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Abstract. This work focuses on H and T nested functions Tpj and Hpj . We define
particular nested functions based on the nested functions Tpj and Hpj and study peculiar
properties of them. We propose some identities and prove important trigonometric and
hyperbolic inequalities relating to these nested functions. In order to highlight the results,
we give several examples.

1. Introduction

Inequalities are one of the most important topics that have received significant attention
in mathematics, and much research has been conducted in this field (see [3–8]). In this
work, as the special case of Mittag-Leffler functions, we consider H and T nested functions
Tp j and Hp j and we will investigate several identities about these nested functions. Also,
we define new nested functions based on Tp j and Hp j . We give inequalities and identities
related to these new nested functions. Also, we give some counter examples to one of the
important theorems of paper [6].

For more information about hyperbolic functions, nested functions and some kinds of
generalizations of these functions, we refer to [5] and [7–12].

We start this section by definitions of Tp j and Hp j and give some properties of these
special functions.

Definition 1.1. [1,2] H and T nested functions Tp j , Hp j : R → R, j = 0, 1, 2, · · · , p−1, p ∈
N, are defined respectively, as follows:

Tp j(t) =
∞∑

n=0

(−1)ntpn+j

(pn + j)! , Hp j(t) =
∞∑

n=0

tpn+j

(pn + j)! .

Key words and phrases. Mittag-Leffler functions, Nested Functions, Inequality.
2010 Mathematics Subject Classification. Primary: 33E12, 26D15. Secondary: 33B10.
Received: 17/04/2025 Accepted: 15/06/2025.
Cite this article as: S. H. J. Petroudi, C. Park, A. H. Ansari, New Approach to Nested Functions, Some

Inequalities and New results, Turkish Journal of Inequalities, 9(1) (2025), 49-60.

49



50 SEYYED HOSSEIN JAFARI PETROUDI, CHOONKIL PARK, AND ARSALAN HOJJAT ANSARI

Theorem 1.1. [1] For each t ∈ R, following identities are valid:

T ′
p 0(t) = −Tp p−1(t), H ′

p 0(t) = Hp p−1(t),

T
′
p 1(t) = Tp 0(t), H

′
p 1(t) = Hp 0(t),

...
...

T
′
p p−1(t) = Tp p−2(t), H

′
p p−1(t) = Hp p−2(t).

Remark 1.1. [2] Let λp = 1, λ ̸= 1, wp = −1, w ̸= −1, we have

Tp 0(t) =
∑p−1

j=0 ewjt

p
, j = 0, 1, ..., p − 1,

Tp 1(t) =
∑p−1

j=0 wp−jewjt

p
, j = 0, 1, ..., p − 1,

...

Tp p−1(t) =
∑p−1

j=0 wjewjt

p
, j = 0, 1, ..., p − 1,

Hp 0(t) =
∑p−1

j=0 eλjt

p
, j = 0, 1, ..., p − 1,

Hp 1(t) =
∑p−1

j=0 λp−jeλjt

p
, j = 0, 1, ..., p − 1,

Hp 2(t) =
∑p−1

j=0 λp−2jeλjt

p
, j = 0, 1, ..., p − 1,

...

Hp p−1(t) =
∑p−1

j=0 λjeλjt

p
, j = 0, 1, ..., p − 1.

For example, for p = 3, we find that

H3 0(t) = et + eλt + eλ2t

3 ,

H3 1(t) = et + λ2eλt + λeλ2t

3 ,

H3 2(t) = et + λeλt + λ2eλ2t

3 .

Remark 1.2. [2] Also, for p = 3, we have, wp = −1, w ̸= −1, and the following identities are
valid:

T3 0(t) = e−t + ewt + e−w2t

3 ,

T3 1(t) = −e−t − w2ewt + we−w2t

3 ,

T3 2(t) = e−t − wewt + w2e−w2t

3 .
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Definition 1.2. The functions p tanij , p tanhij : R → R, i, j = 0, 1, 2, · · · , p−1, p ∈ N, i ̸= j

are defined respectively, as follows:

p tani j(t) = Tp i(t)
Tp j(t) , p tanhi j(t) = Hp i(t)

Hp j(t) .

For example for i = 1 and j = 0, we get

p tan1 0(t) = Tp 1(t)
Tp 0(t) , p tanh1 0(t) = Hp 1(t)

Hp 0(t) .

