
H - [ - .
s 2(2) 0 t nz:% (pn +1)(pn +2)!

Based on the relation (2.1), the derivatives of Hi, ;(z) are obtained by the following
corollary.

Corollary 2.1. The following identities are valid:

) LH (o) b
HZP Z(Z):»/O Tdt:/ t] H i—j(i— ]—PO)(zt)dt

/Hpozt



NEW APPROACH TO NESTED FUNCTIONS

1 .
Hi®")(2) = / P ().

0

Remark 2.1. From Corollary 2.1, we obtain the following identity.
1 H
2 = [ Hy ofatde = =212 1(2)
0 z

Ezample 2.2. The following identities are valid:|[(]

HiV\(z) =

(2
HZ(2 )1(2') =

FEzxample 2.3. Based on the

Ezxample 2.4. Derivative of

(1
Hi{"\ () =

H ii($2)1 (2) =

(3
Hzg )1(2') =

Example 2.5. Derivative of

1
/ Hy o(2t)dt =
0

1 H 1 1
/ t Hy 1(2t)dt = 220(2) - ;/0 Hy o(zt)dt

0

H2 O(Z) .

H2 1(2)

)
z

H2 1(2)'

z

relation (2.

22

2), for p = 3, we get the following identities:

Hiz 1(2) = /1 Hgtl(zwdt

HZ(Q)(z) _[tu (2t
0
5 1
7D, (2) = / 2 Hy 1(20)dt.
0
His 1 for j =1,2,3 are given by:
H
/ H3 0 Zt 3 1( )

H 1t
/ t Hy o(2t)dt = Hs o(z) _ f/ Hsy o(zt)dt
0 < zJo

1
/ t2 Hy | (zt)dt
0

H3 2(2) 2 H3 o(z) 2 H3 1(2)
n 2 + 3 :
z z z
His o for j =1,2,3 are given by:
L H.
Hig 5(2) = / %(zt)dt,
0 t
L H. t
Higl)Q(Z) — / 371(2)(%,
0 t
o) !
iy 5(2) = Hs o(zt)dt
0
i !
i55(2) = t Hs o(zt)dt.

0
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Ezxample 2.6. The following identities are valid:

1
7P (z) = /0 Hy o(stydt = 13 1)

z
1 H 1 1
Hi:(a3)2(z) = /0 t Hz o(2t)dt = 3;)(2) - ;/0 Hy o(zt)dt
Hs o(z)  Hs 1(2)

z 2
(4) o
HiM,(z) = /0 2 Hy \(2t)dt
H3 2(2) 2 Hg 0(2’) 2 H3 1(2:)
o 2 + 3 )
z z z

Y

Remark 2.2. According to the definition of His o(z), for z > 0, we have
HiY,(2) > 0.

Thus, by Example 2.6, we have the following inequality,

H3 Q(Z) _ 2 H3 O(Z) + 2 H3 1(2)

z>0 - 3

> 0.

z z 23

Theorem 2.1. The function His 1(z) is supperadditive on (0,00). That is, the inequality
His 1(U+U) > Hig 1(u) + His 1(’0),
holds for u >0 and v > 0.

Proof. Let L(z) = Hl%l(z) for z > 0. Then, by Definition 2.2, we have,

2LW(z) = 2 Hiél)l(z) — Hiz 1(z)
00 zpn—i—l
H- _
216 = 2 G
00 an+1 00 an+1

7;) (pn+1)! B nz::() (pn+ 1)(pn + 1)

!>().

Hence, L(z) is increasing. Now, by applying Lemma 1.3, we get the result.
]

Theorem 2.2. The function Hiz 2(2) is supperadditive on (0,00). That is, the inequality
His 2(U —I—U) > Hij Q(U) + Hig 2(1)),

holds for u >0 and v > 0.
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Proof. Let L(z) = 2% 2(’2) for z > 0. Then by Definition 2.2, we have,

2LW() = 2 HiY(2) — Hig 2(2)
VHs (at = prtl
= z/ 8 1= 1(Z)dt—z :
ot = (pn+1)(pn +2)!
0 an+1 o0 an+2

oo an+2 oo an+2

nz:‘; (pn+D)(pn+1)! nZ::O (pn+ 1)(pn + 2)!

Hence, L(z) is increasing. Now, by using Lemma 1.3, we get the result.

Theorem 2.3. The inequality
Hig 1(U) + Hig 1(U) >u+v,

holds for u,v > 0 and the inequality

Hiz 1(u) LU
Hiz 1(v) v’
holds for 0 < u < w.

3n+1

Proof. The first term of the series S = )7 m

(when n =0) is
1
-1
Therefore, we can express the series S as follows:

3n+1
i Z Bn+1)(3n+ DI’
Note that, for all » > 1 and z > 0, we have

S =

2" >0, Bn+1)>0, (3n+1)!>0.

Therefore, we get

Z?m-‘rl

(3n+1)(3n + 1)!

>0,
implying that

> 23n+1
> 0.
nzz: (3n+1)(3n +1)!

1
Hence, we deduce that

o0 3n+l
g it D@nr STV

>0

an::O (pn+1)(pn+1)! nz::O (pn+1)(pn +1)!

> 0.
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Hence, by Definition 2.2, we have

L Hs 1(2t) > 230+l
Hi = [ B g .
is 1(2) /0 ¢ §(3n+1)(3n+1)! -7

So, we get
His 1(U)+H13 1(1)) > u+ .