Remark 1.3. By the use of Remark (1.1), for p = 3, we obtain the following identities:

3 tan1 0(t) = H3 1(t)
H3 0(t) = et + λ2eλt + λeλ2t

et + eλt + eλ2t
,

3 tanh2 1(t) = H3 2(t)
H3 1(t) = et + λeλt + λ2eλ2t

et + λ2eλt + λeλ2t
,

3 tanh0 2(t) = H3 0(t)
H3 2(t) = et + eλt + eλ2t

et + λeλt + λ2eλ2t
.

Lemma 1.1. For each x ̸= 0, the following inequalities hold:
p tanh1 0(x)

x
< 1 and Hp 1(x)

x
> 1,

p tanhi i−1(x)
x

< 1 , i = 0, 1, 2, · · · , p − 1.

According to the above mentioned results, for x > 0 we have,

(1 + p Hp 0(x))
∞∑

n=1

xpn

(pn + 1)! + 1 − Hp 0(x) > 0.

That is,
(1 + p Hp 0(x))(Hp 1(x) − x) > x(Hp 0(x) − 1).

So, we get
(1 + p Hp 0(x))Hp 1(x) > (1 + p)x Hp 0(x).

The following lemmas are essential for the next sections.

Lemma 1.2. [10] Let −∞ ≤ u < v ≤ ∞ and p and q be continuous functions that are
differentiable on (u, v), with p(u+) = q(u+) = 0 or p(v−) = q(v−) = 0. Suppose that q(z)
and q′(z) are nonzero for all z ∈ (u, v). If p′(z)/q′(z) is increasing (or decreasing) on (u, v),
then p(x)/q(x) is also increasing (or decreasing) on (u, v).

Definition 1.3. [6] The function f is superadditive on an interval I, if for every x, y ∈ I,

f(x + y) ≥ f(x) + f(y).

The function f is subadditive on an interval I, if for every x, y ∈ I,

f(x + y) ≤ f(x) + f(y).

Lemma 1.3. [6]If a function p(x)
x is increasing or decreasing on an interval I, then p(x) is

supperadditive or subadditive on I respectively.
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2. Some Properties of the Hi Integral

In this section, we study some properties of the nested function Hi by using an integral
method. We prove that, in some conditions, Hi is monotonic and supperadditive. Also, we
establish some inequalities related to this particular nested function and give various exam-
ples. We start this section with the definition of the function Hcp i(z), which generalizes
the cardinal hyperbolic sine function as defined in [6].

Definition 2.1. The function Hcp i is defined as follows:

Hcp i(z) =
{

Hp i(z)
zi , z ̸= 0

1, z = 0.

According to the following definition, we introduce a generalization of the hyperbolic sine
integral function as described in [6].

Definition 2.2. The function Hip i is defined as follows:

Hip i(z) =
∫ 1

0

Hp i(zt)
ti

dt, i = 1, 2, ..., p − 1, (z > 0). (2.1)

So, we get

Hip i(z) =
∫ 1

0

∑∞
n=0

zpn+itpn+i

(pn+i)!
ti

dt =
∫ z

0

∞∑
n=0

zpn+itpn

(pn + i)!dt =
∞∑

n=0

zpn+i

(pn + 1)(pn + i)! . (2.2)

Example 2.1. According to the Relation (2.2), for p = 3 we have the following identities:

Hi3 1(z) =
∫ 1

0

H3 1(zt)
t

dt =
∞∑

n=0

zpn+1

(pn + 1)(pn + 1)! ,

Hi3 2(z) =
∫ 1

0

H3 1(zt)
t

dt =
∞∑

n=0

zpn+2

(pn + 1)(pn + 2)! .

Based on the relation (2.1), the derivatives of Hip i(z) are obtained by the following
corollary.

Corollary 2.1. The following identities are valid:

Hi
(j)
p i(z) =

∫ 1

0

H
(j)
p i(zt)

ti
dt =

∫ 1

0
tj−iHp i−j(i−j≡p0)(zt)dt,

Hi
(i)
p i(z) =

∫ 1

0
Hp 0(zt)dt,

...

Hi
(p)
p i(z) =

∫ 1

0
tp−iHp 0(zt)dt,

Hi
(p+1)
p i (z) =

∫ 1

0
tp+1−iHp p−1(zt)dt,

Hi
(p+2)
p i (z) =

∫ 1

0
tp+2−iHp p−2(zt)dt,
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Hi
(p+3)
p i (z) =

∫ 1

0
tp+3−iHp p−3(zt)dt.

Remark 2.1. From Corollary 2.1, we obtain the following identity.

Hi
(i)
p i(z) =

∫ 1

0
Hp 0(zt)dt = Hp 1(z)

z
.

Example 2.2. The following identities are valid:[6]

Hi
(1)
2 1(z) =

∫ 1

0
H2 0(zt)dt = H2 1(z)

z
,

Hi
(2)
2 1(z) =

∫ 1

0
t H2 1(zt)dt = H2 0(z)

z
− 1

z

∫ 1

0
H2 0(zt)dt

= H2 0(z)
z

− H2 1(z)
z2 .

Example 2.3. Based on the relation (2.2), for p = 3, we get the following identities:

Hi3 1(z) =
∫ 1

0

H3 1(zt)
t

dt,

Hi
(1)
3 1(z) =

∫ 1

0
H3 0(zt)dt,

Hi
(2)
3 1(z) =

∫ 1

0
t H3 2(zt)dt,

Hi
(3)
3 1(z) =

∫ 1

0
t2 H3 1(zt)dt.

Example 2.4. Derivative of Hi3 1 for j = 1, 2, 3 are given by:

Hi
(1)
3 1(z) =

∫ 1

0
H3 0(zt)dt = H3 1(z)

z
,

Hi
(2)
3 1(z) =

∫ 1

0
t H3 2(zt)dt = H3 0(z)

z
− 1

z

∫ 1

0
H3 0(zt)dt

= H3 0(z)
z

− H3 1(z)
z2 ,

Hi
(3)
3 1(z) =

∫ 1

0
t2 H3 1(zt)dt

= H3 2(z)
z

− 2 H3 0(z)
z2 + 2 H3 1(z)

z3 .

Example 2.5. Derivative of Hi3 2 for j = 1, 2, 3 are given by:

Hi3 2(z) =
∫ 1

0

H3 2(zt)
t2 dt,

Hi
(1)
3 2(z) =

∫ 1

0

H3 1(zt)
t

dt,

Hi
(2)
3 2(z) =

∫ 1

0
H3 0(zt)dt,

Hi
(3)
3 2(z) =

∫ 1

0
t H3 2(zt)dt.
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Example 2.6. The following identities are valid:

Hi
(2)
3 2(z) =

∫ 1

0
H3 0(zt)dt = H3 1(z)

z
,

Hi
(3)
3 2(z) =

∫ 1

0
t H3 2(zt)dt = H3 0(z)

z
− 1

z

∫ 1

0
H3 0(zt)dt

= H3 0(z)
z

− H3 1(z)
z2 ,

Hi
(4)
3 2(z) =

∫ 1

0
t2 H3 1(zt)dt

= H3 2(z)
z

− 2 H3 0(z)
z2 + 2 H3 1(z)

z3 .

Remark 2.2. According to the definition of Hi3 2(z), for z > 0, we have

Hi
(4)
3 2(z) > 0.

Thus, by Example 2.6, we have the following inequality,

z > 0 =⇒ H3 2(z)
z

− 2 H3 0(z)
z2 + 2 H3 1(z)

z3 > 0.

Theorem 2.1. The function Hi3 1(z) is supperadditive on (0, ∞). That is, the inequality

Hi3 1(u + v) > Hi3 1(u) + Hi3 1(v),

holds for u > 0 and v > 0.

Proof. Let L(z) = Hi3 1(z)
z for z > 0. Then, by Definition 2.2, we have,

z2L(1)(z) = z Hi
(1)
3 1(z) − Hi3 1(z)

= H3 1(z) −
∞∑

n=0

zpn+1

(pn + 1)(pn + 1)!

=
∞∑

n=0

zpn+1

(pn + 1)! −
∞∑

n=0

zpn+1

(pn + 1)(pn + 1)! > 0.

Hence, L(z) is increasing. Now, by applying Lemma 1.3, we get the result.
□

Theorem 2.2. The function Hi3 2(z) is supperadditive on (0, ∞). That is, the inequality

Hi3 2(u + v) > Hi3 2(u) + Hi3 2(v),

holds for u > 0 and v > 0.
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Proof. Let L(z) = Hi3 2(z)
z for z > 0. Then by Definition 2.2, we have,

z2L(1)(z) = z Hi
(1)
3 2(z) − Hi3 2(z)

= z

∫ 1

0

H3 1(zt)
t

dt −
∞∑

n=0

zpn+1

(pn + 1)(pn + 2)!