The monotonicity property of the function M, implies that
Hig 1(’11,) < Hig 1(’1))
u v
So, we obtain
Hig 1(u) u
—_— < —.
Hiz 1(v) v

Theorem 2.4. The inequality
His z(u) + His 2(11) > u? + 1}2,

holds for u,v > 0 and the inequality
Hiz 2(u) U
Hig 2(7./) U7

holds for 0 < u <w.

Proof. The first term of the series S = > 72 % (when n = 0) is
2
1-1

Therefore, we can express the series S as follows:

) i 53n+2
S=z+ .
= (Bn+1)(3n+1)!

Note that, for all » > 1 and z > 0, we have

2250, Bn+1)>0, (3n+1)!>0.

Therefore, we get

Z3n+2
>0,
(3n+1)(3n+ 1)!
implying that
o0 23n+2
> > 0.
= (3n+1)(3n +1)!

Hence, we deduce that
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23n+2

_ 2 2
5=z +n2::1(3n+1)(3n+1)!

> 224 0=2%

>0
By Definition 2.2, we have

1 H3 Q(Zt) o0 Z3n+2

Hig o(z) 2/0 Tdt:nz:% GntDH@En+ 1)~

Thus, we get

His Q(U) + Hig 2(1}) > u? + V2.

His 2(z)
z

The monotonicity property of the function implies that

Hiz 2(u) < His 2(v)

U v
Hence, we obtain

H’ig Q(U) < E

His o(v) v’

Theorem 2.5. For 1 # z > 0, the inequality
Hs 1(t)
t

1
His 1(2)+Hi3 1(1/2:) >2/ dt = 2.02089,
0
holds.
Proof. Let P(z) = His 1(z) + Hiz 1(1/z). So, by Example 2.4, we get

P/(2) = Hil 1() — il 1(1/2).

Thus,
zP'(z) = Hsz 1(z)— Hs 1(1/z)
_—
z € (0,1)= 2zP'(2) <0
z € (1,00) = 2zP'(2) > 0.

Consequently, P(z) is decreasing on (0, 1) and increasing on (1, 00).
Therefore, the following inequality is valid:

Hs 1(t)

His 1(2) + His 1(1/2) = P(2) > P(1) = 2/01 =3 BV dt = 2.02089.

t

Theorem 2.6. For z > 0, the following inequality is valid:
5i+H3 o(z) —1 Hs o(2) — 1

6 2 < Hig 1(2) < 3( 2

).

2
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Proof.

Also, we have

iy 1(z) - s( BB =

o) Z3n+1 00 Z3n—2

;Z:O (Bn+1)Bn+1)! 3;@

0 Z3n+1 0 ZSnJrl
nz;; Bn+1)Bn+1) 37;) (3(n +1))!
kS 1 3 .
7;)[(3n TG+ B+ 1))!]23 "
o0 1 1 Z3n+1

2l G oe ) Gy <

n=0

bz  Hs o(z)—1

s T 2 —Hisal)

—_ 4 c

6 = (Bn)! “Z@Bn+1)Bn+1)

5% z O p3n—2 e »3n+1
St -zt -y

6 6 = (3n)! = (3n+1)(3n+1)!
i 23”_2 i Z3n—2

“~ (3n)! % (3n—2)(3n—2)!

> 1 1 3n+1

Z[(3 “1)(3n) (3 —2)](32 oy <0
n=2 n n n n .

Thus, the proof is completed.

FEzxample 2.7. The following identities about the derivations of Hi are valid:

LHy (2t
Hiy i(z) = /O“tfz)dt,z’:1,2,3,

(1) '
Hiy'\(2) = /0H4 o(zt)dt,

(2) !
7i? (z) = /0 ¢ Hy o(2t)dt,

3 1
7P () = /0 2H, 1(2t)dt.
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Also, we have

1
Hif\(2) = /O Hs o(zt)dt = H?’Zl(z),
(2) 1 Hz o(2) 1 [!
7P, (z) = /0  Hy o(stydr = =0 2/0 Hy o(2t)dt
Hs o(2)  Hs 1(2)

z 22

1
7O, (z) = /0 2Hy 1 (2t)dt

Hjz 2(2) 2Hs o(2) Hj 1(2)
z 22 23

3. COUNTEREXAMPLE

In this section, we plan two examples to show that the following theorem of paper in [(]
is not always true.

Theorem 3.1. [6]Let z > 0 and X € (0,1). Then the inequality

Shi(Az) > X Shi(z), (3.1)
holds. If A > 1, then

Shi(Az) < AShi(z), (3.2)

where, Shi(z) = ()Z&?(t)

Ezxzample 3.1. If we choose z =1 and A = 5, then, we have

5 ginh 1 ¢inh
Shi(5) — 5 Shi(1) :/ Smt(t)dt—5/ Smt(t) ~ 14,807,
0 0

That is,
Shi(5) > 5 Shi(1).
This inequality contradicts the inequality in (3.2).

Ezxample 3.2. If we choose z = 2000 and A = 0.001, then we have,

2 ginh(t 2000 ginh(¢
Shi(2) — 0.001 Shi(2000) = / Smt( Jdt — 0.001 / Smt( ) ~ _9.707806 x 10%1,
0 0

That is,
Shi((0.001) x 2000) < 0.001 Shi(2000).
This inequality is a contradiction with the inequality in (3.1).
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