= z
∞∑

n=0

zpn+1

(pn + 1)(pn + 1)! −
∞∑

n=0

zpn+2

(pn + 1)(pn + 1)!

=
∞∑

n=0

zpn+2

(pn + 1)(pn + 1)! −
∞∑

n=0

zpn+2

(pn + 1)(pn + 2)! > 0.

Hence, L(z) is increasing. Now, by using Lemma 1.3, we get the result. □

Theorem 2.3. The inequality

Hi3 1(u) + Hi3 1(v) > u + v,

holds for u, v > 0 and the inequality
Hi3 1(u)
Hi3 1(v) <

u

v
,

holds for 0 < u ≤ v.

Proof. The first term of the series S =
∑∞

n=0
z3n+1

(3n+1)(3n+1)! (when n = 0) is

z1

1 · 1! = z.

Therefore, we can express the series S as follows:

S = z +
∞∑

n=1

z3n+1

(3n + 1)(3n + 1)! .

Note that, for all n ≥ 1 and z > 0, we have

z3n+1 > 0, (3n + 1) > 0, (3n + 1)! > 0.

Therefore, we get

z3n+1

(3n + 1)(3n + 1)! > 0,

implying that

∞∑
n=1

z3n+1

(3n + 1)(3n + 1)! > 0.

Hence, we deduce that

S = z +
∞∑

n=1

z3n+1

(3n + 1)(3n + 1)!︸ ︷︷ ︸
>0

> z + 0 = z.
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Hence, by Definition 2.2, we have

Hi3 1(z) =
∫ 1

0

H3 1(zt)
t

dt =
∞∑

n=0

z3n+1

(3n + 1)(3n + 1)! > z.

So, we get
Hi3 1(u) + Hi3 1(v) > u + v.

The monotonicity property of the function Hi3 1(z)
z , implies that

Hi3 1(u)
u

<
Hi3 1(v)

v
.

So, we obtain
Hi3 1(u)
Hi3 1(v) <

u

v
.

□

Theorem 2.4. The inequality

Hi3 2(u) + Hi3 2(v) > u2 + v2,

holds for u, v > 0 and the inequality
Hi3 2(u)
Hi3 2(v) <

u

v
,

holds for 0 < u ≤ v.

Proof. The first term of the series S =
∑∞

n=0
z3n+2

(3n+1)(3n+1)! (when n = 0) is

z2

1 · 1! = z2.

Therefore, we can express the series S as follows:

S = z2 +
∞∑

n=1

z3n+2

(3n + 1)(3n + 1)! .

Note that, for all n ≥ 1 and z > 0, we have

z3n+2 > 0, (3n + 1) > 0, (3n + 1)! > 0.

Therefore, we get

z3n+2

(3n + 1)(3n + 1)! > 0,

implying that

∞∑
n=1

z3n+2

(3n + 1)(3n + 1)! > 0.

Hence, we deduce that
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S = z2 +
∞∑

n=1

z3n+2

(3n + 1)(3n + 1)!︸ ︷︷ ︸
>0

> z2 + 0 = z2.

By Definition 2.2, we have

Hi3 2(z) =
∫ 1

0

H3 2(zt)
t2 dt =

∞∑
n=0

z3n+2

(3n + 1)(3n + 1)! > z2.

Thus, we get
Hi3 2(u) + Hi3 2(v) > u2 + v2.

The monotonicity property of the function Hi3 2(z)
z implies that

Hi3 2(u)
u

<
Hi3 2(v)

v
.

Hence, we obtain
Hi3 2(u)
Hi3 2(v) <

u

v
.

□

Theorem 2.5. For 1 ̸= z > 0, the inequality

Hi3 1(z) + Hi3 1(1/z) > 2
∫ 1

0

H3 1(t)
t

dt ∼= 2.02089,

holds.

Proof. Let P (z) = Hi3 1(z) + Hi3 1(1/z). So, by Example 2.4, we get

P ′(z) = Hi′
3 1(z) − 1

z2 Hi′
3 1(1/z).

Thus,

zP ′(z) = H3 1(z) − H3 1(1/z)
=⇒

z ∈ (0, 1) =⇒ zP ′(z) < 0
z ∈ (1, ∞) =⇒ zP ′(z) > 0.

Consequently, P (z) is decreasing on (0, 1) and increasing on (1, ∞).
Therefore, the following inequality is valid:

Hi3 1(z) + Hi3 1(1/z) = P (z) > P (1) = 2
∫ 1

0

H3 1(t)
t

dt ∼= 2.02089.

□

Theorem 2.6. For z > 0, the following inequality is valid:
5z

6 + H3 0(z) − 1
z2 < Hi3 1(z) < 3(H3 0(z) − 1

z2 ).



58 SEYYED HOSSEIN JAFARI PETROUDI, CHOONKIL PARK, AND ARSALAN HOJJAT ANSARI

Proof.

Hi3 1(z) − 3(H3 0(z) − 1
z2 )

=
∞∑

n=0

z3n+1

(3n + 1)(3n + 1)! − 3
∞∑

n=1

z3n−2

(3n)!

=
∞∑

n=0

z3n+1

(3n + 1)(3n + 1)! − 3
∞∑

n=0

z3n+1

(3(n + 1))!

=
∞∑

n=0
[ 1
(3n + 1)(3n + 1)! − 3

(3(n + 1))! ]z
3n+1

=
∞∑

n=0
[ 1
(3n + 1) − 1

(3n + 2)(n + 1)) ] z3n+1

(3n + 1)! < 0.

Also, we have

5z

6 + H3 0(z) − 1
z2 − Hi3 1(z)

= 5z

6 +
∞∑

n=1

z3n−2

(3n)! −
∞∑

n=0

z3n+1

(3n + 1)(3n + 1)!

= 5z

6 + z

6 − z +
∞∑

n=2

z3n−2

(3n)! −
∞∑

n=1

z3n+1

(3n + 1)(3n + 1)!

=
∞∑

n=2

z3n−2

(3n)! −
∞∑

n=2

z3n−2

(3n − 2)(3n − 2)!

=
∞∑

n=2
[ 1
(3n − 1)(3n) − 1

(3n − 2) ] z3n+1

(3n − 2)! < 0.

Thus, the proof is completed. □

Example 2.7. The following identities about the derivations of Hi are valid:

Hi4 i(z) =
∫ 1

0

H4 i(zt)
ti

dt, i = 1, 2, 3,

Hi
(1)
4 1(z) =

∫ 1

0
H4 0(zt)dt,

Hi
(2)
4 1(z) =

∫ 1

0
t H4 2(zt)dt,

Hi
(3)
4 1(z) =

∫ 1

0
t2H4 1(zt)dt.
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Also, we have

Hi
(1)
3 1(z) =

∫ 1

0
H3 0(zt)dt = H3 1(z)

z
,

Hi
(2)
3 1(z) =

∫ 1

0
t H3 2(zt)dt = H3 0(z)

z
− 1

z

∫ 1

0
H3 0(zt)dt

= H3 0(z)
z

− H3 1(z)
z2 ,

Hi
(3)
3 1(z) =

∫ 1

0
t2H3 1(zt)dt

= H3 2(z)
z

− 2H3 0(z)
z2 − H3 1(z)

z3 .

3. Counterexample

In this section, we plan two examples to show that the following theorem of paper in [6]
is not always true.

Theorem 3.1. [6]Let z > 0 and λ ∈ (0, 1). Then the inequality

Shi(λz) > λ Shi(z), (3.1)

holds. If λ > 1, then
Shi(λz) < λShi(z), (3.2)

where, Shi(z) =
∫ z

0
sinh(t)

t .

Example 3.1. If we choose z = 1 and λ = 5, then, we have

Shi(5) − 5 Shi(1) =
∫ 5

0

sinh(t)
t

dt − 5
∫ 1

0

sinh(t)
t

∼= 14.807.

That is,
Shi(5) > 5 Shi(1).

This inequality contradicts the inequality in (3.2).

Example 3.2. If we choose z = 2000 and λ = 0.001, then we have,

Shi(2) − 0.001 Shi(2000) =
∫ 2

0

sinh(t)
t

dt − 0.001
∫ 2000

0

sinh(t)
t

∼= −9.707806 × 10861.

That is,
Shi((0.001) × 2000) < 0.001 Shi(2000).

This inequality is a contradiction with the inequality in (3.1).
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